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Motivations/Outline

• Inferring astrophysical and cosmological information from GW observations, detecting possible 
deviations from GR and distinguishing them from astrophysical environmental and cosmological effects, 
rely on accurate predictions of two-body dynamics and gravitational radiation.

• Upcoming runs with current and future detectors in space and on the ground, require ever more 
accurate and precise waveform models, which include all physical effects (spins, tides, eccentricity, beyond-
GR effects, non-vacuum GR’s effects, etc.).

• Gravitational waves have become a groundbreaking tool to explore the Universe.

• What theoretical challenges must be addressed to achieve these results?

• What role waveform models have played in the detection of GW signals from binary systems and the 
extraction of unique scientific insights with the LIGO-Virgo-KAGRA detectors? What have been the main 
theoretical advances in this field?

http://arxiv.org/abs/arXiv:1903.04467


Discovering/Characterizing Black Holes & Neutron Stars in the Universe

• As today, GWs were observed by LIGO-Virgo detectors from 90 coalescences, plus tens of events pulled out from public 
data with independent analysis. (Abbott+ PRX 13 (2023) 4, 041039 ) (Nitz+23, Mehta+23,  Wadekar+23)

GW190521

• Ongoing LIGO-Virgo-KAGRA observing run (O4) has already announced 122 signal candidates.

GW150914

GW190814

GW230529

GW170817



Gravitational Waves: Signatures of Dynamical Spacetime

gμν = ημν+hμν

□ h̄μν = −
16πG

c4
Tμν

|hμν | ≪ 1

•Linearization of Einstein’s equations (weak field), 
and wave equation for perturbations:

•First paper by Einstein on gravitational waves in 1916. •Second paper by Einstein on gravitational waves in 1918.

•Quadrupole formula for the energy flux of gravitational 
waves. 

wrong by a factor 2!

•GW sources are objects like a “rotating dumbbell”, e. g., 
realized by a binary star system.

Rμν −
1
2

gμν R =
8πG
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•The Schwarzschild/Kerr solution to Einstein’s gravitational equations turned out to describe the curvature of space-time 
around every astrophysical black hole, so far.

•Via simple mappings that involve the binary’s mass ratio, the dynamics in the probe limit (test-body around BH)  can also 
inform us about the two-body dynamics and radiation of comparable-mass BHs.

The Black-Hole Solution of Einstein’s Equations



•GW propagation is (almost) unaffected by matter/energy: pristine probes.

GW power can be similar or larger than the one of whole visible Universe.

h ∼ ν
GM
c2D ( v

c )
2 (binary)

h ∼ 10−21•For a binary neutron star in Virgo Cluster:

v → velocity

What is the Strength of Gravitational Waves from Binaries?

Q → binary′￼s quadrupole moment

ν =
μ
M

→ symmetric mass ratio

m1

m2

μ =
m1 m2

M
→ reduced mass

M → total mass

0 ≤ ν ≤
1
4

•Typical GW strength (or strain):

h ∼
G
c4

··Q
D

dimensionless

•Typical GW luminosity (or power): ℒGW ∼ ν2 c5

G ( v
c )

10

c5

G
∼ 1059 erg

sec
ℒGW ∼ 1023 ℒEM

Sun

(credit: Zumalacarregui) 

source

•The farther the source, the weaker the signal on Earth D

circular orbits:

v
c

= ( GMω
c3 )

1/3

v2 = r2 ω2 =
GM

r
Kepler law



How we Detect Gravitational Waves from Binaries

LIGO-Virgo 
GW signals

(credit: Alex N
itz) 

•Matched filtering (or signal processing) is used to detect 
signals from coalescing binaries composed of black holes 
and neutron stars.

•Bank of templates contains several hundred thousands of 
signals; inference analyses upon detection to extract source 
properties use millions of waveform models.

Photodetector

Beam
Splitter
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•LIGO/Virgo measure displacements of mirrors at 
about a ten-thousandth of a proton’s diameter.

KAGRA, Japan

LIGO in Hanford,  WA

Virgo in Pisa, Italy



h(t) ∼ ν
GM
c2D ( v

c )
2

cos 2Φ(t) (binary)v
c

= ( GMω
c3 )

1/3

What determines the Gravitational-Wave Phase?

Q → binary′￼s quadrupole moment

ν =
μ
M

→ symmetric mass ratio

m1

m2

μ =
m1 m2

M
→ reduced mass

M → total mass

0 ≤ ν ≤
1
4

v → velocity

circular orbits: v2 = r2 ω2 =
GM

r

•How do we determine the fast-varying GW phase ? ΦGW(t) = 2Φ(t)

•Binding energy: 

E(v) = −
μ
2

v2 + ⋯

•GW luminosity: 

ℒGW(v) =
32
5

ν2 c5

G ( v
c )

10

+ ⋯

•Energy-balance equation: 
dE(ω)

dt
= −ℒGW(ω)

•Gravitational-wave phase: ΦGW(t) = 2Φ(t) =
1
π ∫

t
ω(t′￼) dt′￼

Kepler law

·ω(t) = −
ℒGW(ω)

dE(ω)/dω

Newtonian gravity

Einstein 1916-1918



Properties of Astrophysical Sources via Gravitational Waves

LIGO-Virgo 
GW signals

from frequency evolution 
we infer masses

from amplitude and masses

we infer distance 

from modulations of amplitude and phase 
we infer spins and eccentricity

from time of arrival, amplitude and phase at detectors we infer sky location

By comparing to waveforms with deviations from GR, we can probe the theory of gravity

from differences in late inspiral and merger of BBHs

we infer tidal deformation, and NS composition

BBH

BNS



 

• Einstein’s field equations can be solved: 

• Synergy between analytical and numerical relativity is crucial 

 to provide GW detectors with templates to use for searches 

 and inference analyses.

Solving Two-Body Problem in General Relativity 

• GR is non-linear theory.  

-approximately, but analytically (fast way)  

-accurately, but numerically on supercomputers (slow way) 
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(credit: Ana Carvalho)

• Post-Newtonian (large separation,  
and slow motion)

v2/c2 ∼ GM/rc2
expansion in 

(Droste, Lorentz, Einstein, Infeld, Hoffmann, … Blanchet, Damour, 
Iyer, Jaranowski, Schäfer, Will, … Goldberger, Porto, Rothstein, …)

• Post-Minkowskian (large separation, 
and fast motion)

Gexpansion in 

(Westpfahl, … Bern, Cheung, Hermmann, Parra-Martinez, Roiban, 
Rothstein, Solon, Shen, Zeng … Khälin, Porto, … Mogull, Jakobsen, 
Plefka, Steinhoff … Damgaard, Vanhove … Brandhuber, Travaglini …)

• Gravitational self-force 
(strong field)

m2/m1expansion in 

(Barack, Deitweiler, Mino, Poisson, Pound, Quinn, Sasaki,
Tanaka, van de Meent, Wald, Warburton, Wardell, Whiting, …)

http://arxiv.org/abs/arXiv:1903.04467


 

Solving Two-Body Problem in General Relativity 

(AB, Damour, … Barausse, Bohé, Cotesta, Estellés, Khalil, Mihaylov, 
Ossokine, Pan, Pompili, Pürrer, Ramos-Buades, Shao, Taracchini, … 
Nagar, Bernuzzi, Agathos, Albanese, Albertini, Bonino, Gamba,  Gonzalez, 
Messina, Placidi, Rettegno, Riemenschneider,…. Iyer, Jaranowski, Schäfer)
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• Effective-one-body (EOB) theory 

 (combines results from all methods, 
 i.e., for entire coalescence)

• Einstein’s field equations can be solved: 

-approximately, but analytically (fast way)  

-accurately, but numerically on supercomputers (slow way) 

• GR is non-linear theory.  

• Synergy between analytical and numerical relativity is crucial 

 to provide GW detectors with templates to use for searches 

 and inference analyses.

(credit: Ana Carvalho)

http://arxiv.org/abs/arXiv:1903.04467


 

Solving Two-Body Problem in General Relativity 

(Ajith, Hannam, Husa, Ohme, … Bohé, Colleoni, García, Hamilton, 
Khan, London, Estellés, Pratten, Pürrer, Ramos-Buades, Quirós, 
Santamaria, Schmidt, Shrobana, Thompson, … )
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• Phenomenological frequency-domain 
 waveforms (Phenom) built fitting to EOB, 
 PN and NR.

• Einstein’s field equations can be solved: 

-approximately, but analytically (fast way)  

-accurately, but numerically on supercomputers (slow way) 

• GR is non-linear theory.  

• Synergy between analytical and numerical relativity is crucial 

 to provide GW detectors with templates to use for searches 

 and inference analyses.

Frequency-domain GW amplitude Frequency-domain GW phase derivative

(Khan+
arX

iv:1508.07253)

(credit: Ana Carvalho)

http://arxiv.org/abs/arXiv:1903.04467


 

Completing  Waveform Models with NR Information & Template Bank

(credit:  Andrea Taracchini)
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Calibration, no NQC corrections

No calibration, no NQC corrections

Calibration + NQC corrections

• We calibrate models to inspiral-merger-ringdown NR waveforms.

• Matched filtering employed
 in LIGO/Virgo searches.

325,000 SEOBNR templates
for BBHs & NSBHs

75,000 PN 
templates
for BNSs

(D
al Canton &

 H
arry arX

iv:1705.01845)
(SEOBNR: Pompili+23, van de Meent+23, Ramos-Buades+23, 
Mihaylov+23, Khalil+23)

(Pom
pili+

arX
iv:2303.18039)

(NQC: non-quasi-circular corrections)

(SXS: Simulating eXtreme Spacetime)

mass ratio
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calibration using 441 NR waveforms 

(TEOBResumS: Akcay+21, Gamba+22, Nagar+23)

(IMRPhenom: Pratten+20, García-Quíros+20,  Estélles+21, 
Thompson+23) 

(NRSur: Blackman+17, Varma+19, Yoo+23, Magaña Zertuche+24)

http://arxiv.org/abs/arXiv:1903.04467


GW190814: a Binary with a Puzzling Companion

• Either the largest neutron star or the smallest 

 black hole.

(credit: Fischer/Vu, Pfeiffer, Ossokine & AB; SXS Collaboration) 

• The more substructure and complexity the binary has (e.g., masses 
 or spins of BHs are different) the richer is the spectrum of radiation 
 emitted.

m1 = 23.2+1.1
−1.0 M⊙ m2 = 2.59+0.08

−0.09 M⊙

(LIGO/Caltech/MIT/R. Hurt (IPAC))

h+ − ih× = ∑
ℓ,m

−2Yℓm(φ, ι) hℓm(t)



GW190814: a Binary with a Puzzling Companion (contd.)

• Using waveform models with higher-modes 
and spin-precession constrains more tightly 
the secondary mass.

m1 = 23.2+1.1
−1.0 M⊙ m2 = 2.59+0.08

−0.09 M⊙

(Abbott et al.  ApJ Lett 896(2020) L44) 

(credit: Fischer,/Vu Pfeiffer, Ossokine & AB; SXS Collaboration) 

• Either the largest neutron star or the smallest 

 black hole.

• The more substructure and complexity the binary has (e.g., masses 
 or spins of BHs are different) the richer is the spectrum of radiation 
 emitted.

h+ − ih× = ∑
ℓ,m

−2Yℓm(φ, ι) hℓm(t)



Accuracy of Spin-Precessing Waveform Models

quasi-circular, spin-precessing case

χeff = ( m1

M
χ1 +

m2

M
χ2) ⋅ L̂

 measures the spin components on the orbital planeχp

(see recent improvements of IMRPhenomXPHM, e.g., Hamilton+21-23, Yu+ 23, Ghosh+ 23, Thompson+ 24)

1543 spin-precessing 
NR waveforms from 
SXS Collaboration

NR waveforms from 
SXS Collaboration

(Ramos-Buades, AB, Khalil, Estelles, Pompili & Ossokine, arXiv: 2303.18046)

ℳ = 1 − maxt0,ϕ0

(hmodel, hNR)
(hmodel, hmodel) (hNR, hNR)

(h, g) = 4Re [∫
fmax

fmin

h( f ) g*( f ) df
Sn( f ) ]

Mismatch  implies models & NR match perfectlyℳ = 0



Accuracy of Spin-Precessing Waveform Models

quasi-circular, spin-precessing case

χeff = ( m1

M
χ1 +

m2

M
χ2) ⋅ L̂

 measures the spin components on the orbital planeχp

(Ramos-Buades, AB, Khalil, Estelles, Pompili & Ossokine, arXiv: 2303.18046)

ℳ = 1 − maxt0,ϕ0

(hmodel, hNR)
(hmodel, hmodel) (hNR, hNR)

(h, g) = 4Re [∫
fmax

fmin

h( f ) g*( f ) df
Sn( f ) ]

Mismatch  implies models & NR match perfectlyℳ = 0

mismatch against models

•We should care about systematics.
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Systematics in the Spin-Precessing Quasi-Circular Sector 

quasi-circular, spin-precessing case

χeff = ( m1

M
χ1 +

m2

M
χ2) ⋅ L̂

 measures the spin components on the orbital planeχp

(Ramos-Buades, AB, Khalil, Estelles, Pompili & Ossokine, arXiv: 2303.18046)

ℳ(IMRPhenomXPHM |NR) = 12 % ℳ(SEOBNRv5PHM |NR) = 2 %

• Synthetic NR signal is injected, and recovered with both models

SNR = 20 with O5

60 80 100

m1[MØ]

10

15

20

25

30

35

m
2[
M

Ø
]

IMRPhenomXPHM

SEOBNRv5PHM

• Due to larger systematics 
model with 
erroneously measures 

low spin-precession, and 
binary’s formation scenario. 

ℳ ∼ 12 %

(see also Kolitsidou+ 24, MacUilliam+24)
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Spin-precessing, quasi-circular parameter-space 

NR waveforms from 
SXS Collaboration

(credit:  H
arald Pfeiffer) 

 

Advances in Numerical Relativity: Spin Precession and Eccentricity

• Expanded parameter-space coverage of quasi-circular spin-precessing, and eccentric spin-precessing BBH 
simulations, which is also important for construction of NR surrogate waveform models.

0 4000 8000 12000 16000 20000
Time t/M

°0.05

0.00

0.05
r/M h+

r/M h£

m1/m2 = 6, χ1 = 0.8, χ2 = 0, e = 0.6

(credit: Antoni Ramos-Buades)

• NR simulations: Spin-precessing eccentric parameter-space 

mass ratio m1/m2

ec
ce

nt
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ity

a1 = 0.8

48 SXS 
simulations

(Ram
os-Buades+

 in prep 24) 

(NCSA: Huerta+ 19)

(UT, Austin: Ferguson+ 23)

(RIT: Healy+ 22)

eccentric (bound) 

(UIB: Ramos-Buades+ 19)

(AEI: Ramos-Buades+ 22)

(RIT: Healy+ 17, 19, 20)

(SXS: Boyle+19, Ossokine+ 20)

(UIB/ U of Cardiff: Husa+15)

(GT: Jani+ 17)

quasi-circular 

(U of Cardiff: Hamilton+ 23)

• Other NR advances:

memory effects, BMS frames

(Mitman+20-23)

http://arxiv.org/abs/arXiv:1903.04467


(credit: Ramos-Buades, Markin & Pfeiffer) 

Frontier of GW Modeling: Compact Objects on Generic Orbits

LGW ∼ 1023 L⊙

power radiated 
in units of the 
one of the Sun

LGW ∼ 1023 L⊙

power radiated 
in units of the 
one of the Sun

LGW ∼ 1023 L⊙

power radiated 
in units of the 
one of the Sun



(Huerta+ 14-19, Hinder+ 17, Cao & Han 17; Loutrel & Yunes 16, 17, Ireland+ 19, Moore & Yunes 
19, Tiwari+ 19, Chiaramello & Nagar 20, Ramos-Buades+ 20, Liu+ 21, Nagar+ 20, 21, Islam+ 21, 
Nagar & Rettegno 21, Khalil+ 21, Gamba+ 21, Placidi+ 21, Liu+ 21, 23, Nagar+ 24, Andrade+ 23 
Gamba+ 24, Gamboa+ in prep 24)

• Eccentric, spinning non-precessing IMR waveforms from EOB families are available, but accuracy against public NR  
 waveforms has been assessed only for low eccentricity ( ) and small spins. ≤ 0.3

dynamical capture/zoom whirl

Advances in Modeling Generic Orbits: Non-Precessing Spins and Eccentricity

(Ram
os-Buades+

 arX
iv: 2112.06952)

• Several studies to infer eccentricity in LVK population. (Romero-Shaw+ 19-22, Gamba+ 21, Clarke+ 22, Knee+ 22, Iglesias+ 24, Ramos-Buades+ 22-23, 
Bonino+ 23, Gupte+24)

SEOBNR
bound orbits

mass ratio = 2, non-spinning, e = 0.06
TEOBResum-S

(Andrade+
 arX

iv: 2307.08697)

NR

mass ratio = 1, non-spinning



Impact on Identifying High Mass Gap BHs when Missing Physical Effects

(credit: Antoni Ramos-Buades)

SNR = 60 with O5
eccentricity ∼ 0.3

• Parameters of synthetic eccentric

 signal that is injected:

• Signal is recovered with quasi-circular

 model using Bayesian analysis.
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(Kunz+ 02, De Boer+ 17, 
Farmer+ 20, Mehta+ 22)



Fourth observing 
(O4) run is ongoing.  

O4a/b: 121 candidate signals 
observed by LIGOs/Virgo 
plus GW230529!

(update of Aasi et al. Living Rev. Rel. 21, 2020) 

GW Astronomy on the Ground until 2030

• Inference of astrophysical properties of BBHs, NSBHs and BNSs in local Universe ( ).z ≲ 1 − 2

• Further upgrades 
in early 2030: 

A# & Virgonext

• LIGO India in late  
2020s.
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GW Astronomy on the Ground & Space in 2030s: from hectoHz to milli Hz

Observe BHs at much larger distance, 
when first stars formed, and more massive.

(Kalogera+ arXiv:2111.0699)

• Exquisite characterization of binary BHs (NSs): 
 the number  of events/yr with signal-to-noise  

 ratio  will be .> 100 ∼ 9,500 (380)

(Borhanian & Sathyaprakash 22; Gupta et al. 23) 

• LISA adopted as mission by ESA 
in Jan 2024; launch .∼ 2035

(c
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)

(LISA Red Book arXiv:2402.07571)

• GW signals will be 
loud and last for 
weeks/months.



Precision GW Astronomy: The Accuracy Challenge 

(Dhani, Völkel, AB, Estellés, Gair, Pfeiffer Pompili & Toubiana arXiv:2404.05811)
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SNRO5 = 119 , SNRA# = 219 , SNRXG = 2490

• BH binary GW190814-like ( ), but highly precessing.q ∼ 10 • Massive BH binary  with moderate mass ratio and spins.

SNRLISA = 228

• Due to systematics, false deviations 
from GR in the quasi-normal-mode 
frequency and decay time of the 
ringdown are measured.

• Due to systematics, wrong Hubble-
Lemaitre parameter (expansion 
rate of the Universe) is measured.

ringdown

(Toubiana, Pompili, AB, Gair & Katz arXiv:2307.15086)

Hubble-Lemaitre 
flow velocity luminosity distance

vH = H0 d

(see also Gupta+24)



Impact of Systematics for LVK-like BBH Population with XG Detectors

quasi-circular, spin-precessing case

• : bias between SEOBNRv5PHM and IMRPhenomXPHMδθ (Flanagan & Hughes 98; Cutler & Vallisneri 07)

• : statistical error  using Fisher Information MatrixΔθ (1σ)
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XG= ET/CE detectors

(Dhani, Völkel, AB, Estellés, Gair, Pfeiffer Pompili & Toubiana arXiv:2404.05811)

symmetric mass ratio primary spinchirp mass

• SEOBNRv5PHM and IMRPhenomXPHM are not independent since the latter is also calibrated to SEOBNR waveforms.

(see also Kapil+24)



Addressing Systematics by Including Calibration Uncertainty

(Pompili, AB & Pürrer, in prep 24)

•Posterior distributions shift toward true values and 

become broader when calibration parameters are 
marginalized over.

•Uncertainty is included in the waveform by drawing 100 

samples from posterior distributions of calibration parameters. 

(see also Andrade+ 23, Khan 24)



(credit: Ana Carvalho)

• All physical effects would need to be included in waveform models (memory effects, generic orbits, astrophysical 
environmental effects, new physics beyond-GR, gravitational lensing, etc.) to avoid wrong scientific conclusions.

• The accuracy of current waveform models (for comparable mass binaries) would need to be improved by 2 orders of 
magnitude. Numerical-relativity simulations would also need to become more accurate for BBHs, and especially BNS/
NSBHs. 

Simulation by A. Derdzinski

accretion 
torque

modified 
inspiral

·Ldisc
z

·LGWz
= A(α, fEdd) ( r

10M )
nr

α
fEdd accretion rate

disc viscosity

• GWs can place constraints on astrophysical 
environment, e.g., accretion disks, triple systems, 
resonant tidal interactions, etc.

(Levin 03, Barausse+14, Speri+23, Zwick+23)

(credit: D
erdzinski)

(Pürrer & Halster 19, Samajdar & Dietrich 18, 
Gamba+21, Dhani+24)

Theoretical Advances to Enable Precision GW Astronomy 



(credit: Ana Carvalho)

(Tambalo+ 22 )

Theoretical Advances to Enable Precision GW Astronomy (contd.)

(Pürrer & Halster 19, Samajdar & Dietrich 18, 
Gamba+21, Dhani+24)

• All physical effects would need to be included in waveform models (memory effects, generic orbits, astrophysical 
environmental effects, new physics beyond-GR, gravitational lensing, etc.) to avoid wrong scientific conclusions.

• The accuracy of current waveform models (for comparable mass binaries) would need to be improved by 2 orders of 
magnitude. Numerical-relativity simulations would also need to become more accurate for BBHs, and especially BNS/
NSBHs. 



Theoretical Advances to Enable Precision GW Astronomy (contd.)

•The PM approximation is more accurate than PN for 
scattering encounters at large velocities, or equivalently 
large eccentricities at fixed periastron distance.

(Khalil+
 arX

iv: 2204.05047) 

(APS/Stonebraker)

•Scattering-amplitude/effective-field-theory/quantum-field-theory methods from high-
energy physics have brought new tools to solve two-body problem in classical gravity.

•PN, PM, GSF should be pushed at higher order and combined in EOB approach more effectively and in novel ways 
to largely improve analytical solutions of two-body problem. Calibration to NR should be made more effective. 

(Damour 17; Bjerrum-Bohr+18, Vines+18, Cheung+19; Bern+19, Kosower+19, Cristofoli+19, Damgaard+19, Blümlein+20, Bern+20, 
Kälin+20, Cheung & Solon 20, Parra-Martinez+20, Mogull+21, Brandhuber+21, Bern+21, Dlapa+21,  Liu+21, Jakobsen+22, Bern+23, 
Jakobsen+23, Driesse+24, Dlapa+24, Bern+24, Bini+24)

LGW ∼ 1023 L⊙

power radiated 
in units of the 
one of the Sun

•Frontier in analytical, perturbative calculations: 6PM/5PN. 

•Traditional PN methods continue to make important progress. 
(Blanchet+23, Trestini+23, Blanchet+24)
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• PM results resummed in the EOB formalism. 
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EOB Approach Meets the PM Theory for Bound Orbits

(AB, Jakobsen & Mogull arXiv: 2402.12342)

(Guevara, Ochirov & Vines 19, Chen, Chung, Huang, & Kim 22, Bern, Kosmopoulos, Luna, Roiban & Teng 23, Aoude, 
Haddad & Helset 23, Bautista 23)
(Bern, Cheung, Roiban, Shen, Solon & Zeng 19, Kälin, Liu & Porto 20, Cheung & Solon 20, Di Vecchia, Heissenberg, 
Russo & Veneziano 20, Jakobsen & Mogull 22, 23, Febres Cordero, Kraus, Lin, Run & Zeng 23, Brandhuber+21)

(Bern, Parra-Martinez, Roiban, Ruf, Shen, Solon et al. 22, Dlapa, Kälin, Liu & Porto 22, Jakobsen, Mogull, Plefka, 
Sauer & Xu 23,  Jakobsen, Mogull, Plefka & Sauer 23,  Dlapa, Kälin, Liu & Porto 24, Damour & Bini 24)

(Driesse, Jakobsen, Mogull, Plefka, Sauer & Usovitsch 24)

•PM results for conservative dynamics (last 5 years)

ta
ils

G = 1 = c

(credit: Khalil) 

ai = mi χi i = 1,2

0 ≤ χi ≤ 1

(AB & Damour 99; Damour 00; AB, Chen & Damour 05; Damour, Jaranowski & Schafer 08; Barausse, Racine 
& AB 10; Barausse & AB 11; Damour & Nagar 14; Balmelli & Damour 15; Rettegno, Marrtinetti, Nagar et al. 
19; Khalil, Steinhoff,  Vines & AB 20; Khalil, AB, Estelles, Pompili, Ossokine & Ramos-Buades 23)

•Two-body dynamics is mapped onto the dynamics 
of one-effective body moving in deformed black-
hole spacetime, deformation being the mass ratio.

HEOB = M 1 + 2ν ( Heff

μ
− 1)

μ = m1 m2/M ν = μ/M 0 ≤ ν ≤ 1/4M = m1 + m2

http://arxiv.org/abs/arXiv:1903.04467


 

HEOB = M 1 + 2ν ( Heff

μ
− 1)

PM Theory Meets the EOB Approach for Bound Orbits

Heff =
M pϕ (ga+

a++ga−
δ a−)

r3 + a2
+ (r + 2M)

+ A (μ2 +
p2

ϕ

r2
+ (1 + BKerr

np ) p2
r + BKerr

npa
p2

ϕ a2
+

r2 )
u = M/rA =

(1 − 2u + χ2
+ u2+ΔA)

[1 + χ2
+ u2 (2u + 1)]

δ = (m1 − m2)/Mai = mi χi M χ± = a1 ± a2 0 ≤ χi ≤ 1

ga±
=

Δga±

u2

(AB, Mogull, Patil & Pompili arXiv: 2405.19181)

•The  Hamiltonian is a deformation of the Kerr Hamiltonian, it is informed by available PM results, and it 
is complemented by PN bound-orbit corrections.

SEOB-PM

(Bini+17-18, Antonelli, AB+19, Khalil, AB+22, Khali, AB+23, AB, Jakobsen & Mogull 24)

(AB, Jakobsen & Mogull arXiv: 2402.12342)
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Sauer & Xu 23,  Jakobsen, Mogull, Plefka & Sauer 23,  Dlapa, Kälin, Liu & Porto 24, Damour & Bini 24)
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http://arxiv.org/abs/arXiv:1903.04467


 

Comparing SEOB-PM Binding Energy with Numerical Relativity

G = 1 = c

spin-orbit contributions 

NR uncertainty

•Despite not being calibrated to NR,  shows excellent agreement with NR, with a clear convergence. 
Its accuracy is somewhat better than , despite the latter being calibrated in the non-spinning ( ) and 
spin-orbit coupling ( ) sectors.

SEOB-PM
SEOBNRv5 a6

dSO

q =
m1

m2
= 1

binding energy

(AB, Mogull, Patil & Pompili arXiv: 2405.19181)

http://arxiv.org/abs/arXiv:1903.04467


 

Comparing SEOBNR-PM Waveforms with Numerical Relativity

•Mismatch against 441 NR SXS waveforms

•  has remarkably good agreement with NR when calibrating only the time to merger ( ). The accuracy with 
 NR is better than when using the SEOBNR model based entirely on PN. 
SEOBNR-PM ΔtNR

O(5)

Mismatch  implies models & NR match perfectlyℳ = 0

•Inspiral-Merger-Ringdown waveform with PM information

(AB, Mogull, Patil & Pompili arXiv: 2405.19181)

http://arxiv.org/abs/arXiv:1903.04467


(Pound+20, Warburton+21, Wardell, Pound, Warburton, Miller, Durkan & Le Tiec 23)& 2GSF.non spinning

Theoretical Advances to Enable Precision GW Astronomy
(APS/Stonebraker)
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•PN, PM, GSF should be pushed at higher order and combined in EOB approach more effectively and in novel ways 
to largely improve analytical solutions of two-body problem. Calibration to NR should be made more effective. 

(Damour 17, Bjerrum-Bohr+18, Vines+18, Cheung+19; Bern+19, Kosower+19, Cristofoli+19, Damgaard+19, Blümlein+20, Bern+20, 
Kälin+20, Cheung & Solon 20, Parra-Martinez+20, Mogull+21, Brandhuber+21, Bern+21, Dlapa+21,  Liu+21, Jakobsen+22, Bern+23, 
Jakobsen+23, Driesse+24, Dlapa+24, Bern+24, Bini+24)

LGW ∼ 1023 L⊙

power radiated 
in units of the 
one of the Sun

•Traditional PN methods continue to make important progress. 
(Blanchet+23, Trestini+23, Blanchet+24)

black curve  NR→ orange curve  2GSF→ blue curve  1GSF→

•Frontier in analytical, perturbative calculations: 6PM/5PN 



EsGB: Einstein scalar Gauss Bonnet 

 (Corman, Ripley & East 22)

EsGB EsGB

 Toward Waveforms in beyond-GR Theories 

• Rapidly growing results of binary coalescences 

 in beyond-GR theories using NR. 

 (Witek+19, Okounkova+17-20, East+21, Figueras+22, Corman+22, Barausse+22, 
  Lara+22, Cayuso+23, Corman+24, Figueras+24, Lara+24, Nee+24)

• EOB inspiral-merger-ringdown waveforms for 
 scalarized BHs in (dilatonic) EsGB gravity.
 (Julié, Pompili, AB 24)

• Important progress in analytical results for the 
 inspiral stage in beyond-GR theories in recent years.

 (Lang 14-15, Sennett+16, Julié & Deruelle 17, Julié 17, Khalil+18, Julié 18, Shiralilou+20, 
  Bernard+22, Jain+22, Julié+22)

•  Current bound:  (GW230529)lGB ≲ 1.65 km

̂lGB ≲ 0.11 for M = 20M⊙ and q = 4 (Gao+24, Sänger+24)



Summary & Outlook

• Achieving a 100-fold improvement in accuracy for vacuum-GR and 
incorporating all physical effects (generic orbits, beyond-GR, matter/
environment) is a significant challenge. Yet, it's essential to accurately 
interpret future GW observations and avoid misinterpreting scientific 
results.
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Massive BBH

• Solving the relativistic two-body problem with the accuracy needed 
for today's GW observations has been a long-standing challenge. The 
last 20 years have seen tremendous progress thanks also to the 
synergistic work at the interface between analytical and numerical 
relativity.

• Traditionally, approximation methods like PN, PM, GSF have 
progressed independently. However, there are now cross-fertilization 
and validation.  Phenom waveforms excel in efficiency. The EOB 
approach can successfully push the boundaries of analytical accuracy, 
while NR surrogate models have been highly effective where 
applicable.
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