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Ladder structure from SO(3,1) explains vanishing Love number Quadratic QNMs are detectable and interesting



Consider small perturbations of a black hole: g = gBH + � [@2 + V ]� = 0 (linearized Einstein equation) V

r
tortoise radius

Symmetries governing static tidal perturbations around BH
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We can use this to study tidal deformation i. e. imagine an object in a static, external  tidal field 

(expanding in spherical harmonics), tidal deformation induces a response tail: 
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EM example:

It has long been known that BH has vanishing Love numbers (Fang, Lovelace, Damour, Nagar, Poisson, Kol, Smolkin, Chia …).

Asymptotics: r ! 1r ⇠ rs
<latexit sha1_base64="BbcBvAggemiwJ8Pq6J50RfSly6c=">AAACFnicbVBLSwMxGMzWV62vVY9egosgiGVXfB2LXjxWsA/oriWbZtvQJLskWaEs+yu8+Fe8eFDEq3jz35i2e9DWgcBk5huSb8KEUaVd99sqLSwuLa+UVytr6xubW/b2TlPFqcSkgWMWy3aIFGFUkIammpF2IgniISOtcHg99lsPRCoaizs9SkjAUV/QiGKkjdS1j/1kQKGvKIe+A+W9TxiDRzAzFz82QSNlhebledd23Ko7AZwnXkEcUKDetb/8XoxTToTGDCnV8dxEBxmSmmJG8oqfKpIgPER90jFUIE5UkE3WyuGBUXowiqU5QsOJ+juRIa7UiIdmkiM9ULPeWPzP66Q6ugwyKpJUE4GnD0UpgzqG445gj0qCNRsZgrCk5q8QD5BEWJsmK6YEb3bledI8qXrn1bPbU6d2VdRRBntgHxwCD1yAGrgBddAAGDyCZ/AK3qwn68V6tz6moyWryOyCP7A+fwCxfp04</latexit>

� ⇠ #r` +
#

r`+1

<latexit sha1_base64="GLNgWgk0TSkWlP8AAtJ2yXve+BU=">AAACE3icbVDLSsNAFJ3UV62vqks3g0GoWmsivjZC0Y3LCvYBSQiT6bQdOpmEmYlQQv/Bjb/ixoUibt2482+ctllo64G5HM65lzv3BDGjUlnWt5Gbm19YXMovF1ZW19Y3iptbDRklApM6jlgkWgGShFFO6ooqRlqxICgMGGkG/ZuR33wgQtKI36tBTLwQdTntUIyUlvzigRv3KLyCrgkPRyV1y64IIeNueeiUBDyCwpf7x7p4ftG0KtYYcJbYGTFBhppf/HLbEU5CwhVmSErHtmLlpUgoihkZFtxEkhjhPuoSR1OOQiK9dHzTEO5ppQ07kdCPKzhWf0+kKJRyEAa6M0SqJ6e9kfif5ySqc+mllMeJIhxPFnUSBlUERwHBNhUEKzbQBGFB9V8h7iGBsNIxFnQI9vTJs6RxUrHPK2d3p2b1OosjD3bALigBG1yAKrgFNVAHGDyCZ/AK3own48V4Nz4mrTkjm9kGf2B8/gCEoJrY</latexit>

� = #+# ln [(r � rs)/rs]



Consider small perturbations of a black hole: g = gBH + � [@2 + V ]� = 0 (linearized Einstein equation) V

r
tortoise radius

We can use this to study tidal deformation i. e. imagine an object in a static, external  tidal field 

(expanding in spherical harmonics), tidal deformation induces a response tail: 

� ⇠ r`

� ⇠ 1/r`+1

� ⇠ r` + ...+
�

r`+1
+ ... , � ⇠ Love number ⇠ size2`+1

++

- -

EM example:

It has long been known that BH has vanishing Love numbers (Fang, Lovelace, Damour, Nagar, Poisson, Kol, Smolkin, Chia …).

Asymptotics: r ! 1r ⇠ rs
<latexit sha1_base64="BbcBvAggemiwJ8Pq6J50RfSly6c=">AAACFnicbVBLSwMxGMzWV62vVY9egosgiGVXfB2LXjxWsA/oriWbZtvQJLskWaEs+yu8+Fe8eFDEq3jz35i2e9DWgcBk5huSb8KEUaVd99sqLSwuLa+UVytr6xubW/b2TlPFqcSkgWMWy3aIFGFUkIammpF2IgniISOtcHg99lsPRCoaizs9SkjAUV/QiGKkjdS1j/1kQKGvKIe+A+W9TxiDRzAzFz82QSNlhebledd23Ko7AZwnXkEcUKDetb/8XoxTToTGDCnV8dxEBxmSmmJG8oqfKpIgPER90jFUIE5UkE3WyuGBUXowiqU5QsOJ+juRIa7UiIdmkiM9ULPeWPzP66Q6ugwyKpJUE4GnD0UpgzqG445gj0qCNRsZgrCk5q8QD5BEWJsmK6YEb3bledI8qXrn1bPbU6d2VdRRBntgHxwCD1yAGrgBddAAGDyCZ/AK3qwn68V6tz6moyWryOyCP7A+fwCxfp04</latexit>

� ⇠ #r` +
#

r`+1

the Love number surprise<latexit sha1_base64="GLNgWgk0TSkWlP8AAtJ2yXve+BU=">AAACE3icbVDLSsNAFJ3UV62vqks3g0GoWmsivjZC0Y3LCvYBSQiT6bQdOpmEmYlQQv/Bjb/ixoUibt2482+ctllo64G5HM65lzv3BDGjUlnWt5Gbm19YXMovF1ZW19Y3iptbDRklApM6jlgkWgGShFFO6ooqRlqxICgMGGkG/ZuR33wgQtKI36tBTLwQdTntUIyUlvzigRv3KLyCrgkPRyV1y64IIeNueeiUBDyCwpf7x7p4ftG0KtYYcJbYGTFBhppf/HLbEU5CwhVmSErHtmLlpUgoihkZFtxEkhjhPuoSR1OOQiK9dHzTEO5ppQ07kdCPKzhWf0+kKJRyEAa6M0SqJ6e9kfif5ySqc+mllMeJIhxPFnUSBlUERwHBNhUEKzbQBGFB9V8h7iGBsNIxFnQI9vTJs6RxUrHPK2d3p2b1OosjD3bALigBG1yAKrgFNVAHGDyCZ/AK3own48V4Nz4mrTkjm9kGf2B8/gCEoJrY</latexit>

� = #+# ln [(r � rs)/rs]

Symmetries governing static tidal perturbations around BH



a = BH spin , rs = 2GM , s = 0, 1, 2 , `,m = ang.mom. quantumno.

�(s)
` = Newman Penrose scalar ⇠ Weyl tensor projected onto null tetrad

electric and magnetic types contained in real and imaginary parts thereof

@t = 0static: expand in spin-weighted spherical harmonics

Teukolsky equation:

Spin ladder operators connect spin 0, 1, 2 perturbations i.e. by taking suitable derivatives, can 
raise and lower spin. This can be viewed as a generalization of  the Teukolsky-Starobinsky 
identities. For static perturbations, something special happens. 


The upshot: it is sufficient to understand the spin 0 case: 


And for pedagogy , let’s focus on Schwarzschild (will comment on Kerr).


ds2 = �⇢2 � rsr

⇢2
dt2 � 2arsr sin

2✓

⇢2
dtd'+

⇢2

�
dr2 + ⇢2d✓2 +

(r2 + a2)2 � a2� sin2✓

⇢2
sin2✓d'2
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� ⌘ r2 � rrs + a2

⇤� = 0

Kerr metric: 
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Symmetries governing static tidal perturbations around BH

Key observation: static scalar in 4D Schwarzschild                      is equivalent to                           with                                              ,                                .

The effective 3D space has 3 rot. Killing vectors (KVs)       and 7 conformal KVs, 3 of which         satisfy                                           .

      


⇤� = 0

⇤3D(r3D ·K) = 0

⇤3D� = 0 ds23D = dr2 +�d⌦2
<latexit sha1_base64="AFPx61u1BeRHln61O5DP1pBuFJM=">AAACAnicbVDJSgNBEO2JW4zbqCfx0hgEL4aZ4HYM6sFjBLNAZhx6OpWkSc9id08gDMGLv+LFgyJe/Qpv/o2dZA6a+KDg8V4VVfX8mDOpLOvbyC0sLi2v5FcLa+sbm1vm9k5dRomgUKMRj0TTJxI4C6GmmOLQjAWQwOfQ8PtXY78xACFZFN6pYQxuQLoh6zBKlJY8c8+5Bq4IduAhYQMs7sv4GAssPOmZRatkTYDniZ2RIspQ9cwvpx3RJIBQUU6kbNlWrNyUCMUoh1HBSSTEhPZJF1qahiQA6aaTF0b4UCtt3ImErlDhifp7IiWBlMPA150BUT05643F/7xWojoXbsrCOFEQ0umiTsKxivA4D9xmAqjiQ00IFUzfimmPCEKVTq2gQ7BnX54n9XLJPiud3p4UK5dZHHm0jw7QEbLROaqgG1RFNUTRI3pGr+jNeDJejHfjY9qaM7KZXfQHxucPJ5GWAA==</latexit>

� ⌘ r2 � rrs
<latexit sha1_base64="gM/S72TLekX/9JnO1Vzsl5kC20g=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi3iKYB6QLGF20knGzM4uM7OBsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Duo4SxbDGIhGpZkA1Ci6xZrgR2IwV0jAQ2AiGt1O/MUKleSQfzThGP6R9yXucUWOlenuEjNx3iiW37M5AlomXkRJkqHaKX+1uxJIQpWGCat3y3Nj4KVWGM4GTQjvRGFM2pH1sWSppiNpPZ9dOyIlVuqQXKVvSkJn6eyKlodbjMLCdITUDvehNxf+8VmJ6137KZZwYlGy+qJcIYiIyfZ10uUJmxNgSyhS3txI2oIoyYwMq2BC8xZeXSf2s7F2WLx7OS5WbLI48HMExnIIHV1CBO6hCDRg8wTO8wpsTOS/Ou/Mxb8052cwh/IHz+QMAJo7E</latexit>

~J
<latexit sha1_base64="hUwx2djmKdtrpo67wRD0mp7pLQU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi+AlgnlAsoTZSScZMzu7zMwGwpJ/8OJBEa/+jzf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcP6jpKFMMai0SkmgHVKLjEmuFGYDNWSMNAYCMY3k79xgiV5pF8NOMY/ZD2Je9xRo2V6u0RMnLfKZbcsjsDWSZeRkqQodopfrW7EUtClIYJqnXLc2Pjp1QZzgROCu1EY0zZkPaxZamkIWo/nV07ISdW6ZJepGxJQ2bq74mUhlqPw8B2htQM9KI3Ff/zWonpXfspl3FiULL5ol4iiInI9HXS5QqZEWNLKFPc3krYgCrKjA2oYEPwFl9eJvWzsndZvng4L1VusjjycATHcAoeXEEF7qAKNWDwBM/wCm9O5Lw4787HvDXnZDOH8AfO5w8Bqo7F</latexit>

~K



Consider small perturbations of a black hole: g = gBH + � [@2 + V ]� = 0 (linearized Einstein equation) V

r
tortoise radius

We can use this to study tidal deformation i. e. imagine an object in a static, external  tidal field 

(expanding in spherical harmonics), tidal deformation induces a response tail: 

� ⇠ r`

� ⇠ 1/r`+1

� ⇠ r` + ...+
�

r`+1
+ ... , � ⇠ Love number ⇠ size2`+1

++

- -

EM example:

It has long been known that BH has vanishing Love numbers (Fang, Lovelace, Damour, Nagar, Poisson, Kol, Smolkin, Chia …).

Asymptotics: r ! 1r ⇠ rs
<latexit sha1_base64="BbcBvAggemiwJ8Pq6J50RfSly6c=">AAACFnicbVBLSwMxGMzWV62vVY9egosgiGVXfB2LXjxWsA/oriWbZtvQJLskWaEs+yu8+Fe8eFDEq3jz35i2e9DWgcBk5huSb8KEUaVd99sqLSwuLa+UVytr6xubW/b2TlPFqcSkgWMWy3aIFGFUkIammpF2IgniISOtcHg99lsPRCoaizs9SkjAUV/QiGKkjdS1j/1kQKGvKIe+A+W9TxiDRzAzFz82QSNlhebledd23Ko7AZwnXkEcUKDetb/8XoxTToTGDCnV8dxEBxmSmmJG8oqfKpIgPER90jFUIE5UkE3WyuGBUXowiqU5QsOJ+juRIa7UiIdmkiM9ULPeWPzP66Q6ugwyKpJUE4GnD0UpgzqG445gj0qCNRsZgrCk5q8QD5BEWJsmK6YEb3bledI8qXrn1bPbU6d2VdRRBntgHxwCD1yAGrgBddAAGDyCZ/AK3qwn68V6tz6moyWryOyCP7A+fwCxfp04</latexit>

� ⇠ #r` +
#

r`+1

the Love number surprise<latexit sha1_base64="GLNgWgk0TSkWlP8AAtJ2yXve+BU=">AAACE3icbVDLSsNAFJ3UV62vqks3g0GoWmsivjZC0Y3LCvYBSQiT6bQdOpmEmYlQQv/Bjb/ixoUibt2482+ctllo64G5HM65lzv3BDGjUlnWt5Gbm19YXMovF1ZW19Y3iptbDRklApM6jlgkWgGShFFO6ooqRlqxICgMGGkG/ZuR33wgQtKI36tBTLwQdTntUIyUlvzigRv3KLyCrgkPRyV1y64IIeNueeiUBDyCwpf7x7p4ftG0KtYYcJbYGTFBhppf/HLbEU5CwhVmSErHtmLlpUgoihkZFtxEkhjhPuoSR1OOQiK9dHzTEO5ppQ07kdCPKzhWf0+kKJRyEAa6M0SqJ6e9kfif5ySqc+mllMeJIhxPFnUSBlUERwHBNhUEKzbQBGFB9V8h7iGBsNIxFnQI9vTJs6RxUrHPK2d3p2b1OosjD3bALigBG1yAKrgFNVAHGDyCZ/AK3own48V4Nz4mrTkjm9kGf2B8/gCEoJrY</latexit>

� = #+# ln [(r � rs)/rs]

Symmetries governing static tidal perturbations around BH

Key observation: static scalar in 4D Schwarzschild                      is equivalent to                           with                                              ,                                .

The effective 3D space has 3 rot. Killing vectors (KVs)       and 7 conformal KVs, 3 of which         satisfy                                           .

      and       form an SO(3,1) symmetry algebra, e.g.                                                                               .


⇤� = 0

⇤3D(r3D ·K) = 0

⇤3D� = 0 ds23D = dr2 +�d⌦2

�K3� = �2�cos ✓@r���0@✓(sin ✓ �)

<latexit sha1_base64="AFPx61u1BeRHln61O5DP1pBuFJM=">AAACAnicbVDJSgNBEO2JW4zbqCfx0hgEL4aZ4HYM6sFjBLNAZhx6OpWkSc9id08gDMGLv+LFgyJe/Qpv/o2dZA6a+KDg8V4VVfX8mDOpLOvbyC0sLi2v5FcLa+sbm1vm9k5dRomgUKMRj0TTJxI4C6GmmOLQjAWQwOfQ8PtXY78xACFZFN6pYQxuQLoh6zBKlJY8c8+5Bq4IduAhYQMs7sv4GAssPOmZRatkTYDniZ2RIspQ9cwvpx3RJIBQUU6kbNlWrNyUCMUoh1HBSSTEhPZJF1qahiQA6aaTF0b4UCtt3ImErlDhifp7IiWBlMPA150BUT05643F/7xWojoXbsrCOFEQ0umiTsKxivA4D9xmAqjiQ00IFUzfimmPCEKVTq2gQ7BnX54n9XLJPiud3p4UK5dZHHm0jw7QEbLROaqgG1RFNUTRI3pGr+jNeDJejHfjY9qaM7KZXfQHxucPJ5GWAA==</latexit>

� ⌘ r2 � rrs
<latexit sha1_base64="gM/S72TLekX/9JnO1Vzsl5kC20g=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi3iKYB6QLGF20knGzM4uM7OBsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Duo4SxbDGIhGpZkA1Ci6xZrgR2IwV0jAQ2AiGt1O/MUKleSQfzThGP6R9yXucUWOlenuEjNx3iiW37M5AlomXkRJkqHaKX+1uxJIQpWGCat3y3Nj4KVWGM4GTQjvRGFM2pH1sWSppiNpPZ9dOyIlVuqQXKVvSkJn6eyKlodbjMLCdITUDvehNxf+8VmJ6137KZZwYlGy+qJcIYiIyfZ10uUJmxNgSyhS3txI2oIoyYwMq2BC8xZeXSf2s7F2WLx7OS5WbLI48HMExnIIHV1CBO6hCDRg8wTO8wpsTOS/Ou/Mxb8052cwh/IHz+QMAJo7E</latexit>

~J
<latexit sha1_base64="hUwx2djmKdtrpo67wRD0mp7pLQU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi+AlgnlAsoTZSScZMzu7zMwGwpJ/8OJBEa/+jzf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcP6jpKFMMai0SkmgHVKLjEmuFGYDNWSMNAYCMY3k79xgiV5pF8NOMY/ZD2Je9xRo2V6u0RMnLfKZbcsjsDWSZeRkqQodopfrW7EUtClIYJqnXLc2Pjp1QZzgROCu1EY0zZkPaxZamkIWo/nV07ISdW6ZJepGxJQ2bq74mUhlqPw8B2htQM9KI3Ff/zWonpXfspl3FiULL5ol4iiInI9HXS5QqZEWNLKFPc3krYgCrKjA2oYEPwFl9eJvWzsndZvng4L1VusjjycATHcAoeXEEF7qAKNWDwBM/wCm9O5Lw4787HvDXnZDOH8AfO5w8Bqo7F</latexit>

~K
<latexit sha1_base64="gM/S72TLekX/9JnO1Vzsl5kC20g=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi3iKYB6QLGF20knGzM4uM7OBsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Duo4SxbDGIhGpZkA1Ci6xZrgR2IwV0jAQ2AiGt1O/MUKleSQfzThGP6R9yXucUWOlenuEjNx3iiW37M5AlomXkRJkqHaKX+1uxJIQpWGCat3y3Nj4KVWGM4GTQjvRGFM2pH1sWSppiNpPZ9dOyIlVuqQXKVvSkJn6eyKlodbjMLCdITUDvehNxf+8VmJ6137KZZwYlGy+qJcIYiIyfZ10uUJmxNgSyhS3txI2oIoyYwMq2BC8xZeXSf2s7F2WLx7OS5WbLI48HMExnIIHV1CBO6hCDRg8wTO8wpsTOS/Ou/Mxb8052cwh/IHz+QMAJo7E</latexit>

~J
<latexit sha1_base64="hUwx2djmKdtrpo67wRD0mp7pLQU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi+AlgnlAsoTZSScZMzu7zMwGwpJ/8OJBEa/+jzf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcP6jpKFMMai0SkmgHVKLjEmuFGYDNWSMNAYCMY3k79xgiV5pF8NOMY/ZD2Je9xRo2V6u0RMnLfKZbcsjsDWSZeRkqQodopfrW7EUtClIYJqnXLc2Pjp1QZzgROCu1EY0zZkPaxZamkIWo/nV07ISdW6ZJepGxJQ2bq74mUhlqPw8B2htQM9KI3Ff/zWonpXfspl3FiULL5ol4iiInI9HXS5QqZEWNLKFPc3krYgCrKjA2oYEPwFl9eJvWzsndZvng4L1VusjjycATHcAoeXEEF7qAKNWDwBM/wCm9O5Lw4787HvDXnZDOH8AfO5w8Bqo7F</latexit>

~K



Consider small perturbations of a black hole: g = gBH + � [@2 + V ]� = 0 (linearized Einstein equation) V

r
tortoise radius

We can use this to study tidal deformation i. e. imagine an object in a static, external  tidal field 

(expanding in spherical harmonics), tidal deformation induces a response tail: 

� ⇠ r`

� ⇠ 1/r`+1

� ⇠ r` + ...+
�

r`+1
+ ... , � ⇠ Love number ⇠ size2`+1

++

- -

EM example:

It has long been known that BH has vanishing Love numbers (Fang, Lovelace, Damour, Nagar, Poisson, Kol, Smolkin, Chia …).

Asymptotics: r ! 1r ⇠ rs
<latexit sha1_base64="BbcBvAggemiwJ8Pq6J50RfSly6c=">AAACFnicbVBLSwMxGMzWV62vVY9egosgiGVXfB2LXjxWsA/oriWbZtvQJLskWaEs+yu8+Fe8eFDEq3jz35i2e9DWgcBk5huSb8KEUaVd99sqLSwuLa+UVytr6xubW/b2TlPFqcSkgWMWy3aIFGFUkIammpF2IgniISOtcHg99lsPRCoaizs9SkjAUV/QiGKkjdS1j/1kQKGvKIe+A+W9TxiDRzAzFz82QSNlhebledd23Ko7AZwnXkEcUKDetb/8XoxTToTGDCnV8dxEBxmSmmJG8oqfKpIgPER90jFUIE5UkE3WyuGBUXowiqU5QsOJ+juRIa7UiIdmkiM9ULPeWPzP66Q6ugwyKpJUE4GnD0UpgzqG445gj0qCNRsZgrCk5q8QD5BEWJsmK6YEb3bledI8qXrn1bPbU6d2VdRRBntgHxwCD1yAGrgBddAAGDyCZ/AK3qwn68V6tz6moyWryOyCP7A+fwCxfp04</latexit>

� ⇠ #r` +
#

r`+1

the Love number surprise<latexit sha1_base64="GLNgWgk0TSkWlP8AAtJ2yXve+BU=">AAACE3icbVDLSsNAFJ3UV62vqks3g0GoWmsivjZC0Y3LCvYBSQiT6bQdOpmEmYlQQv/Bjb/ixoUibt2482+ctllo64G5HM65lzv3BDGjUlnWt5Gbm19YXMovF1ZW19Y3iptbDRklApM6jlgkWgGShFFO6ooqRlqxICgMGGkG/ZuR33wgQtKI36tBTLwQdTntUIyUlvzigRv3KLyCrgkPRyV1y64IIeNueeiUBDyCwpf7x7p4ftG0KtYYcJbYGTFBhppf/HLbEU5CwhVmSErHtmLlpUgoihkZFtxEkhjhPuoSR1OOQiK9dHzTEO5ppQ07kdCPKzhWf0+kKJRyEAa6M0SqJ6e9kfif5ySqc+mllMeJIhxPFnUSBlUERwHBNhUEKzbQBGFB9V8h7iGBsNIxFnQI9vTJs6RxUrHPK2d3p2b1OosjD3bALigBG1yAKrgFNVAHGDyCZ/AK3own48V4Nz4mrTkjm9kGf2B8/gCEoJrY</latexit>

� = #+# ln [(r � rs)/rs]

Symmetries governing static tidal perturbations around BH

Key observation: static scalar in 4D Schwarzschild                      is equivalent to                           with                                              ,                                .

The effective 3D space has 3 rot. Killing vectors (KVs)       and 7 conformal KVs, 3 of which         satisfy                                           .

      and       form an SO(3,1) symmetry algebra, e.g.                                                                               .

The static scalar solutions organized by                  form a representation of SO(3,1). Just like      can raise/lower      ,      raises/lowers      .


 

⇤� = 0

⇤3D(r3D ·K) = 0

⇤3D� = 0 ds23D = dr2 +�d⌦2

�K3� = �2�cos ✓@r���0@✓(sin ✓ �)

(`,m)

<latexit sha1_base64="AFPx61u1BeRHln61O5DP1pBuFJM=">AAACAnicbVDJSgNBEO2JW4zbqCfx0hgEL4aZ4HYM6sFjBLNAZhx6OpWkSc9id08gDMGLv+LFgyJe/Qpv/o2dZA6a+KDg8V4VVfX8mDOpLOvbyC0sLi2v5FcLa+sbm1vm9k5dRomgUKMRj0TTJxI4C6GmmOLQjAWQwOfQ8PtXY78xACFZFN6pYQxuQLoh6zBKlJY8c8+5Bq4IduAhYQMs7sv4GAssPOmZRatkTYDniZ2RIspQ9cwvpx3RJIBQUU6kbNlWrNyUCMUoh1HBSSTEhPZJF1qahiQA6aaTF0b4UCtt3ImErlDhifp7IiWBlMPA150BUT05643F/7xWojoXbsrCOFEQ0umiTsKxivA4D9xmAqjiQ00IFUzfimmPCEKVTq2gQ7BnX54n9XLJPiud3p4UK5dZHHm0jw7QEbLROaqgG1RFNUTRI3pGr+jNeDJejHfjY9qaM7KZXfQHxucPJ5GWAA==</latexit>

� ⌘ r2 � rrs
<latexit sha1_base64="gM/S72TLekX/9JnO1Vzsl5kC20g=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi3iKYB6QLGF20knGzM4uM7OBsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Duo4SxbDGIhGpZkA1Ci6xZrgR2IwV0jAQ2AiGt1O/MUKleSQfzThGP6R9yXucUWOlenuEjNx3iiW37M5AlomXkRJkqHaKX+1uxJIQpWGCat3y3Nj4KVWGM4GTQjvRGFM2pH1sWSppiNpPZ9dOyIlVuqQXKVvSkJn6eyKlodbjMLCdITUDvehNxf+8VmJ6137KZZwYlGy+qJcIYiIyfZ10uUJmxNgSyhS3txI2oIoyYwMq2BC8xZeXSf2s7F2WLx7OS5WbLI48HMExnIIHV1CBO6hCDRg8wTO8wpsTOS/Ou/Mxb8052cwh/IHz+QMAJo7E</latexit>

~J
<latexit sha1_base64="hUwx2djmKdtrpo67wRD0mp7pLQU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi+AlgnlAsoTZSScZMzu7zMwGwpJ/8OJBEa/+jzf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcP6jpKFMMai0SkmgHVKLjEmuFGYDNWSMNAYCMY3k79xgiV5pF8NOMY/ZD2Je9xRo2V6u0RMnLfKZbcsjsDWSZeRkqQodopfrW7EUtClIYJqnXLc2Pjp1QZzgROCu1EY0zZkPaxZamkIWo/nV07ISdW6ZJepGxJQ2bq74mUhlqPw8B2htQM9KI3Ff/zWonpXfspl3FiULL5ol4iiInI9HXS5QqZEWNLKFPc3krYgCrKjA2oYEPwFl9eJvWzsndZvng4L1VusjjycATHcAoeXEEF7qAKNWDwBM/wCm9O5Lw4787HvDXnZDOH8AfO5w8Bqo7F</latexit>

~K
<latexit sha1_base64="gM/S72TLekX/9JnO1Vzsl5kC20g=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi3iKYB6QLGF20knGzM4uM7OBsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Duo4SxbDGIhGpZkA1Ci6xZrgR2IwV0jAQ2AiGt1O/MUKleSQfzThGP6R9yXucUWOlenuEjNx3iiW37M5AlomXkRJkqHaKX+1uxJIQpWGCat3y3Nj4KVWGM4GTQjvRGFM2pH1sWSppiNpPZ9dOyIlVuqQXKVvSkJn6eyKlodbjMLCdITUDvehNxf+8VmJ6137KZZwYlGy+qJcIYiIyfZ10uUJmxNgSyhS3txI2oIoyYwMq2BC8xZeXSf2s7F2WLx7OS5WbLI48HMExnIIHV1CBO6hCDRg8wTO8wpsTOS/Ou/Mxb8052cwh/IHz+QMAJo7E</latexit>

~J
<latexit sha1_base64="hUwx2djmKdtrpo67wRD0mp7pLQU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi+AlgnlAsoTZSScZMzu7zMwGwpJ/8OJBEa/+jzf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcP6jpKFMMai0SkmgHVKLjEmuFGYDNWSMNAYCMY3k79xgiV5pF8NOMY/ZD2Je9xRo2V6u0RMnLfKZbcsjsDWSZeRkqQodopfrW7EUtClIYJqnXLc2Pjp1QZzgROCu1EY0zZkPaxZamkIWo/nV07ISdW6ZJepGxJQ2bq74mUhlqPw8B2htQM9KI3Ff/zWonpXfspl3FiULL5ol4iiInI9HXS5QqZEWNLKFPc3krYgCrKjA2oYEPwFl9eJvWzsndZvng4L1VusjjycATHcAoeXEEF7qAKNWDwBM/wCm9O5Lw4787HvDXnZDOH8AfO5w8Bqo7F</latexit>

~K
<latexit sha1_base64="gM/S72TLekX/9JnO1Vzsl5kC20g=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi3iKYB6QLGF20knGzM4uM7OBsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Duo4SxbDGIhGpZkA1Ci6xZrgR2IwV0jAQ2AiGt1O/MUKleSQfzThGP6R9yXucUWOlenuEjNx3iiW37M5AlomXkRJkqHaKX+1uxJIQpWGCat3y3Nj4KVWGM4GTQjvRGFM2pH1sWSppiNpPZ9dOyIlVuqQXKVvSkJn6eyKlodbjMLCdITUDvehNxf+8VmJ6137KZZwYlGy+qJcIYiIyfZ10uUJmxNgSyhS3txI2oIoyYwMq2BC8xZeXSf2s7F2WLx7OS5WbLI48HMExnIIHV1CBO6hCDRg8wTO8wpsTOS/Ou/Mxb8052cwh/IHz+QMAJo7E</latexit>

~J
<latexit sha1_base64="RZPk4QoybUxtcOb+t5qHV4V+jbI=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVo16p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kD2M2M+w==</latexit>m

<latexit sha1_base64="hUwx2djmKdtrpo67wRD0mp7pLQU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi+AlgnlAsoTZSScZMzu7zMwGwpJ/8OJBEa/+jzf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcP6jpKFMMai0SkmgHVKLjEmuFGYDNWSMNAYCMY3k79xgiV5pF8NOMY/ZD2Je9xRo2V6u0RMnLfKZbcsjsDWSZeRkqQodopfrW7EUtClIYJqnXLc2Pjp1QZzgROCu1EY0zZkPaxZamkIWo/nV07ISdW6ZJepGxJQ2bq74mUhlqPw8B2htQM9KI3Ff/zWonpXfspl3FiULL5ol4iiInI9HXS5QqZEWNLKFPc3krYgCrKjA2oYEPwFl9eJvWzsndZvng4L1VusjjycATHcAoeXEEF7qAKNWDwBM/wCm9O5Lw4787HvDXnZDOH8AfO5w8Bqo7F</latexit>

~K
<latexit sha1_base64="uBkqGpwHRAh8wpFdfz/HC3Vne9M=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoxWMFawttKJvtpF26uwm7G6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvTDjTxvO+ndLK6tr6RnmzsrW9s7tX3T941HGqKLZozGPVCYlGziS2DDMcO4lCIkKO7XB8m/vtJ1SaxfLBTBIMBBlKFjFKTC71kPN+tebVvRncZeIXpAYFmv3qV28Q01SgNJQTrbu+l5ggI8owynFa6aUaE0LHZIhdSyURqINsduvUPbHKwI1iZUsad6b+nsiI0HoiQtspiBnpRS8X//O6qYmug4zJJDUo6XxRlHLXxG7+uDtgCqnhE0sIVcze6tIRUYQaG0/FhuAvvrxMHs/q/mX94v681rgp4ijDERzDKfhwBQ24gya0gMIInuEV3hzhvDjvzse8teQUM4fwB87nDxCmjkU=</latexit>

`



Consider small perturbations of a black hole: g = gBH + � [@2 + V ]� = 0 (linearized Einstein equation) V

r
tortoise radius

We can use this to study tidal deformation i. e. imagine an object in a static, external  tidal field 

(expanding in spherical harmonics), tidal deformation induces a response tail: 

� ⇠ r`
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+ ... , � ⇠ Love number ⇠ size2`+1

++
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EM example:

It has long been known that BH has vanishing Love numbers (Fang, Lovelace, Damour, Nagar, Poisson, Kol, Smolkin, Chia …).

Asymptotics: r ! 1r ⇠ rs
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Symmetries governing static tidal perturbations around BH

Key observation: static scalar in 4D Schwarzschild                      is equivalent to                           with                                              ,                                .

The effective 3D space has 3 rot. Killing vectors (KVs)       and 7 conformal KVs, 3 of which         satisfy                                           .

      and       form an SO(3,1) symmetry algebra, e.g.                                                                               .

The static scalar solutions organized by                  form a representation of SO(3,1). Just like      can raise/lower      ,      raises/lowers      .

The resulting ladder structure is very useful:                                  ,                                    with                                          .
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Consider small perturbations of a black hole: g = gBH + � [@2 + V ]� = 0 (linearized Einstein equation) V

r
tortoise radius

We can use this to study tidal deformation i. e. imagine an object in a static, external  tidal field 

(expanding in spherical harmonics), tidal deformation induces a response tail: 

� ⇠ r`

� ⇠ 1/r`+1
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�

r`+1
+ ... , � ⇠ Love number ⇠ size2`+1

++

- -

EM example:

It has long been known that BH has vanishing Love numbers (Fang, Lovelace, Damour, Nagar, Poisson, Kol, Smolkin, Chia …).

Asymptotics: r ! 1r ⇠ rs
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Symmetries governing static tidal perturbations around BH

Key observation: static scalar in 4D Schwarzschild                      is equivalent to                           with                                              ,                                .

The effective 3D space has 3 rot. Killing vectors (KVs)       and 7 conformal KVs, 3 of which         satisfy                                           .

      and       form an SO(3,1) symmetry algebra, e.g.                                                                               .

The static scalar solutions organized by                  form a representation of SO(3,1). Just like      can raise/lower      ,      raises/lowers      .

The resulting ladder structure is very useful:                                  ,                                    with                                          .

Radial equation of motion takes the form:                                                      . The vanishing of Love number for any       follows from the fact

 that the “ground state”  satisfies                                  (think: harmonic oscillator). 
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<latexit sha1_base64="gM/S72TLekX/9JnO1Vzsl5kC20g=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi3iKYB6QLGF20knGzM4uM7OBsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Duo4SxbDGIhGpZkA1Ci6xZrgR2IwV0jAQ2AiGt1O/MUKleSQfzThGP6R9yXucUWOlenuEjNx3iiW37M5AlomXkRJkqHaKX+1uxJIQpWGCat3y3Nj4KVWGM4GTQjvRGFM2pH1sWSppiNpPZ9dOyIlVuqQXKVvSkJn6eyKlodbjMLCdITUDvehNxf+8VmJ6137KZZwYlGy+qJcIYiIyfZ10uUJmxNgSyhS3txI2oIoyYwMq2BC8xZeXSf2s7F2WLx7OS5WbLI48HMExnIIHV1CBO6hCDRg8wTO8wpsTOS/Ou/Mxb8052cwh/IHz+QMAJo7E</latexit>

~J
<latexit sha1_base64="RZPk4QoybUxtcOb+t5qHV4V+jbI=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVo16p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kD2M2M+w==</latexit>m

<latexit sha1_base64="hUwx2djmKdtrpo67wRD0mp7pLQU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi+AlgnlAsoTZSScZMzu7zMwGwpJ/8OJBEa/+jzf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcP6jpKFMMai0SkmgHVKLjEmuFGYDNWSMNAYCMY3k79xgiV5pF8NOMY/ZD2Je9xRo2V6u0RMnLfKZbcsjsDWSZeRkqQodopfrW7EUtClIYJqnXLc2Pjp1QZzgROCu1EY0zZkPaxZamkIWo/nV07ISdW6ZJepGxJQ2bq74mUhlqPw8B2htQM9KI3Ff/zWonpXfspl3FiULL5ol4iiInI9HXS5QqZEWNLKFPc3krYgCrKjA2oYEPwFl9eJvWzsndZvng4L1VusjjycATHcAoeXEEF7qAKNWDwBM/wCm9O5Lw4787HvDXnZDOH8AfO5w8Bqo7F</latexit>

~K
<latexit sha1_base64="uBkqGpwHRAh8wpFdfz/HC3Vne9M=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoxWMFawttKJvtpF26uwm7G6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvTDjTxvO+ndLK6tr6RnmzsrW9s7tX3T941HGqKLZozGPVCYlGziS2DDMcO4lCIkKO7XB8m/vtJ1SaxfLBTBIMBBlKFjFKTC71kPN+tebVvRncZeIXpAYFmv3qV28Q01SgNJQTrbu+l5ggI8owynFa6aUaE0LHZIhdSyURqINsduvUPbHKwI1iZUsad6b+nsiI0HoiQtspiBnpRS8X//O6qYmug4zJJDUo6XxRlHLXxG7+uDtgCqnhE0sIVcze6tIRUYQaG0/FhuAvvrxMHs/q/mX94v681rgp4ijDERzDKfhwBQ24gya0gMIInuEV3hzhvDjvzse8teQUM4fwB87nDxCmjkU=</latexit>

`
D+�` = �`+1 D��` = �`�1 D± ⌘ ⌥�@r + ...

<latexit sha1_base64="goz3zsKFRsELmxU/IpaTyd4IpDo="></latexit>�
D+D� � `2r2s/4

�
�` = 0

<latexit sha1_base64="uBkqGpwHRAh8wpFdfz/HC3Vne9M=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoxWMFawttKJvtpF26uwm7G6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvTDjTxvO+ndLK6tr6RnmzsrW9s7tX3T941HGqKLZozGPVCYlGziS2DDMcO4lCIkKO7XB8m/vtJ1SaxfLBTBIMBBlKFjFKTC71kPN+tebVvRncZeIXpAYFmv3qV28Q01SgNJQTrbu+l5ggI8owynFa6aUaE0LHZIhdSyURqINsduvUPbHKwI1iZUsad6b+nsiI0HoiQtspiBnpRS8X//O6qYmug4zJJDUo6XxRlHLXxG7+uDtgCqnhE0sIVcze6tIRUYQaG0/FhuAvvrxMHs/q/mX94v681rgp4ijDERzDKfhwBQ24gya0gMIInuEV3hzhvDjvzse8teQUM4fwB87nDxCmjkU=</latexit>

`
<latexit sha1_base64="jd6JiM1ZmdxgEB/hxnG63xuR6Zs=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEN5ZEfG0KRV24rGAf0MQwmd60QycPZiZCCQV/xY0LRdz6He78G6dtFtp64MLhnHu59x4/4Uwqy/o2CguLS8srxdXS2vrG5pa5vdOUcSooNGjMY9H2iQTOImgopji0EwEk9Dm0/MH12G89gpAsju7VMAE3JL2IBYwSpSXP3Lt5OMZO0mde5gDnVWuEq9jyzLJVsSbA88TOSRnlqHvml9ONaRpCpCgnUnZsK1FuRoRilMOo5KQSEkIHpAcdTSMSgnSzyfkjfKiVLg5ioStSeKL+nshIKOUw9HVnSFRfznpj8T+vk6rg0s1YlKQKIjpdFKQcqxiPs8BdJoAqPtSEUMH0rZj2iSBU6cRKOgR79uV50jyp2OeVs7vTcu0qj6OI9tEBOkI2ukA1dIvqqIEoytAzekVvxpPxYrwbH9PWgpHP7KI/MD5/ANDalB0=</latexit>

D��`=0 = 0



Consider small perturbations of a black hole: g = gBH + � [@2 + V ]� = 0 (linearized Einstein equation) V

r
tortoise radius

We can use this to study tidal deformation i. e. imagine an object in a static, external  tidal field 

(expanding in spherical harmonics), tidal deformation induces a response tail: 

� ⇠ r`

� ⇠ 1/r`+1

� ⇠ r` + ...+
�

r`+1
+ ... , � ⇠ Love number ⇠ size2`+1

++

- -

EM example:

It has long been known that BH has vanishing Love numbers (Fang, Lovelace, Damour, Nagar, Poisson, Kol, Smolkin, Chia …).

Asymptotics: r ! 1r ⇠ rs
<latexit sha1_base64="BbcBvAggemiwJ8Pq6J50RfSly6c=">AAACFnicbVBLSwMxGMzWV62vVY9egosgiGVXfB2LXjxWsA/oriWbZtvQJLskWaEs+yu8+Fe8eFDEq3jz35i2e9DWgcBk5huSb8KEUaVd99sqLSwuLa+UVytr6xubW/b2TlPFqcSkgWMWy3aIFGFUkIammpF2IgniISOtcHg99lsPRCoaizs9SkjAUV/QiGKkjdS1j/1kQKGvKIe+A+W9TxiDRzAzFz82QSNlhebledd23Ko7AZwnXkEcUKDetb/8XoxTToTGDCnV8dxEBxmSmmJG8oqfKpIgPER90jFUIE5UkE3WyuGBUXowiqU5QsOJ+juRIa7UiIdmkiM9ULPeWPzP66Q6ugwyKpJUE4GnD0UpgzqG445gj0qCNRsZgrCk5q8QD5BEWJsmK6YEb3bledI8qXrn1bPbU6d2VdRRBntgHxwCD1yAGrgBddAAGDyCZ/AK3qwn68V6tz6moyWryOyCP7A+fwCxfp04</latexit>

� ⇠ #r` +
#

r`+1

the Love number surprise<latexit sha1_base64="GLNgWgk0TSkWlP8AAtJ2yXve+BU=">AAACE3icbVDLSsNAFJ3UV62vqks3g0GoWmsivjZC0Y3LCvYBSQiT6bQdOpmEmYlQQv/Bjb/ixoUibt2482+ctllo64G5HM65lzv3BDGjUlnWt5Gbm19YXMovF1ZW19Y3iptbDRklApM6jlgkWgGShFFO6ooqRlqxICgMGGkG/ZuR33wgQtKI36tBTLwQdTntUIyUlvzigRv3KLyCrgkPRyV1y64IIeNueeiUBDyCwpf7x7p4ftG0KtYYcJbYGTFBhppf/HLbEU5CwhVmSErHtmLlpUgoihkZFtxEkhjhPuoSR1OOQiK9dHzTEO5ppQ07kdCPKzhWf0+kKJRyEAa6M0SqJ6e9kfif5ySqc+mllMeJIhxPFnUSBlUERwHBNhUEKzbQBGFB9V8h7iGBsNIxFnQI9vTJs6RxUrHPK2d3p2b1OosjD3bALigBG1yAKrgFNVAHGDyCZ/AK3own48V4Nz4mrTkjm9kGf2B8/gCEoJrY</latexit>

� = #+# ln [(r � rs)/rs]

Symmetries governing static tidal perturbations around BH

Key observation: static scalar in 4D Schwarzschild                      is equivalent to                           with                                              ,                                .

The effective 3D space has 3 rot. Killing vectors (KVs)       and 7 conformal KVs, 3 of which         satisfy                                           .

      and       form an SO(3,1) symmetry algebra, e.g.                                                                               .

The static scalar solutions organized by                  form a representation of SO(3,1). Just like      can raise/lower      ,      raises/lowers      .

The resulting ladder structure is very useful:                                  ,                                    with                                          .

Radial equation of motion takes the form:                                                      . The vanishing of Love number for any       follows from the fact

 that the “ground state”  satisfies                                  (think: harmonic oscillator). 

⇤� = 0

⇤3D(r3D ·K) = 0

⇤3D� = 0 ds23D = dr2 +�d⌦2

�K3� = �2�cos ✓@r���0@✓(sin ✓ �)

(`,m)

<latexit sha1_base64="AFPx61u1BeRHln61O5DP1pBuFJM=">AAACAnicbVDJSgNBEO2JW4zbqCfx0hgEL4aZ4HYM6sFjBLNAZhx6OpWkSc9id08gDMGLv+LFgyJe/Qpv/o2dZA6a+KDg8V4VVfX8mDOpLOvbyC0sLi2v5FcLa+sbm1vm9k5dRomgUKMRj0TTJxI4C6GmmOLQjAWQwOfQ8PtXY78xACFZFN6pYQxuQLoh6zBKlJY8c8+5Bq4IduAhYQMs7sv4GAssPOmZRatkTYDniZ2RIspQ9cwvpx3RJIBQUU6kbNlWrNyUCMUoh1HBSSTEhPZJF1qahiQA6aaTF0b4UCtt3ImErlDhifp7IiWBlMPA150BUT05643F/7xWojoXbsrCOFEQ0umiTsKxivA4D9xmAqjiQ00IFUzfimmPCEKVTq2gQ7BnX54n9XLJPiud3p4UK5dZHHm0jw7QEbLROaqgG1RFNUTRI3pGr+jNeDJejHfjY9qaM7KZXfQHxucPJ5GWAA==</latexit>

� ⌘ r2 � rrs
<latexit sha1_base64="gM/S72TLekX/9JnO1Vzsl5kC20g=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi3iKYB6QLGF20knGzM4uM7OBsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Duo4SxbDGIhGpZkA1Ci6xZrgR2IwV0jAQ2AiGt1O/MUKleSQfzThGP6R9yXucUWOlenuEjNx3iiW37M5AlomXkRJkqHaKX+1uxJIQpWGCat3y3Nj4KVWGM4GTQjvRGFM2pH1sWSppiNpPZ9dOyIlVuqQXKVvSkJn6eyKlodbjMLCdITUDvehNxf+8VmJ6137KZZwYlGy+qJcIYiIyfZ10uUJmxNgSyhS3txI2oIoyYwMq2BC8xZeXSf2s7F2WLx7OS5WbLI48HMExnIIHV1CBO6hCDRg8wTO8wpsTOS/Ou/Mxb8052cwh/IHz+QMAJo7E</latexit>

~J
<latexit sha1_base64="hUwx2djmKdtrpo67wRD0mp7pLQU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi+AlgnlAsoTZSScZMzu7zMwGwpJ/8OJBEa/+jzf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcP6jpKFMMai0SkmgHVKLjEmuFGYDNWSMNAYCMY3k79xgiV5pF8NOMY/ZD2Je9xRo2V6u0RMnLfKZbcsjsDWSZeRkqQodopfrW7EUtClIYJqnXLc2Pjp1QZzgROCu1EY0zZkPaxZamkIWo/nV07ISdW6ZJepGxJQ2bq74mUhlqPw8B2htQM9KI3Ff/zWonpXfspl3FiULL5ol4iiInI9HXS5QqZEWNLKFPc3krYgCrKjA2oYEPwFl9eJvWzsndZvng4L1VusjjycATHcAoeXEEF7qAKNWDwBM/wCm9O5Lw4787HvDXnZDOH8AfO5w8Bqo7F</latexit>

~K
<latexit sha1_base64="gM/S72TLekX/9JnO1Vzsl5kC20g=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi3iKYB6QLGF20knGzM4uM7OBsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Duo4SxbDGIhGpZkA1Ci6xZrgR2IwV0jAQ2AiGt1O/MUKleSQfzThGP6R9yXucUWOlenuEjNx3iiW37M5AlomXkRJkqHaKX+1uxJIQpWGCat3y3Nj4KVWGM4GTQjvRGFM2pH1sWSppiNpPZ9dOyIlVuqQXKVvSkJn6eyKlodbjMLCdITUDvehNxf+8VmJ6137KZZwYlGy+qJcIYiIyfZ10uUJmxNgSyhS3txI2oIoyYwMq2BC8xZeXSf2s7F2WLx7OS5WbLI48HMExnIIHV1CBO6hCDRg8wTO8wpsTOS/Ou/Mxb8052cwh/IHz+QMAJo7E</latexit>

~J
<latexit sha1_base64="hUwx2djmKdtrpo67wRD0mp7pLQU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi+AlgnlAsoTZSScZMzu7zMwGwpJ/8OJBEa/+jzf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcP6jpKFMMai0SkmgHVKLjEmuFGYDNWSMNAYCMY3k79xgiV5pF8NOMY/ZD2Je9xRo2V6u0RMnLfKZbcsjsDWSZeRkqQodopfrW7EUtClIYJqnXLc2Pjp1QZzgROCu1EY0zZkPaxZamkIWo/nV07ISdW6ZJepGxJQ2bq74mUhlqPw8B2htQM9KI3Ff/zWonpXfspl3FiULL5ol4iiInI9HXS5QqZEWNLKFPc3krYgCrKjA2oYEPwFl9eJvWzsndZvng4L1VusjjycATHcAoeXEEF7qAKNWDwBM/wCm9O5Lw4787HvDXnZDOH8AfO5w8Bqo7F</latexit>

~K
<latexit sha1_base64="gM/S72TLekX/9JnO1Vzsl5kC20g=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi3iKYB6QLGF20knGzM4uM7OBsOQfvHhQxKv/482/cZLsQRMLGoqqbrq7glhwbVz328mtrK6tb+Q3C1vbO7t7xf2Duo4SxbDGIhGpZkA1Ci6xZrgR2IwV0jAQ2AiGt1O/MUKleSQfzThGP6R9yXucUWOlenuEjNx3iiW37M5AlomXkRJkqHaKX+1uxJIQpWGCat3y3Nj4KVWGM4GTQjvRGFM2pH1sWSppiNpPZ9dOyIlVuqQXKVvSkJn6eyKlodbjMLCdITUDvehNxf+8VmJ6137KZZwYlGy+qJcIYiIyfZ10uUJmxNgSyhS3txI2oIoyYwMq2BC8xZeXSf2s7F2WLx7OS5WbLI48HMExnIIHV1CBO6hCDRg8wTO8wpsTOS/Ou/Mxb8052cwh/IHz+QMAJo7E</latexit>

~J
<latexit sha1_base64="RZPk4QoybUxtcOb+t5qHV4V+jbI=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVo16p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kD2M2M+w==</latexit>m

<latexit sha1_base64="hUwx2djmKdtrpo67wRD0mp7pLQU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi+AlgnlAsoTZSScZMzu7zMwGwpJ/8OJBEa/+jzf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcP6jpKFMMai0SkmgHVKLjEmuFGYDNWSMNAYCMY3k79xgiV5pF8NOMY/ZD2Je9xRo2V6u0RMnLfKZbcsjsDWSZeRkqQodopfrW7EUtClIYJqnXLc2Pjp1QZzgROCu1EY0zZkPaxZamkIWo/nV07ISdW6ZJepGxJQ2bq74mUhlqPw8B2htQM9KI3Ff/zWonpXfspl3FiULL5ol4iiInI9HXS5QqZEWNLKFPc3krYgCrKjA2oYEPwFl9eJvWzsndZvng4L1VusjjycATHcAoeXEEF7qAKNWDwBM/wCm9O5Lw4787HvDXnZDOH8AfO5w8Bqo7F</latexit>

~K
<latexit sha1_base64="uBkqGpwHRAh8wpFdfz/HC3Vne9M=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoxWMFawttKJvtpF26uwm7G6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvTDjTxvO+ndLK6tr6RnmzsrW9s7tX3T941HGqKLZozGPVCYlGziS2DDMcO4lCIkKO7XB8m/vtJ1SaxfLBTBIMBBlKFjFKTC71kPN+tebVvRncZeIXpAYFmv3qV28Q01SgNJQTrbu+l5ggI8owynFa6aUaE0LHZIhdSyURqINsduvUPbHKwI1iZUsad6b+nsiI0HoiQtspiBnpRS8X//O6qYmug4zJJDUo6XxRlHLXxG7+uDtgCqnhE0sIVcze6tIRUYQaG0/FhuAvvrxMHs/q/mX94v681rgp4ijDERzDKfhwBQ24gya0gMIInuEV3hzhvDjvzse8teQUM4fwB87nDxCmjkU=</latexit>

`
D+�` = �`+1 D��` = �`�1 D± ⌘ ⌥�@r + ...

<latexit sha1_base64="goz3zsKFRsELmxU/IpaTyd4IpDo="></latexit>�
D+D� � `2r2s/4

�
�` = 0

<latexit sha1_base64="uBkqGpwHRAh8wpFdfz/HC3Vne9M=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoxWMFawttKJvtpF26uwm7G6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvTDjTxvO+ndLK6tr6RnmzsrW9s7tX3T941HGqKLZozGPVCYlGziS2DDMcO4lCIkKO7XB8m/vtJ1SaxfLBTBIMBBlKFjFKTC71kPN+tebVvRncZeIXpAYFmv3qV28Q01SgNJQTrbu+l5ggI8owynFa6aUaE0LHZIhdSyURqINsduvUPbHKwI1iZUsad6b+nsiI0HoiQtspiBnpRS8X//O6qYmug4zJJDUo6XxRlHLXxG7+uDtgCqnhE0sIVcze6tIRUYQaG0/FhuAvvrxMHs/q/mX94v681rgp4ijDERzDKfhwBQ24gya0gMIInuEV3hzhvDjvzse8teQUM4fwB87nDxCmjkU=</latexit>

`
<latexit sha1_base64="jd6JiM1ZmdxgEB/hxnG63xuR6Zs=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEN5ZEfG0KRV24rGAf0MQwmd60QycPZiZCCQV/xY0LRdz6He78G6dtFtp64MLhnHu59x4/4Uwqy/o2CguLS8srxdXS2vrG5pa5vdOUcSooNGjMY9H2iQTOImgopji0EwEk9Dm0/MH12G89gpAsju7VMAE3JL2IBYwSpSXP3Lt5OMZO0mde5gDnVWuEq9jyzLJVsSbA88TOSRnlqHvml9ONaRpCpCgnUnZsK1FuRoRilMOo5KQSEkIHpAcdTSMSgnSzyfkjfKiVLg5ioStSeKL+nshIKOUw9HVnSFRfznpj8T+vk6rg0s1YlKQKIjpdFKQcqxiPs8BdJoAqPtSEUMH0rZj2iSBU6cRKOgR79uV50jyp2OeVs7vTcu0qj6OI9tEBOkI2ukA1dIvqqIEoytAzekVvxpPxYrwbH9PWgpHP7KI/MD5/ANDalB0=</latexit>

D��`=0 = 0

Extra comments: 1. SO(3,1) symmetry is exact (for static perturbations). 2. At large r,  generates special conformal trans.

                                 3. Connection with reflection-less potential. 4. Higher symmetries:                                                              .

<latexit sha1_base64="hUwx2djmKdtrpo67wRD0mp7pLQU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi+AlgnlAsoTZSScZMzu7zMwGwpJ/8OJBEa/+jzf/xkmyB00saCiquunuCmLBtXHdbye3srq2vpHfLGxt7+zuFfcP6jpKFMMai0SkmgHVKLjEmuFGYDNWSMNAYCMY3k79xgiV5pF8NOMY/ZD2Je9xRo2V6u0RMnLfKZbcsjsDWSZeRkqQodopfrW7EUtClIYJqnXLc2Pjp1QZzgROCu1EY0zZkPaxZamkIWo/nV07ISdW6ZJepGxJQ2bq74mUhlqPw8B2htQM9KI3Ff/zWonpXfspl3FiULL5ol4iiInI9HXS5QqZEWNLKFPc3krYgCrKjA2oYEPwFl9eJvWzsndZvng4L1VusjjycATHcAoeXEEF7qAKNWDwBM/wCm9O5Lw4787HvDXnZDOH8AfO5w8Bqo7F</latexit>

~K
<latexit sha1_base64="bohn791DYOXk9IOQvla9O6SzJHM=">AAACL3icbVDLSgMxFM3UV62vqks3wSJUxDIjvjZC0SIuK9gHdKZDJr1tQzMPkoxQSv/Ijb/SjYgibv0L03YKWr0QOPece7i5x4s4k8o0X43UwuLS8kp6NbO2vrG5ld3eqcowFhQqNOShqHtEAmcBVBRTHOqRAOJ7HGpe72as1x5BSBYGD6ofgeOTTsDajBKlKTd7a7eAK4LtqMtcGzjHV7hRah45zUljlxKVCMUIdwXOa/V4ps5Mh242ZxbMSeG/wEpADiVVdrMjuxXS2IdAUU6kbFhmpJzBeA3lMMzYsYSI0B7pQEPDgPggncHk3iE+0EwLt0OhX6DwhP3pGBBfyr7v6UmfqK6c18bkf1ojVu1LZ8CCKFYQ0OmidsyxCvE4PNxiAqjifQ0IFUz/FdMuEYQqHXFGh2DNn/wXVE8K1nnh7P40V7xO4kijPbSP8shCF6iI7lAZVRBFT2iE3tC78Wy8GB/G53Q0ZSSeXfSrjK9v5gmnyQ==</latexit>

��` = [D+]`�@r([D
�]`�`)



Symmetries: summary and further thoughts

For static scalar on Schwarzchild: SO(3,1) exact symmetry. For Kerr:               survive and are sufficient to

generate the ladder structure for the Love number argument.

<latexit sha1_base64="NMJkqUwxhZ4xEl+bj0TUy14Fcys=">AAAB8HicbVDJSgNBEK1xjXGLevTSGAQPEmaM2zHoRfQSwSySDENPpydp0t0zdPcIYchXePGgiFc/x5t/Y2c5aOKDgsd7VVTVCxPOtHHdb2dhcWl5ZTW3ll/f2NzaLuzs1nWcKkJrJOaxaoZYU84krRlmOG0mimIRctoI+9cjv/FElWaxfDCDhPoCdyWLGMHGSo+3QRkdo7ugHBSKbskdA80Tb0qKMEU1KHy1OzFJBZWGcKx1y3MT42dYGUY4HebbqaYJJn3cpS1LJRZU+9n44CE6tEoHRbGyJQ0aq78nMiy0HojQdgpsenrWG4n/ea3URJd+xmSSGirJZFGUcmRiNPoedZiixPCBJZgoZm9FpIcVJsZmlLcheLMvz5P6Sck7L53dnxYrV9M4crAPB3AEHlxABW6gCjUgIOAZXuHNUc6L8+58TFoXnOnMHvyB8/kDpAGPAw==</latexit>

J3,K3

For spin 1 and 2 perturbations: apply spin ladder.

For low frequency perturbations, SO(4,2) approximate symmetry is present, making possible the

study of dynamical tidal response. An associated  conserved charge is curiously connected with 
superradiance instability rate.

For higher dimensional BH, ladder structure exists for                     ,      and only for integer      can the 

“ground state” connection be made, which is crucial for the vanishing of the corresponding Love number.

<latexit sha1_base64="C830cwgvidKsjqKBjbWdbUdUacE=">AAACCXicbVC7TsMwFHXKq5RXgJHFokJioUp4jxUwMBaJPqQmqhz3prXqxMF2KlVRVxZ+hYUBhFj5Azb+BvcxQMuRLB2fc4/se4KEM6Ud59vKLSwuLa/kVwtr6xubW/b2Tk2JVFKoUsGFbAREAWcxVDXTHBqJBBIFHOpB73rk1/sgFRPxvR4k4EekE7OQUaKN1LKx1yXaA86xBw8p6+NschEmhG+OToYtu+iUnDHwPHGnpIimqLTsL68taBpBrCknSjVdJ9F+RqRmlMOw4KUKEkJ7pANNQ2MSgfKz8SZDfGCUNg6FNCfWeKz+TmQkUmoQBWYyIrqrZr2R+J/XTHV46WcsTlINMZ08FKYca4FHteA2k0A1HxhCqGTmr5h2iSRUm/IKpgR3duV5Ujsuueels7vTYvlqWkce7aF9dIhcdIHK6BZVUBVR9Iie0St6s56sF+vd+piM5qxpZhf9gfX5A1momXo=</latexit>

ˆ̀⌘ `

D � 3

<latexit sha1_base64="bemUTOMFvvOxFFSXpBvm3KX/rDc=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5iHZJcxOJsmQmd1lplcIS77CiwdFvPo53vwbJ8keNLGgoajqprsrTKQw6LrfTmFldW19o7hZ2tre2d0r7x80TZxqxhsslrFuh9RwKSLeQIGStxPNqQolb4Wj26nfeuLaiDh6wHHCA0UHkegLRtFKj/6Qos+lJN1yxa26M5Bl4uWkAjnq3fKX34tZqniETFJjOp6bYJBRjYJJPin5qeEJZSM64B1LI6q4CbLZwRNyYpUe6cfaVoRkpv6eyKgyZqxC26koDs2iNxX/8zop9q+DTERJijxi80X9VBKMyfR70hOaM5RjSyjTwt5K2JBqytBmVLIheIsvL5PmWdW7rF7cn1dqN3kcRTiCYzgFD66gBndQhwYwUPAMr/DmaOfFeXc+5q0FJ585hD9wPn8AcbiQMA==</latexit>

ˆ̀

Nonlinear tidal response is being explored. 

See also: Charalambous, Dubovsky, Ivanov; De Luca, Khoury, Wong; Riva, 
Santoni, Savic, Vernizzi; Rodriguez, Santoni, Solomon, Temoche; Rai, Santoni




g = gBH + �Linear perturbation theory: 
Second order  perturbation theory: [@2 + V ]� ⇠ @2�2

[@2 + V ]� ⇠ 0

Write  � = �(1) + �(2) + ... [@2 + V ]�(1) ⇠ 0

[@2 + V ]�(2) ⇠ @2�(1)2

We searched for quadratic QNM in black hole merger simulations, and

verified (220)x(220) amplitude goes as square of (220) amplitude (Mitman et al., Cheung et al. + much prior work).

ring down

V

r
tortoise radius

Not surprising that: �(1) contains e�i!220t

linear QNM quadratic QNM

�(2) contains e�i 2!220t

Nonlinearity: quadratic quasi-normal modes



Expect quadratic quasi-normal modes from pairs of linear quasi-normal modes.

e.g. from pairs of !220 we get quadratic ! = 2!220

Colllaboration with Mitman, Lagos, Stein, Ma et al.

We searched for quadratic QNM in black hole merger simulations, and

verified (220)x(220) amplitude goes as square of (220) amplitude.

See also Cheung et al.

Colllaboration with Lagos.
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Recall a QNM by itself is not a particularly physical quantity:                                                        i.e. it diverges at large r.�(1) ⇠ e�i!220(t�r) as r ! 1

A more physical way to think about BH perturbations is via the Green function (Leaver, Andersson, Szpak…).

[@2 + V ]G = �D

G

�(1)

I.C.

I.C.

G

GG

�(2)

t

r initial time

rpeak
Many (known) implications:  e.g. (1) ring-down waveform is not purely 

superposition of QNMs, (2)amplitude of QNMs is time dependent, 

(3) QNMs are generated from I.C. by scattering off potential barrier, etc.

Causal structure of Green function

I.C.
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I.C.

Why should we care? (1) more accurate modeling of the ring-down, (2) may get us closer to merger time,

(3) relation between           and           (including amplitude) provides test of GR (e.g. Kehagias/Riotto, Redondo-Yuste+, Zhu+)�(2) �(1)
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Symmetry and nonlinearity

in black hole perturbation theory

Lam Hui

Columbia University

Work done with: Joyce, Penco, Santoni, Solomon; Beren, Sun; Lagos; Mittman, Lagos, Stein+; Podo


Ladder structure from SO(3,1) explains vanishing Love number Quadratic QNMs are detectable and interesting


