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Why so dusty?

V. Springel et al., Mon. Not. Roy. Astron. 391 (2008) G. Bertone et al., Nature 562, 7725 (2008)

massive BH evolve in DM-rich 
environment, within galaxies

GW sources evolve in a variety of  gas/matter contents/fields, which may 
leave detectable imprints on GW 

binaries can assemble and evolve  
in accretion disks

Can we infer properties on the environment in which binaries evolve?

Are vacuum templates safe against (astrophysical) systematics?

changes in generation and propagation of  GWs

New horizons for Psi

theoretical arguments 
supporting new fields  

clustering at different scales

….



different effects can be included adding specific corrections the post-
Newtonian waveforms

The environment affects the binary orbital motion

density of  the  
medium
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� = 3

gravitational  
drag accretion gravitational  

pull

GW can be used to bound the density of  the matter distribution in which binary 
evolve

Cardoso & Maselli AA 644, A147  (2020)

changes generation and propagation of  GWs

<latexit sha1_base64="nDuAyB6UbwcwS9WnVofOV9Awx3o="></latexit>

� env / ⇢env(⇡mf)��

generic correction due to the binary environment
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 GW / (m⇡f)�5/3


vacuum+ � env

�
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h = Aei GW

Dusty phase shifts

New horizons for Psi



Where do we look for the dust
V. Cardoso & A. M., A&A 644, A147 (2020)

Constraints on the environment’s density from different effects & sources & 
detectors 

environmental effects typically contribute at low frequencies

EMRI IMRIMBBH

Asymmetric binaries work (really) well

density of  medium 
normalised to H20
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(105-10)M�

smallest value  
different from  

vacuum

IBBH
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Complete  cycles before the plunge∼ (104 − 105)

EMRIs provide a rich phenomenology, due to their orbital features

Berry +, Astro2020 1903.03686 (2019)

Non equatorial orbits

Eccentric motion

Resonances

Precise space-time map and accurate binary parameters 

Very appealing to test fundamental & astro-physics

blessing & disguise

Tracking EMRIs for O(year) requires  
accurate templates

EMRIs in nuce 

New horizons for Psi

dynamics dictated by q



How do we describe dusty BHs?
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q =
m2

m1
⌧ 1

post-Newtonian theory

speed of  light expansion

Different approaches to compute GW signals 
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h̃(f) = Aei GW

breaks before the merger

bad for asymmetric binaries

mass ratio expansion

Self-Force theory

good for comparable mass binaries

bad for comparable mass binaries (but)

good for asymmetric binaries

fully relativistic
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 GW /  0PA +  1PA + . . .
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O(1)

(some) dirty BH models (almost) no dirty BH model

New horizons for Psi



Solve Einstein’s equations in spherical symmetry sourced by the halo 
stress-energy tensor

The Background

Redshift factor

To mimic galaxy observations

Asymptotically flat, rh = 2MBH
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a0 & 104Mhalo
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MBH ⌧ Mhalo ⌧ a0

V. Cardoso + A. M., PRDL 105, L061501, (2022) 
V. Cardoso + A. M., PRL 129, 241103, (2022) 

E. Figueiredo, A. M., V. Cardos, PRD 107, 104033, (2023)
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Hernquist

<latexit sha1_base64="/eZfgsJYwdiYI1TsXRIgXvAm4AE="></latexit>

⇢(r) = ⇢0(r/a0)
�� [1 + (r/a0)

↵](���)/↵
<latexit sha1_base64="WAYtUWzudQq65/6L4iOkhsvi+jQ="></latexit>
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1/n � 1]
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NFW Einasto
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Model characterised by Mhalo, a0

particle motion 
(geodesics)

“assemble” binaries and 
study GW emission
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Spikes
The halo mass function

numerical simulations of  BH 
accretion growth predict 
spikes with overdensities

lengthscale dependent on 
the BH mass

spike vanishing at 4MBH

Spikes are relevant to enhance GW emission for close binaries and hence environment 
detectability

P. Gondolo & J. Silk, PRL 83, (1999)

New horizons for Psi
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Spikes

halo compactness

halo mass
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New horizons for Psi

The halo mass function



Geodesics
The halo affects the orbital properties of  massive and massless particles

redshift factor

non-linear  
corrections

Innermost Stable 
Circular Orbit Light Ring

<latexit sha1_base64="9J77WwSIt15CJbX8kipqNl4OR2I="></latexit>

MBH⌦ISCO ' 1

6
p
6

✓
1� M

a0
+

M(M + 396MBH)

6a20

◆ <latexit sha1_base64="9x9Bu3Q5w6SvMKKLyXcvolM5frk="></latexit>

MBH⌦LR ' 1

3
p
3

✓
1� M

a0
+

M(M + 18MBH)

6a2
0

◆
vacuum

redshift factor

non-linear  
corrections
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At leading order the halo only redshifts the dynamics

New horizons for Psi
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GW emission from EMRI
EMRI evolving within environments 

Consider linear perturbations of  a BH+halo background induced by the small 
secondary

gravitational-sector fluid-sector
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New horizons for Psi

orbital phase

orbital  
radius

Compute GW fluxes ·EGW ∼ |hax,pol
μν |2

Evolve orbital elements
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Axial modes
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How does the halo change the axial perturbations of  the BH?

Change in the scattering potential due 
to the halo compactness

The halo affects the structure of  the potential and boundary conditions

axial modes are not coupled to fluid perturbations

Same functional as in vacuum
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Redshift again
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redshift of  the BH mass

New horizons for Psi
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Changes of  axial fluxes can all be interpreted and quantified in terms of  redshift scalings 

Axial modes
E. Figueiredo, A. M., V. Cardos, PRD 107, 104033, (2023)

vacuum 
redshifted

(2,1) axial flux emitted by an EMRI on circular motion

fluxes tend to be smaller in the presence of  the halo

Redshifted quantities drastically reduce the difference for realistic halos

New horizons for Psi
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Polar modes
Polar sector introduces couplings between matter and metric components
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Polar modes
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(2,2) polar flux emitted by an EMRI on circular motion

generation and propagation affected by deviations due to the coupling between polar 
modes and the fluid

Redshift rescaling not enough to take into account shift in the fluxes

vacuum 
redshifted

New horizons for Psi



Catching the dusty environment
S. Gliorio +, in preparation

<latexit sha1_base64="q4XFrX+0t1r75ByXrAd0ELCBrjU=">AAACH3icbVDLSgMxFM3UV62vqks3wSK4scyIVjdCUYouK9gHdIaSyWTa0MyD5I5QhvkTN/6KGxeKiLv+jeljUVsPXDicc29y73FjwRWY5sjIrayurW/kNwtb2zu7e8X9g6aKEklZg0Yikm2XKCZ4yBrAQbB2LBkJXMFa7uBu7LeemVQ8Cp9gGDMnIL2Q+5wS0FK3WLF9SWjqySz1ILs5s70I0lrWTW0Z4PtWNmfXpmIk3SzrFktm2ZwALxNrRkpohnq3+KNfpknAQqCCKNWxzBiclEjgVLCsYCeKxYQOSI91NA1JwJSTTu7L8IlWPOxHUlcIeKLOT6QkUGoYuLozINBXi95Y/M/rJOBfOykP4wRYSKcf+YnAEOFxWNjjklEQQ00IlVzvimmf6ERAR1rQIViLJy+T5nnZqpQvHy9K1dtZHHl0hI7RKbLQFaqiB1RHDUTRC3pDH+jTeDXejS/je9qaM2Yzh+gPjNEvQ1ekXQ==</latexit>

dr

dt
= �ĖGW

dr

dEorb

<latexit sha1_base64="AwnIn0G5Cy/lB5/6cn+O4j5/Q2E=">AAACDnicbVDJSgNBEO2JW4zbqEcvgyHgKcy4X4SgFy9CBLNAZgw9PT1Jk57F7hohNPMFXvwVLx4U8erZm39jZzlo9EHB470qqur5KWcSbPvLKMzNLywuFZdLK6tr6xvm5lZTJpkgtEESnoi2jyXlLKYNYMBpOxUURz6nLX9wMfJb91RIlsQ3MEypF+FezEJGMGipa1bcUGCiArfeZ7kKID9z5Z0ANZGvciVuD/K8a5btqj2G9Zc4U1JGU9S75qcbJCSLaAyEYyk7jp2Cp7AARjjNS24maYrJAPdoR9MYR1R6avxOblW0ElhhInTFYI3VnxMKR1IOI193Rhj6ctYbif95nQzCU0+xOM2AxmSyKMy4BYk1ysYKmKAE+FATTATTt1qkj3UQoBMs6RCc2Zf/kuZ+1TmuHl0flmvn0ziKaAftoj3koBNUQ5eojhqIoAf0hF7Qq/FoPBtvxvuktWBMZ7bRLxgf3/88nVs=</latexit>

d�

dt
=

r
M

r3

New horizons for Psi

GW dephasing
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<latexit sha1_base64="bx9a4HQ+ytDY9rs+PbhbxTJdGxA=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiTia1nUhcsK9gFNKJPppB06k4SZGyGE+ituXCji1g9x5984bbPQ1gMDh3PO5d45QSK4Bsf5tkorq2vrG+XNytb2zu6evX/Q1nGqKGvRWMSqGxDNBI9YCzgI1k0UIzIQrBOMb6Z+55EpzePoAbKE+ZIMIx5ySsBIfbvq3TIBxGuOuDcEk5PY7ds1p+7MgJeJW5AaKtDs21/eIKapZBFQQbTuuU4Cfk4UcCrYpOKlmiWEjsmQ9QyNiGTaz2fHT/CxUQY4jJV5EeCZ+nsiJ1LrTAYmKQmM9KI3Ff/zeimEV37OoyQFFtH5ojAVGGI8bQIPuGIURGYIoYqbWzEdEUUomL4qpgR38cvLpH1ady/q5/dntcZ1UUcZHaIjdIJcdIka6A41UQtRlKFn9IrerCfrxXq3PubRklXMVNEfWJ8/K/iUeQ==</latexit>

�� & 1 evolution can be 
distinguishable

<latexit sha1_base64="LJHidwF4iC9cdkbaPNfEX07I/rU=">AAACAXicbVDLSgMxFM3UV62vUTeCm2AR3FhnfG+Eohs3QgX7gHYcMmnahmaSIckIZRg3/oobF4q49S/c+Tem7Sy09cCFwzn3cu89QcSo0o7zbeVmZufmF/KLhaXlldU1e32jpkQsMaliwYRsBEgRRjmpaqoZaUSSoDBgpB70r4Z+/YFIRQW/04OIeCHqctqhGGkj+fbWjZ+0ZAh7iIn0APnOhevcJ/tHqW8XnZIzApwmbkaKIEPFt79abYHjkHCNGVKq6TqR9hIkNcWMpIVWrEiEcB91SdNQjkKivGT0QQp3jdKGHSFNcQ1H6u+JBIVKDcLAdIZI99SkNxT/85qx7px7CeVRrAnH40WdmEEt4DAO2KaSYM0GhiAsqbkV4h6SCGsTWsGE4E6+PE1qhyX3tHRye1wsX2Zx5ME22AF7wAVnoAyuQQVUAQaP4Bm8gjfryXqx3q2PcWvOymY2wR9Ynz+jMpW7</latexit>

Mhalo/a0 = 10�3
<latexit sha1_base64="5tYVWUOrNFg8Uj7A6cpHIWKQ5iA=">AAACAXicbVDLSgMxFM3UV62vUTeCm2AR3FhnpD42QtGNG6GCfUA7Dpk0bUOTyZBkhDKMG3/FjQtF3PoX7vwb03YW2nrgwuGce7n3niBiVGnH+bZyc/MLi0v55cLK6tr6hr25VVcilpjUsGBCNgOkCKMhqWmqGWlGkiAeMNIIBlcjv/FApKIivNPDiHgc9ULapRhpI/n2zo2ftCWHfcREeoR858J17pPDcurbRafkjAFniZuRIshQ9e2vdkfgmJNQY4aUarlOpL0ESU0xI2mhHSsSITxAPdIyNEScKC8Zf5DCfaN0YFdIU6GGY/X3RIK4UkMemE6OdF9NeyPxP68V6+65l9AwijUJ8WRRN2ZQCziKA3aoJFizoSEIS2puhbiPJMLahFYwIbjTL8+S+nHJPS2d3JaLlcssjjzYBXvgALjgDFTANaiCGsDgETyDV/BmPVkv1rv1MWnNWdnMNvgD6/MHpLeVvA==</latexit>

Mhalo/a0 = 10�4
<latexit sha1_base64="RhRMZMzv5yZheH2rGnPUVD9LnIY=">AAACAXicbVDLSgMxFM3UV62vUTeCm2AR3FhnxKoboejGjVDBPqAdh0yatqHJZEgyQhnGjb/ixoUibv0Ld/6NaTsLbT1w4XDOvdx7TxAxqrTjfFu5ufmFxaX8cmFldW19w97cqisRS0xqWDAhmwFShNGQ1DTVjDQjSRAPGGkEg6uR33ggUlER3ulhRDyOeiHtUoy0kXx758ZP2pLDPmIiPUK+c+E698lhOfXtolNyxoCzxM1IEWSo+vZXuyNwzEmoMUNKtVwn0l6CpKaYkbTQjhWJEB6gHmkZGiJOlJeMP0jhvlE6sCukqVDDsfp7IkFcqSEPTCdHuq+mvZH4n9eKdffcS2gYxZqEeLKoGzOoBRzFATtUEqzZ0BCEJTW3QtxHEmFtQiuYENzpl2dJ/bjknpbKtyfFymUWRx7sgj1wAFxwBirgGlRBDWDwCJ7BK3iznqwX6936mLTmrGxmG/yB9fkDpjyVvQ==</latexit>

Mhalo/a0 = 10�5

<latexit sha1_base64="8ffCSYYsOgTglny/LCEVxUcQS/k=">AAACAXicbVDLSsNAFJ3UV62vqBvBTbAIbiyJ+NoIRV24rGAf0IQwmU7aoTOTMDMplFA3/oobF4q49S/c+TdO0iy09cDMPZxzLzP3BDElUtn2t1FaWFxaXimvVtbWNza3zO2dlowSgXATRTQSnQBKTAnHTUUUxZ1YYMgCitvB8Cbz2yMsJIn4gxrH2GOwz0lIEFRa8s099xZTBd3GgFxllz86zgvzzapds3NY88QpSBUUaPjml9uLUMIwV4hCKbuOHSsvhUIRRPGk4iYSxxANYR93NeWQYeml+QYT61ArPSuMhD5cWbn6eyKFTMoxC3Qng2ogZ71M/M/rJiq89FLC40RhjqYPhQm1VGRlcVg9IjBSdKwJRILov1poAAVESodW0SE4syvPk9ZJzTmvnd2fVuvXRRxlsA8OwBFwwAWogzvQAE2AwCN4Bq/gzXgyXox342PaWjKKmV3wB8bnD7N+lm0=</latexit>

�� = �v � �m



Distinguishing dusty waveforms
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New horizons for Psi

<latexit sha1_base64="ldoEfgKRP6PQmlgExeZwbpi3tA8="></latexit>

F [hv, hm] =
hhv|hmip

hhv|hvihhm|hmi

How different are vacuum and matter waveforms as seen by LISA ?
<latexit sha1_base64="kmQ1LYsgZ1NMWhq+S+tsY/xMrt8="></latexit>

hhv|hmi = 4Re

Z
h̃v(f)h̃m(f)

Sn(f)
df

signals may be 
distinguishable

<latexit sha1_base64="AR1ec8NtIgnWRGpbJah5e/h1IFQ=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXIVE1NpdURCXFewDmlAm00k7dGYSZiZCiV34K25cKOLW33Dn3zhts9DWAxcO59zLvfeECaNKu+63VVhaXlldK66XNja3tnfs3b2milOJSQPHLJbtECnCqCANTTUj7UQSxENGWuHweuK3HohUNBb3epSQgKO+oBHFSBupax9kPkYM3ox9RpRSlEPXqVYrXbvsOu4UcJF4OSmDHPWu/eX3YpxyIjRmSKmO5yY6yJDUFDMyLvmpIgnCQ9QnHUMF4kQF2fT+MTw2Sg9GsTQlNJyqvycyxJUa8dB0cqQHat6biP95nVRHl0FGRZJqIvBsUZQyqGM4CQP2qCRYs5EhCEtqboV4gCTC2kRWMiF48y8vkuap410453dn5dpVHkcRHIIjcAI8UAE1cAvqoAEweATP4BW8WU/Wi/VufcxaC1Y+sw/+wPr8AUxYlP4=</latexit>

F . 0.997



Back up



EMRIs in vacuum
How do we study EMRI in vacuum (GR)?

The asymmetric character introduces a natural parameter to study the 
problem in perturbation theory q = mp /M ≪ 1

leading

adiabatic

first post-adiabaticadiabatic

The solution determines the phase evolution 

ϕ(t) = ϕdiss−1 + … needed
<latexit sha1_base64="UMiKC0qCkKKSzrNpB58pHAUpbIg=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gOaWCbbbbt0swm7G6WE/g8vHhTx6n/x5r9x2+agrQ8GHu/NMDMvTATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlEzwSVrGG4EayeKYRQK1gpHN1O/9ciU5rG8N+OEBREOJO9zisZKD74QxCM+UdjjKLvlilt1ZyDLxMtJBXLUu+UvvxfTNGLSUIFadzw3MUGGynAq2KTkp5olSEc4YB1LJUZMB9ns6gk5sUqP9GNlSxoyU39PZBhpPY5C2xmhGepFbyr+53VS078KMi6T1DBJ54v6qSAmJtMISI8rRo0YW4JUcXsroUNUSI0NqmRD8BZfXibNs6p3UT2/O6/UrvM4inAEx3AKHlxCDW6hDg2goOAZXuHNeXJenHfnY95acPKZQ/gD5/MHGfiRnw==</latexit>

⌧ 1 radian

error

Regge-Wheleer-Zerilli  
(Schwarzschild background)

Teukolsky 
(Kerr background)

<latexit sha1_base64="/Q7YnjqGA0yYyMe4Xvq6mCkCCH0=">AAACIXicbZDLSsNAFIYnXmu9VV26GSxCRSiJeOlGKLpxWcFeoInhZDpNhk4uzEyEEvoqbnwVNy4U6U58GaeXhab+MPDznXM4c34v4Uwq0/wylpZXVtfWCxvFza3tnd3S3n5LxqkgtEliHouOB5JyFtGmYorTTiIohB6nbW9wO6m3n6iQLI4e1DChTgh+xPqMgNLILdV8N7OBJwFg26MKRtf+Y1YxT0Y5fBrkgFsqm1VzKrxorLkpo7kabmls92KShjRShIOUXctMlJOBUIxwOiraqaQJkAH4tKttBCGVTja9cISPNenhfiz0ixSe0t8TGYRSDkNPd4agApmvTeB/tW6q+jUnY1GSKhqR2aJ+yrGK8SQu3GOCEsWH2gARTP8VkwAEEKVDLeoQrPzJi6Z1VrUuqxf35+X6zTyOAjpER6iCLHSF6ugONVATEfSMXtE7+jBejDfj0xjPWpeM+cwB+iPj+weXMKPN</latexit>

g↵� = g(0)↵� + h↵�

New horizons for Psi



<latexit sha1_base64="67h8RULX8H650nnqiPjXUVeheCs="></latexit>

D2z↵

d⌧2
= qf↵

1 + q2f↵
2 +O(q3)

Contributions to the orbital trajectory

<latexit sha1_base64="4tFhEJTccoHFdyuA3jsGgLt59tk=">AAACDXicbVDLSgMxFM3UV62vUZduglVw1c6Ir41QFMGNUMG2QluGTJppQzOZMbkjlKE/4MZfceNCEbfu3fk3pg9BWw8ETs659yb3+LHgGhzny8rMzM7NL2QXc0vLK6tr9vpGVUeJoqxCIxGpW59oJrhkFeAg2G2sGAl9wWp+93zg1+6Z0jySN9CLWTMkbckDTgkYybN3wEuV6p+mDUoEvugXG60Ifi4NzUN8Vbzz7LxTcIbA08Qdkzwao+zZn2YMTUImgQqidd11YmimRAGngvVzjUSzmNAuabO6oZKETDfT4TZ9vGuUFg4iZY4EPFR/d6Qk1LoX+qYyJNDRk95A/M+rJxCcNFMu4wSYpKOHgkRgiPAgGtziilEQPUMIVdz8FdMOUYSCCTBnQnAnV54m1f2Ce1Q4vD7Il87GcWTRFtpGe8hFx6iELlEZVRBFD+gJvaBX69F6tt6s91Fpxhr3bKI/sD6+AclZm18=</latexit>

trr = E/Ė ⇠ M/q
<latexit sha1_base64="OI06CffLDhfX6hDiSLoaEWCVPeA=">AAACG3icbVDLSgNBEJyN7/iKevQyGARPYXfxdRS9eIxgopBNlt7JbDJk9uFMrxCX/IcXf8WLB0U8CR78GydxDxotaCiquunuClIpNNr2p1WamZ2bX1hcKi+vrK6tVzY2mzrJFOMNlshEXQeguRQxb6BAya9TxSEKJL8KBmdj/+qWKy2S+BKHKW9H0ItFKBigkfyK63W5RKB3HQ9k2gdPi4jedNzQdwuFop8rNeq4hWX7lapdsyegf4lTkCopUPcr7143YVnEY2QStG45dortHBQKJvmo7GWap8AG0OMtQ2OIuG7nk99GdNcoXRomylSMdKL+nMgh0noYBaYzAuzraW8s/ue1MgyP27mI0wx5zL4XhZmkmNBxULQrFGcoh4YAU8LcSlkfFDA0cZZNCM70y39J0605h7WDi/3qyWkRxyLZJjtkjzjkiJyQc1InDcLIPXkkz+TFerCerFfr7bu1ZBUzW+QXrI8vbIuhCQ==</latexit>

�z↵ ⇠ q2f↵
2 t

2
rr ⇠ q0

Inspiral evolution on radiation-reaction time

cumulative shift 

of  second order SF

<latexit sha1_base64="I26zjwNNptLkvE+6OSQ7bwp5bwg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJEmYns8mY2dllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWj26nfeuLaiFg94DjhfkQHSoSCUbRSE3uZ1pNeueJW3RnIMvFyUoEc9V75q9uPWRpxhUxSYzqem6CfUY2CST4pdVPDE8pGdMA7lioaceNns2sn5MQqfRLG2pZCMlN/T2Q0MmYcBbYzojg0i95U/M/rpBhe+5lQSYpcsfmiMJUEYzJ9nfSF5gzl2BLKtLC3EjakmjK0AZVsCN7iy8ukeVb1LqsX9+eV2k0eRxGO4BhOwYMrqMEd1KEBDB7hGV7hzYmdF+fd+Zi3Fpx85hD+wPn8AQQvj28=</latexit>

trr

Match filtering require error in phase << 1 radian:

<latexit sha1_base64="j2Nogm1UuQpmI6rmizMJhQmPkF4="></latexit>

�(t) =
1

q

⇥
�0(t) + q�1(t) +O(q3)

⇤

<latexit sha1_base64="JZvdUm+V58hUHX5XSqIKmUGARCc=">AAACB3icbVDJSgNBEO1xjXGLehRkMAgeJMyI2zHoxWMEs0BmDDWdnqRJT8/QXSOGITcv/ooXD4p49Re8+Td2loMmPih4vFdFVb0gEVyj43xbc/MLi0vLuZX86tr6xmZha7um41RRVqWxiFUjAM0El6yKHAVrJIpBFAhWD3pXQ79+z5TmsbzFfsL8CDqSh5wCGqlV2AvvPBBJF1qZe+Qhe0AZqwhE1uZaDwatQtEpOSPYs8SdkCKZoNIqfHntmKYRk0gFaN10nQT9DBRyKtgg76WaJUB70GFNQyVETPvZ6I+BfWCUth3GypREe6T+nsgg0rofBaYzAuzqaW8o/uc1Uwwv/IzLJEUm6XhRmAobY3sYit3milEUfUOAKm5utWkXFFA00eVNCO70y7Okdlxyz0qnNyfF8uUkjhzZJfvkkLjknJTJNamQKqHkkTyTV/JmPVkv1rv1MW6dsyYzO+QPrM8fACaaEA==</latexit>

f↵
1,diss <latexit sha1_base64="9W8w7DAWoDkQSBGQSPCUoPTWULQ=">AAACB3icbVDJSgNBEO2JW4xb1KMgg0HwIGEmuB2DXjxGMAskMdR0epImPT1Dd40Yhrl58Ve8eFDEq7/gzb+xsxw08UHB470qqup5keAaHefbyiwsLi2vZFdza+sbm1v57Z2aDmNFWZWGIlQNDzQTXLIqchSsESkGgSdY3Rtcjfz6PVOah/IWhxFrB9CT3OcU0Eid/L5/1wIR9aGTlI5byB5QhioAkXS51mnayRecojOGPU/cKSmQKSqd/FerG9I4YBKpAK2brhNhOwGFnAqW5lqxZhHQAfRY01AJAdPtZPxHah8apWv7oTIl0R6rvycSCLQeBp7pDAD7etYbif95zRj9i3bCZRQjk3SyyI+FjaE9CsXucsUoiqEhQBU3t9q0DwoomuhyJgR39uV5UisV3bPi6c1JoXw5jSNL9sgBOSIuOSdlck0qpEooeSTP5JW8WU/Wi/VufUxaM9Z0Zpf8gfX5AwG9mhE=</latexit>

f↵
2,diss

<latexit sha1_base64="9Jd6HOQqqkqZD7GVLxxEZtBtwRI=">AAACB3icbVDJSgNBEO1xjXGLehRkMAgeJMyI2zHoxWMEs0ASQ02nJ2nS0z1014hhyM2Lv+LFgyJe/QVv/o2d5aCJDwoe71VRVS+IBTfoed/O3PzC4tJyZiW7ura+sZnb2q4YlWjKylQJpWsBGCa4ZGXkKFgt1gyiQLBq0Lsa+tV7pg1X8hb7MWtG0JE85BTQSq3cXnjXABF3oZX6Rw1kDyiVjkCkVEkzGLRyea/gjeDOEn9C8mSCUiv31WgrmkRMIhVgTN33YmymoJFTwQbZRmJYDLQHHVa3VELETDMd/TFwD6zSdkOlbUl0R+rviRQiY/pRYDsjwK6Z9obif149wfCimXIZJ8gkHS8KE+GicoehuG2uGUXRtwSo5vZWl3ZBA0UbXdaG4E+/PEsqxwX/rHB6c5IvXk7iyJBdsk8OiU/OSZFckxIpE0oeyTN5JW/Ok/PivDsf49Y5ZzKzQ/7A+fwBACqaEA==</latexit>

f↵
1,cons

<latexit sha1_base64="MqnG+CiHgNJq9GIWPvJG79x99jc=">AAAB8XicbVDLTgJBEOzFF+IL9ehlIjHxRHaJryPRi0dM5BEBSe8wCxNmZzczsyZkw1948aAxXv0bb/6NA+xBwUo6qVR1p7vLjwXXxnW/ndzK6tr6Rn6zsLW9s7tX3D9o6ChRlNVpJCLV8lEzwSWrG24Ea8WKYegL1vRHN1O/+cSU5pG8N+OYdUMcSB5wisZKD0Gv8thBEQ+xVyy5ZXcGsky8jJQgQ61X/Or0I5qETBoqUOu258amm6IynAo2KXQSzWKkIxywtqUSQ6a76eziCTmxSp8EkbIlDZmpvydSDLUeh77tDNEM9aI3Ff/z2okJrropl3FimKTzRUEiiInI9H3S54pRI8aWIFXc3kroEBVSY0Mq2BC8xZeXSaNS9i7K53dnpep1FkcejuAYTsGDS6jCLdSgDhQkPMMrvDnaeXHenY95a87JZg7hD5zPHzGmkJ8=</latexit>

f↵
2

<latexit sha1_base64="4fV2uJyL7fOG17Yd8lzU2BLfwis=">AAAB8XicbVDJSgNBEK2JW4xb1KOXxiB4CjPux6AXjxHMgskYajo9SZOenqG7RwhD/sKLB0W8+jfe/Bs7y0ETHxQ83quiql6QCK6N6347uaXlldW1/HphY3Nre6e4u1fXcaooq9FYxKoZoGaCS1Yz3AjWTBTDKBCsEQxuxn7jiSnNY3lvhgnzI+xJHnKKxkoPYef0sY0i6WOnWHLL7gRkkXgzUoIZqp3iV7sb0zRi0lCBWrc8NzF+hspwKtio0E41S5AOsMdalkqMmPazycUjcmSVLgljZUsaMlF/T2QYaT2MAtsZoenreW8s/ue1UhNe+RmXSWqYpNNFYSqIicn4fdLlilEjhpYgVdzeSmgfFVJjQyrYELz5lxdJ/aTsXZTP785KletZHHk4gEM4Bg8uoQK3UIUaUJDwDK/w5mjnxXl3PqatOWc2sw9/4Hz+ADMxkKA=</latexit>

f↵
3

T. Hinderer & E. Flanagan, PRD 78, 064028 (2008)

<latexit sha1_base64="mWyyp7kBiuAovK0xWEHvwj+JMeg="></latexit>

g↵� = g(0)↵� + qh(1)
↵� + q2h(2)

↵� +O(q3)

EMRIs in vacuum
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Relativistic BH spacetime surrounded by a matter distribution

A relativistic spacetime 

Numerical solution for BHs in DM rich environments 

Hernquist

<latexit sha1_base64="/eZfgsJYwdiYI1TsXRIgXvAm4AE="></latexit>

⇢(r) = ⇢0(r/a0)
�� [1 + (r/a0)

↵](���)/↵
<latexit sha1_base64="WAYtUWzudQq65/6L4iOkhsvi+jQ="></latexit>

⇢(r) = ⇢eexp
n
�dn[(r/re)

1/n � 1]
o

NFW Einasto

typical scaleaverage density

V. Cardoso +, PRD Lett. 105, L061501, (2022) 
V. Cardoso +, PRL 129, 241103, (2022) 

E. Figueiredo +, PRD 107, 104033, (2023) 
N. Speeney +, PRD  109, 104079, (2024)

Model characterised by 

<latexit sha1_base64="xG3NU8P8QWlv0GaV/Z/4+i5h6ZQ="></latexit>

hTµ⌫i = n

mp
hPµP ⌫i  ! Tµ

⌫ = diag(�⇢, 0, pt, pt)

Spherical symmetry + anisotropic stress energy tensor

A. Einstein, Annals Math. 40 (1939)

<latexit sha1_base64="WyLRhnyyirx6d0/4nF5S+lipG60=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4kJKIX8eiFy9CBdMW2lI220m7dLMJuxuhhP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0gE18Z1v52l5ZXVtfXCRnFza3tnt7S3X9dxqhj6LBaxagZUo+ASfcONwGaikEaBwEYwvJ34jSdUmsfy0YwS7ES0L3nIGTVW8u9PadftlspuxZ2CLBIvJ2XIUeuWvtq9mKURSsME1brluYnpZFQZzgSOi+1UY0LZkPaxZamkEepONj12TI6t0iNhrGxJQ6bq74mMRlqPosB2RtQM9Lw3Ef/zWqkJrzsZl0lqULLZojAVxMRk8jnpcYXMiJEllClubyVsQBVlxuZTtCF48y8vkvpZxbusXDycl6s3eRwFOIQjOAEPrqAKd1ADHxhweIZXeHOk8+K8Ox+z1iUnnzmAP3A+fwDtUI4f</latexit>

M,a0

<latexit sha1_base64="NJSkAyKzt4jKetpFxwJrs1h0eds="></latexit>

ds2 = �a(r) dt2 +
dr2

1� 2m(r)/r
+ r2d⌦2
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The perturbation scheme

7 polar components + 3 axial harmonics

For the gravitational sector

Regge & Wheeler, PRD 108, 1063 (1957) 
Zerilli, PRD 2, 2141 (1970)

For a spherically symmetric background the 2 families decouple

In vacuum GR using the Regge-Wheeler-Zerilli gauge the components reduce 
to 1 axial and 1 polar functions
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The wave equations
2 master equations for 2 perturbations

Regge-Wheeler

Zerilli

… which drive the orbital evolution

Perturbations are need to compute the GW fluxes…

orbital phase

orbital  
radius

info on the 
orbital setup
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Polar modes
Polar sector introduces couplings between matter and metric components

<latexit sha1_base64="yiLhJhR33+ISAA3iUNO2hOH5CnI=">AAACF3icbVDLSsNAFJ34rPUVdekmWARXJRFRN0LVjcuK9gFNKZPJTTs4eTBzI5aQv3Djr7hxoYhb3fk3TtsstPXA5R7OuZeZe7xEcIW2/W3MzS8sLi2XVsqra+sbm+bWdlPFqWTQYLGIZdujCgSPoIEcBbQTCTT0BLS8u8uR37oHqXgc3eIwgW5I+xEPOKOopZ5ZdQNJWea798CyZp5nvszPXIQH9ILsPC/ks3G/ycs9s2JX7TGsWeIUpEIK1Hvml+vHLA0hQiaoUh3HTrCbUYmcCcjLbqogoeyO9qGjaURDUN1sfFdu7WvFt4JY6orQGqu/NzIaKjUMPT0ZUhyoaW8k/ud1UgxOuxmPkhQhYpOHglRYGFujkCyfS2AohppQJrn+q8UGVAeFOspRCM70ybOkeVh1jqtH10eV2kURR4nskj1yQBxyQmrkitRJgzDySJ7JK3kznowX4934mIzOGcXODvkD4/MH5B2g/Q==</latexit>

d~V

dr
= A~V = ~S

System of  5 coupled differential equations for
<latexit sha1_base64="OqRwJTQI/PglsLb0qXUoNsPgIao=">AAACCXicbVDJSgNBEO1xjXEb9eilMQgRhjAjQb0IQS8BLxHMApkw9HRqkiY9C909gTDk6sVf8eJBEa/+gTf/xs5y0MQHBY/3qqiq5yecSWXb38bK6tr6xmZuK7+9s7u3bx4cNmScCgp1GvNYtHwigbMI6oopDq1EAAl9Dk1/cDvxm0MQksXRgxol0AlJL2IBo0RpyTOxOwSaNcbXxarnWFXPtu6spuV2gSviin585pkFu2RPgZeJMycFNEfNM7/cbkzTECJFOZGy7diJ6mREKEY5jPNuKiEhdEB60NY0IiHITjb9ZIxPtdLFQSx0RQpP1d8TGQmlHIW+7gyJ6stFbyL+57VTFVx1MhYlqYKIzhYFKccqxpNYcJcJoIqPNCFUMH0rpn0iCFU6vLwOwVl8eZk0zkvORal8Xy5UbuZx5NAxOkFF5KBLVEFVVEN1RNEjekav6M14Ml6Md+Nj1rpizGeO0B8Ynz+5MZh2</latexit>

~V = (H1, H0,K,W, �⇢)

The radial/tangential speeds of  sound enter the modes
<latexit sha1_base64="jHXzfSm6m9B+W+EmBt4BCE89uAs=">AAACGnicbVDLSsNAFJ34rPUVdelmsAgupCSlqBuh6MZlBfuAJobJ5KYdOnkwMxFK6He48VfcuFDEnbjxb5y2WWjrgQuHc+7l3nv8lDOpLOvbWFpeWV1bL22UN7e2d3bNvf22TDJBoUUTnoiuTyRwFkNLMcWhmwogkc+h4w+vJ37nAYRkSXynRim4EenHLGSUKC15pu0EwBXBqZeLUwc4x9H4knq59MT4vlaYjhgkXl64nlmxqtYUeJHYBamgAk3P/HSChGYRxIpyImXPtlLl5kQoRjmMy04mISV0SPrQ0zQmEUg3n742xsdaCXCYCF2xwlP190ROIilHka87I6IGct6biP95vUyFF27O4jRTENPZojDjWCV4khMOmACq+EgTQgXTt2I6IIJQpdMs6xDs+ZcXSbtWtc+q9dt6pXFVxFFCh+gInSAbnaMGukFN1EIUPaJn9IrejCfjxXg3PmatS0Yxc4D+wPj6AW4ToSI=</latexit>

�pr,`m = c2sr�⇢`m
<latexit sha1_base64="VrytCWYcLa8wwbc9in/C/f0cBpQ=">AAACGnicbVDLSgNBEJz1GeMr6tHLYBA8SNgNQb0IQS8eI5gHZOMyO+kkQ2YfzPQKYcl3ePFXvHhQxJt48W+cJHvQxIKGoqqb7i4/lkKjbX9bS8srq2vruY385tb2zm5hb7+ho0RxqPNIRqrlMw1ShFBHgRJasQIW+BKa/vB64jcfQGkRhXc4iqETsH4oeoIzNJJXcNwuSGQ09lI8dUFKGowvuZdqD8f35cx01SDy0sz1CkW7ZE9BF4mTkSLJUPMKn2434kkAIXLJtG47doydlCkUXMI47yYaYsaHrA9tQ0MWgO6k09fG9NgoXdqLlKkQ6VT9PZGyQOtR4JvOgOFAz3sT8T+vnWDvopOKME4QQj5b1EskxYhOcqJdoYCjHBnCuBLmVsoHTDGOJs28CcGZf3mRNMol56xUua0Uq1dZHDlySI7ICXHIOamSG1IjdcLJI3kmr+TNerJerHfrY9a6ZGUzB+QPrK8fdJ2hJg==</latexit>

�pt,`m = c2st�⇢`m

the halo is diluted 

the density is low close to 
the particle orbit

less compact

more compact

for a fixed compactness, a0 
increases for larger MHalo
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rp ' 8MBH(2,2) flux for secondary at 
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Quasi Normal Modes

<latexit sha1_base64="NslGyASK82EBXSuOCFqdUW/3gwQ="></latexit>

⌦LR

⌦vac
LR

' 1� M

a0
� 0.17

M2

a0

<latexit sha1_base64="24OQ5Tuufr9khW/YozqC+mRs/fA="></latexit>

!QNM = ⌦LR`� i(n+ 1/2)|�|In the eikonal limit

For small compactness

Both real and imaginary part decrease as M/a0 increases
redshift
effect

<latexit sha1_base64="ZXvoYrQlnAQyZzzcWREYUjNGQGo="></latexit>

�

�vac
' 1� M

a0
� 0.17

M2

a0

Very little dependence on the halo mass
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Quasi Normal Modes

The QNMs have a clear light-ring interpretation

QNM behaviour as a function of  the halo compactness

Linear and subdominant corrections agree with the analytic scaling of  frequencies and 
damping times 
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