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, — T 2ar.r sin“6d r< 4+ a“)* — a“*Asin“6 .
Kerr metric: ds? = —F 7 dt® — e dtdyp + %er + p?db* - ( ) pe sin?0d >
A=r%—rry+a 0 =1r? + a*cos?

> Teukolsky equation:
O, (A@rqﬁés)) + s(2r — rs)(?»,.cbés) 1

(a2m2+is(2r—7’5)am B (E—s)(€+s+l)> ¢§S) _0

A
A =1r?—rry + a static: Oy = () expancl In spin—-weightecl spherical harmonics
a=BHspin , r=2GM , s=0,1,2 , ¥{,m = ang.mom.quantum no.

és) = Newman Penrose scalar ~ Weyl tensor projected onto null tetrad

electric and magnetic tgl:)es contained in real and imaginarg Parts thereof

SEin ladder oEerators connect sEin O, 1,2 Eerturbations l.e. bg taldng suitable derivatives, can

raise and lower sl:)in. This can be viewed as a generalization of the Teukolsk9~5tarobinsl<g

identities. For static Perturbations, something special happens.

The uPslﬂot: it is suticient to understand the spin O case: o =20

And for Pe&agogg let’s focus on Schwarzschild (will comment on Kerr).
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o Extracomments: 1. SO(3,1) sgmmetxy Is exact G:OF static Perturbations). 2. At Iarge r K generates special conformal trans.
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ngmetrie& summary and further thoughts

For static scalar on Schwarzchild: SO(®,1) exact symmetry. For Kerr: J;, K3 survive and are sufficient to

generate the adder structure For the L ove number argument.

For sPin land 2 Perturbations: applg 5l:>in ladder.

For low ‘Crec]uencg :)erturbations) SO#,2) al:)l:)roximate symmetry IS present, making Possible the

stucl9 of clgnamica tidal response. An associated conserved charge 1S curiouslg connected with

suPerracliance instabi it9 rate.

For higher dimensional BH, ladder structure exists for 7 = £ . and onlg for integer ¢ canthe

“grouncl state” connection be made, which is crucial for the \/anislﬂing of the corresponcling | ove number-

Nonlinear tidal response 1S being explorecl.

See also: Charalambous, Dubovskg, lvanov; De |Luca, Khoury, Wong; Riva,

Santoni, Savic, Vernizzs; Roclriguez, Santoni, Solomon, Temoche; Rai, Santoni



Nonlinearity: ciuaclratic quasimormal modes
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We searched for quacﬂratic QNM in black hole merger simulations, and
verified (220)x(220) amplitucle goes as square of (220) amplitucle (Mitman et al., Cheung et al. + much Prior work).



Expect quaclratic quasimormal modes from Pairs of linear quasi—-normal modes.

e.g. from pairs of wyyy We get quadratic w = 2wss

We searched for quaciratic QNM in black hole merger simulations, and
verified (220)x(220) amplitucle goes as square of (220) amplitucle.

Upg = 15.00M

— 0.2 T
(-] 3
al TR ,
) Colllaboration with Mitman, Lagos, Stein, Ma et al.
X
6:/—\ O 1 - A 1
R A Colllaboration with Lagos.
< 7
0.2} | !
= |
< See also Cheung et al.
= 0.1 -I-
3 . A
T e
. ®s
0.5 1.0



Nonlinearity: ciuaclratic quasimormal modes

° Linear perturbation theorg: g=¢gBH + ¢ —— [82 + V]p ~ 0 R—— )
Second order perturbation theorg: [82 + Vg ~ 0% 2 —reeonctomy| P .
) _ ring down
Write @ = ¢(1) + ¢(2) + ... > _32 + V]¢(1) ~ 0 &
9 4+ V)o@ ~ g2 14 k
Not surprising that: ¢! contains e™*w=! > ¢'?) contains e~ 2220
linear QNM quadratic QNM r

tortoise radius

We searched for quacﬂratic QNM in black hole merger simulations, and
verified (220)x(220) amplitucle goes as square of (220) amplitucle (Mitman et al., Cheung et al. + much Prior work).



Nonlinearity: ciuaclratic quasimormal modes

° Linear perturbation theorg: g=¢gBH + ¢ —— [82 + V]p ~ 0 R—— )
Second order perturbation theorg: [82 + Vg ~ 0% 2 —reeonctomy| P .
) _ ring down
Write @ = ¢(1) + ¢(2) + ... > _32 + V]¢(1) ~ 0 &
9 4+ V)o@ ~ g2 14 k
Not surprising that: ¢! contains e™*w=! > ¢'?) contains e~ 2220
linear QNM quadratic QNM r

tortoise radius

We searched for quacﬂratic QNM in black hole merger simulations, and
verified (220)x(220) amplitucle goes as square of (220) amplitucle (Mitman et al., Cheung et al. + much Prior work).

e Recall a QNM bg itself is not a Particularlg Physical quantitg: P~ eTiw2200t=T) o s 5o el it cli\/erges at large r.
A more phgsical way to think about BH perturbations is via the Green function (Leaver, Andersson, Szpak. ).

[5'2 + V|G =dp L4 Causal structure of Green function
qg(l)
G-
- I1.C.
¢(2) p\//\y lnltlal time
I'peak
G.: Mang (lmown) implications: e.g. M ring—-down waveform is not Purelg
G G superposition of QNMs, (Z)amplitude of QNMs is time clepenclent,
: — I.C.

(3) QONMs are generatecl from1.C. bﬂ scattering off Potential barrier, etc.
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o Whg should we care? (1) more accurate mocleling of the ring—-clown, 2) may get us closer to merger time,
3) relation between ¢? and ¢V (including aml:)litucle) Provicles test of GR (e.g. <ehagias/ Riotto, Redondo-Yuste+, Zhu+)
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