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These lectures:

Gravitational-wave signatures 
of axion early cosmology .

Other lectures at this school as well as multiple talks at the workshop discuss 
GW signatures from axions & light bosons in the late universe: superradiance, 
boson clouds.  See also DM axion density fluctuations directly sourcing noise 

in GW detectors (H. Kim)
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These lectures:

Within standard Einsten gravity (no modified gravity!)

Non-standard physics comes from particle physics, not from the gravity side



These lectures
Lecture 1

— Generalities about primordial GW backgrounds
Review of the best-motivated sources: short versus long-lived sources

▫︎  First-order phase transitions
▫︎  Inflation
▫︎  Cosmic strings

— Axion-like-particles (ALPs): cosmological probes and dark matter

Lecture 2

— GW backgrounds from axion early-universe dynamics:
3 distinct sources:

▫︎  GWs from the Peccei-Quinn phase transition
▫︎  GWs from axionic (global) cosmic strings
▫︎  GW signatures from kination induced by rotating axions
▫︎  GWs from axion fragmentation



Two types of gravitational-wave (GW) signals .

Peera Simakachorn (Uni. Hamburg) 28.10.2022 2

2 types of gravitational-wave signal

• Astrophysical signals 
(in the late universe)

• Cosmological background filling the whole Universe 
A relic from the early universe or “primordial”

Not yet detected Detected 

time

Note: Astrophysics background can lead to stochastic background if it is unresolvable.

Astrophysical signals
(in the late universe) 

• Cosmological background filling the whole 
universe (a relic from the early universe) 

•

✔  detected ✘  not yet detected, some hint (PTAs?)

Note: Astrophysical signals can lead to a stochastic background if they cannot be resolved. 

LIGO&Virgo, arXiv:1602.03841
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Primordial gravitational waves: Fossil radiation .
superposition of GW generated by an enormous number of causally independent sources, 
arriving at random times and from random directions. 
Individual waves are not detectable, sources can not be resolved but instead we can only 
observe a Stochastic GW Background. For most of the cosmological sources, it is 
homogeneous, isotropic, gaussian and unpolarized and appears as a noise in the detector.

Peera Simakachorn (Uni. Hamburg) 28.10.2022
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GW produced below the Planck scale are decoupled: They  
propagate freely in the universe until today. 
They do not loose memory of conditions when produced.
They retain spectral shape, typical frequency and intensity 
characteristic of production mechanism, encoding information 
about particle physics at high-energy scales that cannot be probed 
by colliders. 

Peera Simakachorn (Uni. Hamburg) 28.10.2022 4

 well-tested ⟶unconstrained  ⟵
Big-bang nucleosynthesis (BBN) 

MeV∼ Electromagnetic- 
wave probes

GW propagates freely, 

GW carries information about the Universe when it is produced. 

<latexit sha1_base64="A9zjWQOLq2JzJpJ/irXsaqcOmM4="></latexit>
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Primordial gravitational waves as probes of the early universe

low energieshigh energies

its production mechanism

The universe is 
expanding.

ꔄ particle physics beyond the Standard Model (BSM)

ꔄ BSM of cosmology⇢GW
today = ⇢GW

prod

✓
aprod
atoday

◆4

<latexit sha1_base64="kM0RIe/SqBtNfYnbdpaMIVC5kBw="></latexit>

Energy density 
of GW background:

Probing high-energy physics with 
gravitational waves .

Interaction 
rate of GW

Expansion 
rate

7



Probing high-energy physics with 
gravitational waves .Peera Simakachorn (Uni. Hamburg) 28.10.2022 4
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Big-bang nucleosynthesis (BBN) 

MeV∼ Electromagnetic- 
wave probes

GW propagates freely, 

GW carries information about the Universe when it is produced. 
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What can we learn on 
particle physics from early 

universe cosmology?
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1.8. Thermal History 21

FIGURE 1.5: Sketch of the history of the universe from the time of the Big Bang
until today. Image taken from [7].

4. Massless gauge bosons, which mediate the electromagnetic force (photon �) and strong
force (gluon g).

5. Massive vector bosons (W± and Z boson), which mediate the weak interaction.

6. Higgs boson h. The Higgs boson interacts with all massive particles, including itself.

Now that we have seen the overall behaviour of the building blocks of normal matter9, we are
ready to discuss the thermal history of the universe.

1.8 Thermal History

In this section I will review how the thermodynamical properties, as well as the particle con-
tent of the universe, have evolved over time. To properly understand the thermal history of
the universe, several concepts need to be introduced first10. However, for a general overview
of the main stages involved, see Fig. 1.5.

1.8.1 Phase-space Distribution and Equilibrium

To properly understand the behaviour of particles in the early universe, we can describe each
species � in the universe with a phase-space distribution function f�(xµ

, P
⌫). The arguments

of this function can be reduced by using that homogeneity implies that f� should not depend
on x

i. Additionally, isotropy allows us to take out a dependence on the direction of the phys-
ical momentum p

i; however, the dependence on the modulus p remains. Finally, we can use
9As a reminder, this only accounts for ⇠ 5 % of the energy content of the observable universe. And yet we call it
normal matter.

10We are almost there, I promise.

Big Bang 
Nucleosynthesis

Cosmic Microwave 
Background

Structure 
Formation

Standard Cosmological History .

Long Radiation Era

Well-tested

Almost 
unconstrained
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1.8. Thermal History 21

FIGURE 1.5: Sketch of the history of the universe from the time of the Big Bang
until today. Image taken from [7].

4. Massless gauge bosons, which mediate the electromagnetic force (photon �) and strong
force (gluon g).

5. Massive vector bosons (W± and Z boson), which mediate the weak interaction.

6. Higgs boson h. The Higgs boson interacts with all massive particles, including itself.

Now that we have seen the overall behaviour of the building blocks of normal matter9, we are
ready to discuss the thermal history of the universe.

1.8 Thermal History

In this section I will review how the thermodynamical properties, as well as the particle con-
tent of the universe, have evolved over time. To properly understand the thermal history of
the universe, several concepts need to be introduced first10. However, for a general overview
of the main stages involved, see Fig. 1.5.

1.8.1 Phase-space Distribution and Equilibrium

To properly understand the behaviour of particles in the early universe, we can describe each
species � in the universe with a phase-space distribution function f�(xµ

, P
⌫). The arguments

of this function can be reduced by using that homogeneity implies that f� should not depend
on x

i. Additionally, isotropy allows us to take out a dependence on the direction of the phys-
ical momentum p

i; however, the dependence on the modulus p remains. Finally, we can use
9As a reminder, this only accounts for ⇠ 5 % of the energy content of the observable universe. And yet we call it
normal matter.

10We are almost there, I promise.

Big Bang 
Nucleosynthesis

Cosmic Microwave 
Background

Structure 
Formation

Inflation?

? ?

Cosmological History .
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1.8. Thermal History 21

FIGURE 1.5: Sketch of the history of the universe from the time of the Big Bang
until today. Image taken from [7].

4. Massless gauge bosons, which mediate the electromagnetic force (photon �) and strong
force (gluon g).

5. Massive vector bosons (W± and Z boson), which mediate the weak interaction.

6. Higgs boson h. The Higgs boson interacts with all massive particles, including itself.

Now that we have seen the overall behaviour of the building blocks of normal matter9, we are
ready to discuss the thermal history of the universe.

1.8 Thermal History

In this section I will review how the thermodynamical properties, as well as the particle con-
tent of the universe, have evolved over time. To properly understand the thermal history of
the universe, several concepts need to be introduced first10. However, for a general overview
of the main stages involved, see Fig. 1.5.

1.8.1 Phase-space Distribution and Equilibrium

To properly understand the behaviour of particles in the early universe, we can describe each
species � in the universe with a phase-space distribution function f�(xµ

, P
⌫). The arguments

of this function can be reduced by using that homogeneity implies that f� should not depend
on x

i. Additionally, isotropy allows us to take out a dependence on the direction of the phys-
ical momentum p

i; however, the dependence on the modulus p remains. Finally, we can use
9As a reminder, this only accounts for ⇠ 5 % of the energy content of the observable universe. And yet we call it
normal matter.

10We are almost there, I promise.

Big Bang 
Nucleosynthesis

Cosmic Microwave 
Background

Structure 
Formation

Inflation?

? ?
Reheating?

Cosmological History .
Inflation?

? ?
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1.8. Thermal History 21

FIGURE 1.5: Sketch of the history of the universe from the time of the Big Bang
until today. Image taken from [7].

4. Massless gauge bosons, which mediate the electromagnetic force (photon �) and strong
force (gluon g).

5. Massive vector bosons (W± and Z boson), which mediate the weak interaction.

6. Higgs boson h. The Higgs boson interacts with all massive particles, including itself.

Now that we have seen the overall behaviour of the building blocks of normal matter9, we are
ready to discuss the thermal history of the universe.

1.8 Thermal History

In this section I will review how the thermodynamical properties, as well as the particle con-
tent of the universe, have evolved over time. To properly understand the thermal history of
the universe, several concepts need to be introduced first10. However, for a general overview
of the main stages involved, see Fig. 1.5.

1.8.1 Phase-space Distribution and Equilibrium

To properly understand the behaviour of particles in the early universe, we can describe each
species � in the universe with a phase-space distribution function f�(xµ

, P
⌫). The arguments

of this function can be reduced by using that homogeneity implies that f� should not depend
on x

i. Additionally, isotropy allows us to take out a dependence on the direction of the phys-
ical momentum p

i; however, the dependence on the modulus p remains. Finally, we can use
9As a reminder, this only accounts for ⇠ 5 % of the energy content of the observable universe. And yet we call it
normal matter.

10We are almost there, I promise.

Big Bang 
Nucleosynthesis

Cosmic Microwave 
Background

Structure 
Formation

Kination after inflation?

? ?

Cosmological History .
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1.8. Thermal History 21

FIGURE 1.5: Sketch of the history of the universe from the time of the Big Bang
until today. Image taken from [7].

4. Massless gauge bosons, which mediate the electromagnetic force (photon �) and strong
force (gluon g).

5. Massive vector bosons (W± and Z boson), which mediate the weak interaction.

6. Higgs boson h. The Higgs boson interacts with all massive particles, including itself.

Now that we have seen the overall behaviour of the building blocks of normal matter9, we are
ready to discuss the thermal history of the universe.

1.8 Thermal History

In this section I will review how the thermodynamical properties, as well as the particle con-
tent of the universe, have evolved over time. To properly understand the thermal history of
the universe, several concepts need to be introduced first10. However, for a general overview
of the main stages involved, see Fig. 1.5.

1.8.1 Phase-space Distribution and Equilibrium

To properly understand the behaviour of particles in the early universe, we can describe each
species � in the universe with a phase-space distribution function f�(xµ

, P
⌫). The arguments

of this function can be reduced by using that homogeneity implies that f� should not depend
on x

i. Additionally, isotropy allows us to take out a dependence on the direction of the phys-
ical momentum p

i; however, the dependence on the modulus p remains. Finally, we can use
9As a reminder, this only accounts for ⇠ 5 % of the energy content of the observable universe. And yet we call it
normal matter.

10We are almost there, I promise.

Big Bang 
Nucleosynthesis

Cosmic Microwave 
Background

Structure 
Formation

Early Matter era after inflation?

? ?

Cosmological History .
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1.8. Thermal History 21

FIGURE 1.5: Sketch of the history of the universe from the time of the Big Bang
until today. Image taken from [7].

4. Massless gauge bosons, which mediate the electromagnetic force (photon �) and strong
force (gluon g).

5. Massive vector bosons (W± and Z boson), which mediate the weak interaction.

6. Higgs boson h. The Higgs boson interacts with all massive particles, including itself.

Now that we have seen the overall behaviour of the building blocks of normal matter9, we are
ready to discuss the thermal history of the universe.

1.8 Thermal History

In this section I will review how the thermodynamical properties, as well as the particle con-
tent of the universe, have evolved over time. To properly understand the thermal history of
the universe, several concepts need to be introduced first10. However, for a general overview
of the main stages involved, see Fig. 1.5.

1.8.1 Phase-space Distribution and Equilibrium

To properly understand the behaviour of particles in the early universe, we can describe each
species � in the universe with a phase-space distribution function f�(xµ

, P
⌫). The arguments

of this function can be reduced by using that homogeneity implies that f� should not depend
on x

i. Additionally, isotropy allows us to take out a dependence on the direction of the phys-
ical momentum p

i; however, the dependence on the modulus p remains. Finally, we can use
9As a reminder, this only accounts for ⇠ 5 % of the energy content of the observable universe. And yet we call it
normal matter.

10We are almost there, I promise.

Big Bang 
Nucleosynthesis

Cosmic Microwave 
Background

Structure 
Formation

Cosmological History .

matter kination

Intermediate kination era?
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1.8. Thermal History 21

FIGURE 1.5: Sketch of the history of the universe from the time of the Big Bang
until today. Image taken from [7].

4. Massless gauge bosons, which mediate the electromagnetic force (photon �) and strong
force (gluon g).

5. Massive vector bosons (W± and Z boson), which mediate the weak interaction.

6. Higgs boson h. The Higgs boson interacts with all massive particles, including itself.

Now that we have seen the overall behaviour of the building blocks of normal matter9, we are
ready to discuss the thermal history of the universe.

1.8 Thermal History

In this section I will review how the thermodynamical properties, as well as the particle con-
tent of the universe, have evolved over time. To properly understand the thermal history of
the universe, several concepts need to be introduced first10. However, for a general overview
of the main stages involved, see Fig. 1.5.

1.8.1 Phase-space Distribution and Equilibrium

To properly understand the behaviour of particles in the early universe, we can describe each
species � in the universe with a phase-space distribution function f�(xµ

, P
⌫). The arguments

of this function can be reduced by using that homogeneity implies that f� should not depend
on x

i. Additionally, isotropy allows us to take out a dependence on the direction of the phys-
ical momentum p

i; however, the dependence on the modulus p remains. Finally, we can use
9As a reminder, this only accounts for ⇠ 5 % of the energy content of the observable universe. And yet we call it
normal matter.

10We are almost there, I promise.

Big Bang 
Nucleosynthesis

Cosmic Microwave 
Background

Structure 
Formation

Intermediate matter eras?

? ? ?

Cosmological History .

matter
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1.8. Thermal History 21

FIGURE 1.5: Sketch of the history of the universe from the time of the Big Bang
until today. Image taken from [7].

4. Massless gauge bosons, which mediate the electromagnetic force (photon �) and strong
force (gluon g).

5. Massive vector bosons (W± and Z boson), which mediate the weak interaction.

6. Higgs boson h. The Higgs boson interacts with all massive particles, including itself.

Now that we have seen the overall behaviour of the building blocks of normal matter9, we are
ready to discuss the thermal history of the universe.

1.8 Thermal History

In this section I will review how the thermodynamical properties, as well as the particle con-
tent of the universe, have evolved over time. To properly understand the thermal history of
the universe, several concepts need to be introduced first10. However, for a general overview
of the main stages involved, see Fig. 1.5.

1.8.1 Phase-space Distribution and Equilibrium

To properly understand the behaviour of particles in the early universe, we can describe each
species � in the universe with a phase-space distribution function f�(xµ

, P
⌫). The arguments

of this function can be reduced by using that homogeneity implies that f� should not depend
on x

i. Additionally, isotropy allows us to take out a dependence on the direction of the phys-
ical momentum p

i; however, the dependence on the modulus p remains. Finally, we can use
9As a reminder, this only accounts for ⇠ 5 % of the energy content of the observable universe. And yet we call it
normal matter.

10We are almost there, I promise.

Big Bang 
Nucleosynthesis

Cosmic Microwave 
Background

Structure 
Formation

Secondary intermediate late inflation eras?

? ? ?

Cosmological History .

17



1.8. Thermal History 21

FIGURE 1.5: Sketch of the history of the universe from the time of the Big Bang
until today. Image taken from [7].

4. Massless gauge bosons, which mediate the electromagnetic force (photon �) and strong
force (gluon g).

5. Massive vector bosons (W± and Z boson), which mediate the weak interaction.

6. Higgs boson h. The Higgs boson interacts with all massive particles, including itself.

Now that we have seen the overall behaviour of the building blocks of normal matter9, we are
ready to discuss the thermal history of the universe.

1.8 Thermal History

In this section I will review how the thermodynamical properties, as well as the particle con-
tent of the universe, have evolved over time. To properly understand the thermal history of
the universe, several concepts need to be introduced first10. However, for a general overview
of the main stages involved, see Fig. 1.5.

1.8.1 Phase-space Distribution and Equilibrium

To properly understand the behaviour of particles in the early universe, we can describe each
species � in the universe with a phase-space distribution function f�(xµ

, P
⌫). The arguments

of this function can be reduced by using that homogeneity implies that f� should not depend
on x

i. Additionally, isotropy allows us to take out a dependence on the direction of the phys-
ical momentum p

i; however, the dependence on the modulus p remains. Finally, we can use
9As a reminder, this only accounts for ⇠ 5 % of the energy content of the observable universe. And yet we call it
normal matter.

10We are almost there, I promise.

Big Bang 
Nucleosynthesis

Cosmic Microwave 
Background

Structure 
Formation

Dark Matter
Production ?

? ? ?

Cosmological History .

18
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–  gravitons decoupled below Planck scale:
– do not loose memory of conditions when produced
– retain spectrum/shape/typical frequency & intensity of physics at corresponding high energy scales.
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Current and future GW experiments constitute a new avenue of 
investigation in particle physics and cosmology.
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Probing the cosmological history with 
Gravitational Waves:



Chapter 2

Primordial Gravitational Waves

The first direct detection of gravitational waves (GW) – predicted by Einstein as a consequence of
general relativity [26, 27] – by LIGO collaboration in 2015 [8, 9] has initiated a new era of explo-
ration of our Universe into uncharted territory. Subsequently, many observations have been made
from astrophysical sources with great precision, along with their electromagnetic (EM) counter-
parts, e.g., binaries systems of black holes and neutron stars, cf. the living review [28]. On the
other hand, GW can also be originated during the primordial Universe, across ⇠ 26 decades in
energy scales from the end of primordial inflation to the first light of our Universe, e.g., [29–32].

The EM observations observe up to the scale of recombination, Trec ⇠ 0.1 eV, or at best the
Big Bang Nucleosynthesis (BBN) scale, TBBN ⇠ MeV, while the particle colliders probe up to
the TeV scales [12, 33]. The so-called primordial GW are produced by very high-energy physics
that any other experiment cannot test. Because the gravitational interaction is extremely weak; GW
decouples from other particles in the thermal plasma as soon as they are produced:

�grav

H
⇠ n�v

T 2/MPl

' G2T 5

T 2/MPl

'
✓

T

MPl

◆3

⌧ 1 for the sub-Planckian Universe, (2.1)

where n ⇠ T 3 is the number density of particles in thermal equilibrium, � ⇠ G2T 2 is the cross-
section of the gravitational interaction1, and v ' 1. Any primordial GW travels freely, up to
the cosmic expansion, and carries direct information about its generation mechanism from the
production time to our GW observatories today.

In this chapter, Sec 2.1 first reviews the primordial GW in the form of a stochastic GW back-
ground (SGWB) observed today. In Sec. 2.2, two parts of information can be learned from the
SGWB spectrum – the sources’ strength and length/time scale – allowing us to chart the landscape
of the primordial GWs, as shown in Fig. 2.1. We discuss the prime sources from the SM (of particle
physics and cosmology) in Sec. 2.3 and the beyond SM in Sec. 2.4. Sec. 2.5 review the prospects
of detection, expanding over 21 decades in frequency Finally, Sec. 2.6 comments on the exciting
hint of SGWB, observed by pulsar timing arrays and probably explained by cosmic strings.

2.1 Stochastic Gravitational-Wave Background

Consider the cosmological perturbation theory on the isotropic-homogeneous expanding Universe,
described by the Friedmann-Robertson-Walker (FRW) metric,

ds2 = �dt2 + a2(t)(�ij + hij)dx
idxj , (2.2)

where the presence of scalar and vector modes are neglected, and a slight spatial tensor pertur-
bation |hij | ⌧ 1 represents gravitational waves (GW), satisfying the transverse-traceless (TT)

1In standard textbook [34], the neutrino decoupling is estimated by replacing G ! GF (Fermi’s constant) for the
weak interaction: �/H ⇠ (T/MeV)3.
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conditions hi
i
= @ihij = 0 and leaving hij with two propagating degrees-of-freedom, i.e., the

GW polarizations. The equation-of-motion (EOM) of the GW follows from the linearized Einstein
equation,

ḧij(x, t) + 3Hḣij(x, t)�
r2

a2
hij(x, t) = 16⇡G⇧

TT
ij (x, t), (2.3)

where ˙(·) ⌘ d(·)/dt, r2 ⌘ @i@i. GW is sourced by ⇧
TT
ij

(x, t) the transverse-traceless part of the
anisotropic stress tensor, defined by a2⇧ij = Tij�pa2(�ij+hij)whereTij is the spatial component
of the source’s energy-momentum tensor, and p is the homogeneous background pressure.
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ḧij(k, t) + 3Hḣij(k, t) +
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Consider the cosmological perturbation theory on the isotropic-homogeneous 
expanding Universe, described by the Friedmann-Robertson-Walker metric, 
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The equation-of-motion follows from the linearized Einstein equation, 
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Fourier decomposition:
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Stochastic GW background of primordial origin.
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k2

a2
hij(k, t) = 16⇡G⇧

TT
ij (k, t), (2.7)

A freely propagating GW (⇧TT
ij

= 0) evolves di�erently in two limits, depending on its co-
moving wavenumber k,

h�(k, ⌧) =

(
A�(k)
a(⌧) eik⌧ + B�(k)

a(⌧) e�ik⌧ , for k � aH (sub-horizon),
A�(k) +B�(k)

R
⌧ d⌧

0

a2(⌧ 0) , for k ⌧ aH (super-horizon),
(2.8)

where d⌧ ⌘ dt/a is the conformal time, A� and B� are arbitrary constants set when the source
term ⇧

TT
ij

becomes inactive. The sub-horizon GW exhibits an oscillatory behavior with its size
being red-shifted by the cosmic expansion. The super-horizon mode stays frozen due to the first
term, and it later re-enters the horizon and starts oscillating. By observing GW today, we obtain two
parts of information: the dynamics related to the production mechanism ⇧

TT
ij

and the kinematics
related to the expansion history of the Universe.

GW from the early Universe and relic density. — A GW production process during the early
Universe operates only within a causal patch (i.e. �GW  H�1

prod), much smaller than the horizon
size today,

�GW,0

H�1
0


H�1

prod

H�1
0


a0
ap

�
' ⌦

�1/2
r,0


T0

Tp

�
' 2 · 10�13


100 GeV

Tp

�
, (2.9)

8

where we use a ⇠ T�1. Therefore, the primordial GW sources from many uncorrelated patches
would randomize the amplitude of hij(x, t) observed today and contribute to the so-called stochas-
tic GW background (SGWB). Since there is only one Universe, an observable is not well character-
ized by an ensemble average in the context of statistics; instead, we trade it with the spatial/temporal
average via the ergodic theorem [31]. For an isotropic, homogeneous, unpolarized, stationary, and
gaussian background, the correlation function reads,

⌦
h�(k, ⌧)h�0(k0, ⌧ 0)

↵
=

8⇡5

k3
h2c(k, ⌧)�

(3)
(k� k0

)�(⌧ � ⌧ 0)���0 , (2.10)

and hhij(x, ⌧)hij(x, ⌧)i = 2

Z
d(log k)h2c(k, ⌧) (2.11)

where hc is the dimensionless characteristic strain of GW, and all statistical information is captured
due to gaussianity. The delta functions and the Dirac delta in Eq. (2.10) suggest other four prop-
erties: 1) �(3)(k � k0

) for isotropy and homogeneity, 2) �(⌧ � ⌧ 0) for stationary, and 3) ���0 for
unpolarization. Note that these properties are typical for primordial GW; however, there could be
deviations for a particular source that would serve as smoking-gun signatures from other stochastic
sources, e.g., [35–38].

The energy density of GW is the 00th component of the energy-momentum tensor,

⇢GW =

D
ḣij(x, t)ḣij(x, t)

E

32⇡G
=

D
h0
ij
(x, ⌧)h0

ij
(x, ⌧)

E

32⇡Ga2
. (2.12)

For the sub-horizon GW (k � aH), we deduce from Eq. (2.8) that h0c
2
(k, ⌧) ' k2h2c , leading to

⇢GW =

Z
d(log k)

k2h2c(k, ⌧)

16⇡Ga2(⌧)
⌘

Z
d(log k)

d⇢GW

d log k
, (2.13)

where the last step defines the energy density spectrum of GW. Due to h2c / a�2 for sub-horizon
mode, we emphasize the most critical aspect of GW, i.e., the GW energy density of some mode k
red-shifts as radiation a�4. The relic density of SGWB observed by GW experiments with some
frequency today – corresponding to some comoving wavenumber (k/a0 = 2⇡f ) – reads

⌦GW,0(f) =
k2h2c(k, ⌧0)

16⇡Ga20
=

⇢prodGW (f)

⇢tot,0

✓
aprod
a0

◆4

, (2.14)

where we used again that ⇢GW / a�4. Despite its simplicity, this equation leads to many interest-
ing consequences. For instance, we can redshift the SGWB from the production time to estimate
the SGWB today from each primordial source. Moreover, this simple equation allows us to derive
signatures from non-standard cosmological e�ects in Chap. 4.

In this thesis, all predicted stochastic GW frequency spectra will be expressed in terms of
⌦GWh2, which di�ers from the usual characterization of the GW signal in terms of the strain hc.
For comparison, we show in Fig. A.2, how the typical stochastic spectra computed in this thesis
would look like In hc units.

2.2 Landscape of Primordial SGWBs

Many early-Universe processes generate SGWB of various signal shapes and frequency ranges. In
this section, we scrutinize the plane (frequency fGW, amplitude ⌦GW) where the energy-density
spectra of primordial SGWBs would reside today, regardless of the nature of their sources. The
critical aspect is that the GW propagates freely and carries direct information about its origin,
from the production time to the GW observatories today. Ultimately, the amplitude and frequency
relate to the production mechanism’s strength and time scale, respectively. The generic theoretical
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mode, we emphasize the most critical aspect of GW, i.e., the GW energy density of some mode k
red-shifts as radiation a�4. The relic density of SGWB observed by GW experiments with some
frequency today – corresponding to some comoving wavenumber (k/a0 = 2⇡f ) – reads
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where we used again that ⇢GW / a�4. Despite its simplicity, this equation leads to many interest-
ing consequences. For instance, we can redshift the SGWB from the production time to estimate
the SGWB today from each primordial source. Moreover, this simple equation allows us to derive
signatures from non-standard cosmological e�ects in Chap. 4.

In this thesis, all predicted stochastic GW frequency spectra will be expressed in terms of
⌦GWh2, which di�ers from the usual characterization of the GW signal in terms of the strain hc.
For comparison, we show in Fig. A.2, how the typical stochastic spectra computed in this thesis
would look like In hc units.

2.2 Landscape of Primordial SGWBs

Many early-Universe processes generate SGWB of various signal shapes and frequency ranges. In
this section, we scrutinize the plane (frequency fGW, amplitude ⌦GW) where the energy-density
spectra of primordial SGWBs would reside today, regardless of the nature of their sources. The
critical aspect is that the GW propagates freely and carries direct information about its origin,
from the production time to the GW observatories today. Ultimately, the amplitude and frequency
relate to the production mechanism’s strength and time scale, respectively. The generic theoretical

9

where we use a ⇠ T�1. Therefore, the primordial GW sources from many uncorrelated patches
would randomize the amplitude of hij(x, t) observed today and contribute to the so-called stochas-
tic GW background (SGWB). Since there is only one Universe, an observable is not well character-
ized by an ensemble average in the context of statistics; instead, we trade it with the spatial/temporal
average via the ergodic theorem [31]. For an isotropic, homogeneous, unpolarized, stationary, and
gaussian background, the correlation function reads,

⌦
h�(k, ⌧)h�0(k0, ⌧ 0)

↵
=

8⇡5

k3
h2c(k, ⌧)�

(3)
(k� k0

)�(⌧ � ⌧ 0)���0 , (2.10)

and hhij(x, ⌧)hij(x, ⌧)i = 2

Z
d(log k)h2c(k, ⌧) (2.11)

where hc is the dimensionless characteristic strain of GW, and all statistical information is captured
due to gaussianity. The delta functions and the Dirac delta in Eq. (2.10) suggest other four prop-
erties: 1) �(3)(k � k0

) for isotropy and homogeneity, 2) �(⌧ � ⌧ 0) for stationary, and 3) ���0 for
unpolarization. Note that these properties are typical for primordial GW; however, there could be
deviations for a particular source that would serve as smoking-gun signatures from other stochastic
sources, e.g., [35–38].

The energy density of GW is the 00th component of the energy-momentum tensor,

⇢GW =

D
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Stochastic GW background of primordial origin.
Early-universe production process operates within a causal patch ( λGW ≤ H−1 ), 
much smaller than the horizon  size today, 

Primordial GW sources from many uncorrelated patches randomize the 
amplitude of hij (x, t) observed today and contribute to the stochastic GW 
background. 
For an isotropic, homogeneous, unpolarized, stationary, and gaussian 
background, the correlation function reads 

dimensionless 
characteristic 
strain 

Due to h2c ~ a−2 for 
sub-horizon mode, the 
GW energy density of 
some mode k red-shifts 
as radiation a−4. 

2

FIG. 1. Benchmark GWBs of primordial origin with large amplitude above kHz frequencies, compared to sensitivities of existing
and planned experiments below the kHz [1–5, 45, 48–53] as well as experiments sensitive at frequencies above the kHz from
[47] (in shaded gray). The green line is associated with a very strong first-order phase transition [22] (�/H = 7, ↵ = 10) at a
temperature T ⇠ 1010 GeV (compatible with a Peccei-Quinn phase transition with axion decay constant fa ⇠ 1010 GeV for
instance [54]). Interestingly, the irreducible background from inflation with inflationary scale Einf ' 1016 GeV can be amplified
if inflation is followed by kination (purple line) [55] or if a kination era is induced much later by the rotating QCD axion DM
field (blue line) [55–57]. Local cosmic strings can generate a signal (in red) as large as the BBN bound (3), that also uniquely
goes beyond 109 Hz. The gray line shows the signal from preheating [41] corresponding to an inflaton mass M ' Mpl with a
coupling g = 10�3 to the thermal bath. Similar but suppressed GW spectra can come from the fragmentation of a scalar field,
which is not the inflaton [58–60]. The lower gray shaded region is the spectrum from the Standard thermal plasma [17–19],
assuming a reheating temperature Treh ' 6⇥ 1015 GeV.

as the GW fraction of the total energy density of the
Universe today ⌦GWh

2. It can be related to the charac-
teristic strain hc of GW by [43]

hc ' 1.26⇥ 10�18(Hz/fGW)
p
⌦GWh2. (1)

Its characteristic frequency is related to the moment
when GW was emitted, and its amplitude is typically
small1 (⌦GWh

2 . ⌦rh
2
' 4 · 10�5 [61], where ⌦r is the

fraction of energy density in radiation).
The frequency range of cosmological GWB is linked to

the size of the source, which is limited to the horizon size
by causality. The frequency today of a GW produced
with wavelength �GW  H

�1(T ) when the Universe had
temperature T (assuming radiation domination for the

1 Except the signals resulting from a modified equation of state
of the Universe such as kination or sti↵ eras [55] or extremely
strong first-order phase transitions.

GW considered in this paper) is

fGW ' 1 kHz


H

�1(T )

�GW

�✓
T

1010 GeV

◆
, (2)

where H is the Hubble expansion rate, and fGW =
�
�1
GW[a(T )/a0] with a being the scale factor of cosmic

expansion. For instance, the irreducible GWs produced
during inflation that re-enter the horizon at temperature
T have �GW ⇠ H

�1. On the other hand, GWs from
first-order phase transitions have �GW that is roughly the
bubbles’ size, typically of the order O(10�3

� 10�1)H�1.
GWs produced from the thermal plasma are produced
maximally at �GW ⇠ T

�1, such that the signal gen-
erated at any T is peaked at fGW ⇠ O(10) GHz. Fi-
nally, for cosmic strings, �GW relates to the string-loop
size, which is fixed by the Hubble size; see Eq. (11) for
the precise relation. Therefore, apart from the thermal
plasma source, the highest GW frequencies are associ-
ated with the earliest moments in our Universe’s his-
tory, and the maximum reheating temperature of the
Universe Treh  T

max
reh ' 6 ⇥ 1015 GeV [62] bounds
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Current and future GW experiments

The landscape of Primordial GW
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ds2 = �dt2 + a2(t)[(�ij + hij)dxidxj ]

ḧij + 3H ḣij + k
2
hij = 0

 source: amplification of vacuum fluctuations during inflation

tensor 
perturbations of 

FRW metric:

WAVE 
EQUATION

GW from early universe sources
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Primordial GW .

Tensor perturbations of Friedmann-Robertson-Walker metric:

source: tensor anisotropic stress

tensor 
perturbations of 

FRW metric:
ds2 = �dt2 + a2(t)[(�ij + hij)dxidxj ]

• fluid

• electromagnetic field

• scalar field 

⇧ij ⇠ �2(⇢+ p) vivj

⇧ij ⇠ @i�@j�

WAVE 
EQUATION ḧij + 3H ḣij + k

2
hij = 16⇡G⇧TT

ij

⇧TT
ij

⇧ij ⇠ (E2 +B2)
�ij
3

� EiEj �BiBj

GW from early universe sources
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Wave equation:

Source: 
Tensor anisotropic stress
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=Transverse Traceless component
 of the energy-momentum tensor of the source

We define the statistically homogeneous and isotropic gravitational wave energy density
spectrum by

⟨ḣij(k, η)ḣ
∗

ij(q, η)⟩ = δ(k− q)|ḣ|2(k, η) , (4)

where k is the comoving wave vector. The gravitational wave energy density, normalized to
the critical energy density is:

ΩGW (η) =
ρGW (η)

ρc
=

∫

∞

0

dk
k2|ḣ|2(k, η)
2(2π)6Gρca2

, (5)

where the factor (2π)−6 comes from the Fourier transform convention. We want to estimate
the present day gravitational wave energy spectrum, in other words the gravitational wave
energy density per logarithmic frequency interval,

dΩGW (k)

d ln k

∣

∣

∣

∣

η0

≡
k3|ḣ|2(k, η0)
2(2π)6Gρc

. (6)

In an expanding radiation-dominated universe, hij(k, η) is the solution of the wave equation

ḧij(k, η) +
2

η
ḣij(k, η) + k2hij(k, η) = 8πGa2(η)Πij(k, η) . (7)

Πij(k, η) is the tensor part of the anisotropic stress, the transverse-traceless component of
the energy momentum tensor that generates tensor perturbations hij of the metric:

Πij(k, η) = (PilPjm −
1

2
PijPlm)Tlm(k, η) , (8)

where Pij = δij − k̂ik̂j is the transverse projector and Tlm(k, η) are the spatial components
of the energy momentum tensor. As will be discussed in the next section, the anisotropic
stress is a stochastic variable for the generation process under consideration. It accounts for
the intrinsic randomness of bubble nucleation and collision.

Our source of gravitational radiation is active for an interval of time corresponding to
the duration of the phase transition, which is much shorter than one Hubble time [32, 33].
We can therefore neglect the expansion of the universe while the source is still active, and
rewrite Eq. (7) as

h
′′

ij(x) + hij(x) =
8πGa2∗
k2

Πij(x) , (9)

where x = kη, ′ denotes derivative with respect to x and a∗ is the scale factor at the time
of the phase transition. The dependence of hij(k, η) on directions of the wave-vector enters
only in the polarization of the wave and is irrelevant for our discussion. As will become clear
at the end of this section, in Eq. (16), this is due to statistical homogeneity and isotropy of
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Beyond-the-Standard Model sources.
Preheating, first-order phase transitions, cosmic strings
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constraints on the primordial sources are discussed in Secs. 2.2.1 and 2.2.2, limiting the SGWB
landscape down to Fig. 2.1. The prime sources of primordial SGWB2 discussed in Secs. 2.3 and
2.4 populate the region widely, while the experimental prospects probe almost half of it.

| | | | | | | | |

| | | | | | | | |

| | | | | | | |

10-9 10-6 10-3 1 103 106 109 1012 1015
Temperature of the Universe
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λGW
inf =H-1

λGW=
H-1

102

λGW ≃ H-1/106

Figure 2.1: The landscape of primordial SGWBs and the sensitivities of the future-planned GW observato-
ries, cf. Sec. 2.5. Assuming the standard ⇤CDM cosmology, we show the SGWB spectra from the Standard
Models (primordial inflation and thermal plasma) in Sec. 2.3 and beyond SM (preheating, first-order phase
transition, cosmic strings) in Sec. 2.4. See footnote for the chosen parameters. The GW frequency today cor-
responds to its production time, shown in the above-colored lines for di�erent sizes �GW of sources (colors
match that of spectra). The maximum amplitude is bounded by the �Ne↵ constraints at BBN/CMB scales,
cf. Sec. 2.2.2.

From signals to their origins. — Due to the cosmic expansion, GW energy density today is
redshifted from the production time as radiation,
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◆

prod
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where the last step assumes the standard ⇤CDM cosmology, and ⌦r,0 = 5.38 · 10�5 [39] is the
abundance of radiation today. The last bracket suggests that the observed signal depends on the
strength of the GW generation process. The strongest source ⇢GW ! ⇢tot leads to the extreme
bound ⌦GW,0 . 10

�5 on primordial SGWB assuming the standard cosmology. Nonetheless, the
CMB/BBN observations put a more stringent constraint ⌦GW,0 . 10

�7; see Sec. 2.2.2.
The GW frequency today relates to the source’s characteristic length scale �GW, through the

red-shift factor,

fGW = ��1
GW

✓
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◆
' 10
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◆
, (2.16)

2In Fig. 2.1: primordial inflation (Einf = 1016 GeV), thermal plasma (Treh = 1016 GeV), preheating (Treh =
1016 GeV, {gi} = {10�2

, 10�3
}), phase transition (T⇤ = 150 GeV, �/H⇤ = 100, ↵ = 2), and local cosmic strings

(Gµ = 10�12).
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2In Fig. 2.1: primordial inflation (Einf = 1016 GeV), thermal plasma (Treh = 1016 GeV), preheating (Treh =
1016 GeV, {gi} = {10�2

, 10�3
}), phase transition (T⇤ = 150 GeV, �/H⇤ = 100, ↵ = 2), and local cosmic strings

(Gµ = 10�12).
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where we use T / a�1. We can also write this relation in terms of the production time,

tprod ' sec

 
H�1
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�GW
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�11
Hz

fGW

◆2

, (2.17)

where we use tprod ' (MeV/Tprod)
2 ⇥ sec. For higher frequencies, the SGWB is a probe of

the hotter and earlier stages of the Universe, well beyond the reach of traditional particle physics
experiments.

The frequency-temperature relations for several sources’ sizes are shown on the top panel of
Fig. 2.1. Due to causality, the horizon size at production H�1

prod is the largest possible length scale
of the source: �GW ! H�1

prod. Furthermore, we can understand that the long-lasting GW sources
(e.g., primordial inflation and cosmic strings) generate SGWBs that span a broad range of frequen-
cies; many contributions at di�erent frequencies add up. The signals from the short-lasting sources
are localized at particular frequencies associated with their production times (e.g., first-order phase
transition) or length scales (e.g., preheating and thermal GW).

2.2.1 Naive frequency limits on the landscape

The naive theoretical constraints on the highest and lowest frequencies of the SGWB can be derived
from Eq. (2.16). The lowest frequency of GW is that of those GW produced today; their source has
the largest possible size, i.e., the Hubble horizon today,

fGW,lowest = H0 ' 10
�18

Hz. (2.18)

Despite this late-time GW production, we still call this a primordial GW from many primordial
sources that could still exist today. The highest frequency of primordial GW arises from the highest
energy scale3 Hprod ' MPl, and the GW source of the smallest size, the Planck length��1

GW ⇠ MPl.
The highest possible frequency of primordial GW is

fGW,highest ' 10
13

Hz. (2.19)

Such highest frequencies could still be reached in principle by experiments like axion helioscopes,
probing GW at 1014 Hz; see Ref. [40] for a review. Smaller-size sources could populate the ultra-
high frequency region at late times, e.g., primordial black-hole inspirals [41].

At the high-frequency end, the smallest source of the Planck length ��1
GW ⇠ MPl produced GW

at the end of inflation Hmax
inf ' 6 · 1013GeV [20, 21] at the frequency

fGW,highest ' 10
13

Hz. (2.20)

Such ultra-high frequencies could still be reached in principle by experiments like axion helio-
scopes, probing GW at 1014 Hz; see Ref. [40] for a review. The Planck-size sources at late times
might populate the signals beyond the above naive limit, e.g., primordial black-hole inspirals [41],
which is beyond the scope of this thesis.

2.2.2 Largest Possible Amplitude: �Ne↵ bound

The amount of GW – even as a sub-component of the total energy density – can impact the Uni-
verse’s expansion rate. More precisely, any relativistic energy density beyond the ⇤CDM compo-
nents can act as an e�ective number of neutrino relics,

Ne↵ =
8

7

✓
⇢tot � ⇢�

⇢�

◆✓
11

4

◆4/3

, (2.21)

3The bound becomes smaller for Hprod . Hplanck ' 6 · 1013 GeV.

11

where we use T / a�1. We can also write this relation in terms of the production time,

tprod ' sec

 
H�1

prod

�GW

!2✓
10

�11
Hz

fGW

◆2

, (2.17)

where we use tprod ' (MeV/Tprod)
2 ⇥ sec. For higher frequencies, the SGWB is a probe of

the hotter and earlier stages of the Universe, well beyond the reach of traditional particle physics
experiments.

The frequency-temperature relations for several sources’ sizes are shown on the top panel of
Fig. 2.1. Due to causality, the horizon size at production H�1

prod is the largest possible length scale
of the source: �GW ! H�1

prod. Furthermore, we can understand that the long-lasting GW sources
(e.g., primordial inflation and cosmic strings) generate SGWBs that span a broad range of frequen-
cies; many contributions at di�erent frequencies add up. The signals from the short-lasting sources
are localized at particular frequencies associated with their production times (e.g., first-order phase
transition) or length scales (e.g., preheating and thermal GW).

2.2.1 Naive frequency limits on the landscape

The naive theoretical constraints on the highest and lowest frequencies of the SGWB can be derived
from Eq. (2.16). The lowest frequency of GW is that of those GW produced today; their source has
the largest possible size, i.e., the Hubble horizon today,

fGW,lowest = H0 ' 10
�18

Hz. (2.18)

Despite this late-time GW production, we still call this a primordial GW from many primordial
sources that could still exist today. The highest frequency of primordial GW arises from the highest
energy scale3 Hprod ' MPl, and the GW source of the smallest size, the Planck length��1

GW ⇠ MPl.
The highest possible frequency of primordial GW is

fGW,highest ' 10
13

Hz. (2.19)

Such highest frequencies could still be reached in principle by experiments like axion helioscopes,
probing GW at 1014 Hz; see Ref. [40] for a review. Smaller-size sources could populate the ultra-
high frequency region at late times, e.g., primordial black-hole inspirals [41].

At the high-frequency end, the smallest source of the Planck length ��1
GW ⇠ MPl produced GW

at the end of inflation Hmax
inf ' 6 · 1013GeV [20, 21] at the frequency

fGW,highest ' 10
13

Hz. (2.20)

Such ultra-high frequencies could still be reached in principle by experiments like axion helio-
scopes, probing GW at 1014 Hz; see Ref. [40] for a review. The Planck-size sources at late times
might populate the signals beyond the above naive limit, e.g., primordial black-hole inspirals [41],
which is beyond the scope of this thesis.

2.2.2 Largest Possible Amplitude: �Ne↵ bound

The amount of GW – even as a sub-component of the total energy density – can impact the Uni-
verse’s expansion rate. More precisely, any relativistic energy density beyond the ⇤CDM compo-
nents can act as an e�ective number of neutrino relics,

Ne↵ =
8

7

✓
⇢tot � ⇢�

⇢�

◆✓
11

4

◆4/3

, (2.21)

3The bound becomes smaller for Hprod . Hplanck ' 6 · 1013 GeV.

11

The lowest frequency of GW is that of those GW produced today with  
the largest possible source size, i.e., the Hubble horizon today: 

The highest frequency of primordial GW arises from the highest energy 
scale  Hprod ≃MP 

Frequencies limits .



Largest possible amplitude .

Early produced GW act as an effective number of neutrino relics which 
is strongly constrained by CMB measurement and by BBN predictions 

which is strongly constrained by CMB measurements [17] to Ne↵ = 2.99+0.34
�0.33 and by BBN pre-

dictions [42, 43] to Ne↵ = 2.90+0.22
�0.22 whereas the SM predicts Ne↵ ' 3.045 [44–46]. Using

⌦� ' 5.38⇥ 10
�5 [39], we obtain the following bound on the primordial GW spectrum, produced

before CMB/BBN, Z
fmax

fBBN,CMB

df

f
⌦GW(f)  5.6⇥ 10

�6
�N⌫ , (2.22)

where fBBN,CMB are the frequencies corresponding to the BBN/CMB scales, fmax is the highest
frequency of the GW spectrum (which might not be the same as the Planck-scale limit frequency
in Eq. (2.20)), and we set �N⌫  0.2. Note that CMB stage-4 experiments is expected to improve
the bound or discovery region to Ne↵ < 0.03 [47].

In Fig. 2.1, we show the �Ne↵ bound on a primordial SGWB – spanning only an order of
magnitude in log(f) and located at frequencies higher than BBN/CMB scales – such that the bound
reads ⌦GW  5.6 ⇥ 10

�6
�N⌫ . Nonetheless, there are two important points when applying this

bound to a more realistic SGWB. First, the GW spectral shape matters. Let us consider two of the
most generic shapes: a flat spectra ⌦GW = ⌦GW,⇤ for fmin < f < fmax, and a peak ⌦GW(f) =
⌦GW,⇤(f/fpeak)� assuming4 the spectrum cut-o� exponentially beyond fpeak. Eq. (2.22) reads
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�N⌫ ·
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for peak,
(2.23)

where fref is the GW frequency corresponding to CMB/BBN scales, and the constraint for the
peaked spectrum is dominated by fpeak. Because of these multiplicative factors, the �Ne↵ bound
on the realistic SGWB can be slightly stronger or weaker than the naive bound shown in Fig. 2.1.

Second, the integral cut-o� matters. For example, the BBN frequency of inflationary SGWB is
sensitive to the horizon size of temperature TBBN ⇠ MeV, much larger than those of local cosmic
strings, which is boosted by a factor 106 for string tension Gµ = 10

�12, as we shall see later.
Precisely, the BBN-scale frequencies for SGWB from primordial inflation and local cosmic strings
of tension Gµ read

f inf
BBN ' 1.8⇥ 10

�11 Hz, f cs
BBN ' 8.9⇥ 10

�5 Hz
✓
10

�11

Gµ

◆1/2

. (2.24)

We emphasize that the �Ne↵ bound applies to GW, already existing by the time of Ne↵ mea-
surements. For example, the astrophysical GW with a strong signal is not bounded because GW is
produced late. On the challenging ultra-high-frequency range [40], the current probes far weaker
than the BBN bound could potentially constrain the primordial black-hole binaries, cf. Ref. [41]
and references therein.

After charting the landscape of primordial SGWB, the following section reviews prime sources5

from SM (of particle physics and cosmology) and beyond SM physics, illustrated in Fig. 2.1. We
assume that the Universe is in the radiation-dominated era right after the primordial inflation, the
standard cosmological history. The presence of non-standard eras imprints interesting signatures
on SGWB, discussed in Chap. 4.

2.3 From Standard Models of Particle Physics and Cosmology

In the standard (⇤CDM) cosmological model, there is an early period of primordial inflation fol-
lowed by a radiation-dominated Universe due to the thermal plasma of SM particles (the matter

4One would expect also that �  3 due to causality. However, some sources of SGWB lead to a sharp peak, e.g., the
scalar-induced SGWB; see Ref. [48]

5See, for examples, Refs. [49, 50] for excellent derivations of SGWB from arbitrary sources.
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reads ⌦GW  5.6 ⇥ 10

�6
�N⌫ . Nonetheless, there are two important points when applying this

bound to a more realistic SGWB. First, the GW spectral shape matters. Let us consider two of the
most generic shapes: a flat spectra ⌦GW = ⌦GW,⇤ for fmin < f < fmax, and a peak ⌦GW(f) =
⌦GW,⇤(f/fpeak)� assuming4 the spectrum cut-o� exponentially beyond fpeak. Eq. (2.22) reads
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where fref is the GW frequency corresponding to CMB/BBN scales, and the constraint for the
peaked spectrum is dominated by fpeak. Because of these multiplicative factors, the �Ne↵ bound
on the realistic SGWB can be slightly stronger or weaker than the naive bound shown in Fig. 2.1.

Second, the integral cut-o� matters. For example, the BBN frequency of inflationary SGWB is
sensitive to the horizon size of temperature TBBN ⇠ MeV, much larger than those of local cosmic
strings, which is boosted by a factor 106 for string tension Gµ = 10

�12, as we shall see later.
Precisely, the BBN-scale frequencies for SGWB from primordial inflation and local cosmic strings
of tension Gµ read

f inf
BBN ' 1.8⇥ 10

�11 Hz, f cs
BBN ' 8.9⇥ 10

�5 Hz
✓
10

�11

Gµ

◆1/2

. (2.24)

We emphasize that the �Ne↵ bound applies to GW, already existing by the time of Ne↵ mea-
surements. For example, the astrophysical GW with a strong signal is not bounded because GW is
produced late. On the challenging ultra-high-frequency range [40], the current probes far weaker
than the BBN bound could potentially constrain the primordial black-hole binaries, cf. Ref. [41]
and references therein.

After charting the landscape of primordial SGWB, the following section reviews prime sources5

from SM (of particle physics and cosmology) and beyond SM physics, illustrated in Fig. 2.1. We
assume that the Universe is in the radiation-dominated era right after the primordial inflation, the
standard cosmological history. The presence of non-standard eras imprints interesting signatures
on SGWB, discussed in Chap. 4.

2.3 From Standard Models of Particle Physics and Cosmology

In the standard (⇤CDM) cosmological model, there is an early period of primordial inflation fol-
lowed by a radiation-dominated Universe due to the thermal plasma of SM particles (the matter

4One would expect also that �  3 due to causality. However, some sources of SGWB lead to a sharp peak, e.g., the
scalar-induced SGWB; see Ref. [48]

5See, for examples, Refs. [49, 50] for excellent derivations of SGWB from arbitrary sources.
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which is strongly constrained by CMB measurements [17] to Ne↵ = 2.99+0.34
�0.33 and by BBN pre-

dictions [42, 43] to Ne↵ = 2.90+0.22
�0.22 whereas the SM predicts Ne↵ ' 3.045 [44–46]. Using

⌦� ' 5.38⇥ 10
�5 [39], we obtain the following bound on the primordial GW spectrum, produced

before CMB/BBN, Z
fmax
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df

f
⌦GW(f)  5.6⇥ 10

�6
�N⌫ , (2.22)

where fBBN,CMB are the frequencies corresponding to the BBN/CMB scales, fmax is the highest
frequency of the GW spectrum (which might not be the same as the Planck-scale limit frequency
in Eq. (2.20)), and we set �N⌫  0.2. Note that CMB stage-4 experiments is expected to improve
the bound or discovery region to Ne↵ < 0.03 [47].

In Fig. 2.1, we show the �Ne↵ bound on a primordial SGWB – spanning only an order of
magnitude in log(f) and located at frequencies higher than BBN/CMB scales – such that the bound
reads ⌦GW  5.6 ⇥ 10

�6
�N⌫ . Nonetheless, there are two important points when applying this
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where fref is the GW frequency corresponding to CMB/BBN scales, and the constraint for the
peaked spectrum is dominated by fpeak. Because of these multiplicative factors, the �Ne↵ bound
on the realistic SGWB can be slightly stronger or weaker than the naive bound shown in Fig. 2.1.

Second, the integral cut-o� matters. For example, the BBN frequency of inflationary SGWB is
sensitive to the horizon size of temperature TBBN ⇠ MeV, much larger than those of local cosmic
strings, which is boosted by a factor 106 for string tension Gµ = 10

�12, as we shall see later.
Precisely, the BBN-scale frequencies for SGWB from primordial inflation and local cosmic strings
of tension Gµ read
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We emphasize that the �Ne↵ bound applies to GW, already existing by the time of Ne↵ mea-
surements. For example, the astrophysical GW with a strong signal is not bounded because GW is
produced late. On the challenging ultra-high-frequency range [40], the current probes far weaker
than the BBN bound could potentially constrain the primordial black-hole binaries, cf. Ref. [41]
and references therein.

After charting the landscape of primordial SGWB, the following section reviews prime sources5

from SM (of particle physics and cosmology) and beyond SM physics, illustrated in Fig. 2.1. We
assume that the Universe is in the radiation-dominated era right after the primordial inflation, the
standard cosmological history. The presence of non-standard eras imprints interesting signatures
on SGWB, discussed in Chap. 4.

2.3 From Standard Models of Particle Physics and Cosmology

In the standard (⇤CDM) cosmological model, there is an early period of primordial inflation fol-
lowed by a radiation-dominated Universe due to the thermal plasma of SM particles (the matter

4One would expect also that �  3 due to causality. However, some sources of SGWB lead to a sharp peak, e.g., the
scalar-induced SGWB; see Ref. [48]

5See, for examples, Refs. [49, 50] for excellent derivations of SGWB from arbitrary sources.
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where fBBN,CMB are the frequencies corresponding to the BBN/CMB scales, fmax is the highest
frequency of the GW spectrum (which might not be the same as the Planck-scale limit frequency
in Eq. (2.20)), and we set �N⌫  0.2. Note that CMB stage-4 experiments is expected to improve
the bound or discovery region to Ne↵ < 0.03 [47].

In Fig. 2.1, we show the �Ne↵ bound on a primordial SGWB – spanning only an order of
magnitude in log(f) and located at frequencies higher than BBN/CMB scales – such that the bound
reads ⌦GW  5.6 ⇥ 10
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where fref is the GW frequency corresponding to CMB/BBN scales, and the constraint for the
peaked spectrum is dominated by fpeak. Because of these multiplicative factors, the �Ne↵ bound
on the realistic SGWB can be slightly stronger or weaker than the naive bound shown in Fig. 2.1.

Second, the integral cut-o� matters. For example, the BBN frequency of inflationary SGWB is
sensitive to the horizon size of temperature TBBN ⇠ MeV, much larger than those of local cosmic
strings, which is boosted by a factor 106 for string tension Gµ = 10

�12, as we shall see later.
Precisely, the BBN-scale frequencies for SGWB from primordial inflation and local cosmic strings
of tension Gµ read
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We emphasize that the �Ne↵ bound applies to GW, already existing by the time of Ne↵ mea-
surements. For example, the astrophysical GW with a strong signal is not bounded because GW is
produced late. On the challenging ultra-high-frequency range [40], the current probes far weaker
than the BBN bound could potentially constrain the primordial black-hole binaries, cf. Ref. [41]
and references therein.

After charting the landscape of primordial SGWB, the following section reviews prime sources5

from SM (of particle physics and cosmology) and beyond SM physics, illustrated in Fig. 2.1. We
assume that the Universe is in the radiation-dominated era right after the primordial inflation, the
standard cosmological history. The presence of non-standard eras imprints interesting signatures
on SGWB, discussed in Chap. 4.

2.3 From Standard Models of Particle Physics and Cosmology

In the standard (⇤CDM) cosmological model, there is an early period of primordial inflation fol-
lowed by a radiation-dominated Universe due to the thermal plasma of SM particles (the matter

4One would expect also that �  3 due to causality. However, some sources of SGWB lead to a sharp peak, e.g., the
scalar-induced SGWB; see Ref. [48]

5See, for examples, Refs. [49, 50] for excellent derivations of SGWB from arbitrary sources.
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�0.33 and by BBN pre-
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where fBBN,CMB are the frequencies corresponding to the BBN/CMB scales, fmax is the highest
frequency of the GW spectrum (which might not be the same as the Planck-scale limit frequency
in Eq. (2.20)), and we set �N⌫  0.2. Note that CMB stage-4 experiments is expected to improve
the bound or discovery region to Ne↵ < 0.03 [47].

In Fig. 2.1, we show the �Ne↵ bound on a primordial SGWB – spanning only an order of
magnitude in log(f) and located at frequencies higher than BBN/CMB scales – such that the bound
reads ⌦GW  5.6 ⇥ 10

�6
�N⌫ . Nonetheless, there are two important points when applying this

bound to a more realistic SGWB. First, the GW spectral shape matters. Let us consider two of the
most generic shapes: a flat spectra ⌦GW = ⌦GW,⇤ for fmin < f < fmax, and a peak ⌦GW(f) =
⌦GW,⇤(f/fpeak)� assuming4 the spectrum cut-o� exponentially beyond fpeak. Eq. (2.22) reads
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where fref is the GW frequency corresponding to CMB/BBN scales, and the constraint for the
peaked spectrum is dominated by fpeak. Because of these multiplicative factors, the �Ne↵ bound
on the realistic SGWB can be slightly stronger or weaker than the naive bound shown in Fig. 2.1.

Second, the integral cut-o� matters. For example, the BBN frequency of inflationary SGWB is
sensitive to the horizon size of temperature TBBN ⇠ MeV, much larger than those of local cosmic
strings, which is boosted by a factor 106 for string tension Gµ = 10

�12, as we shall see later.
Precisely, the BBN-scale frequencies for SGWB from primordial inflation and local cosmic strings
of tension Gµ read
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We emphasize that the �Ne↵ bound applies to GW, already existing by the time of Ne↵ mea-
surements. For example, the astrophysical GW with a strong signal is not bounded because GW is
produced late. On the challenging ultra-high-frequency range [40], the current probes far weaker
than the BBN bound could potentially constrain the primordial black-hole binaries, cf. Ref. [41]
and references therein.

After charting the landscape of primordial SGWB, the following section reviews prime sources5

from SM (of particle physics and cosmology) and beyond SM physics, illustrated in Fig. 2.1. We
assume that the Universe is in the radiation-dominated era right after the primordial inflation, the
standard cosmological history. The presence of non-standard eras imprints interesting signatures
on SGWB, discussed in Chap. 4.

2.3 From Standard Models of Particle Physics and Cosmology

In the standard (⇤CDM) cosmological model, there is an early period of primordial inflation fol-
lowed by a radiation-dominated Universe due to the thermal plasma of SM particles (the matter

4One would expect also that �  3 due to causality. However, some sources of SGWB lead to a sharp peak, e.g., the
scalar-induced SGWB; see Ref. [48]

5See, for examples, Refs. [49, 50] for excellent derivations of SGWB from arbitrary sources.
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constraints on the primordial sources are discussed in Secs. 2.2.1 and 2.2.2, limiting the SGWB
landscape down to Fig. 2.1. The prime sources of primordial SGWB2 discussed in Secs. 2.3 and
2.4 populate the region widely, while the experimental prospects probe almost half of it.
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Figure 2.1: The landscape of primordial SGWBs and the sensitivities of the future-planned GW observato-
ries, cf. Sec. 2.5. Assuming the standard ⇤CDM cosmology, we show the SGWB spectra from the Standard
Models (primordial inflation and thermal plasma) in Sec. 2.3 and beyond SM (preheating, first-order phase
transition, cosmic strings) in Sec. 2.4. See footnote for the chosen parameters. The GW frequency today cor-
responds to its production time, shown in the above-colored lines for di�erent sizes �GW of sources (colors
match that of spectra). The maximum amplitude is bounded by the �Ne↵ constraints at BBN/CMB scales,
cf. Sec. 2.2.2.

From signals to their origins. — Due to the cosmic expansion, GW energy density today is
redshifted from the production time as radiation,

⌦GW,0 =

✓
⇢GW,prod

⇢tot,0

◆✓
aprod
a0

◆4

' ⌦r,0

✓
⇢GW

⇢tot

◆

prod

, (2.15)

where the last step assumes the standard ⇤CDM cosmology, and ⌦r,0 = 5.38 · 10�5 [39] is the
abundance of radiation today. The last bracket suggests that the observed signal depends on the
strength of the GW generation process. The strongest source ⇢GW ! ⇢tot leads to the extreme
bound ⌦GW,0 . 10

�5 on primordial SGWB assuming the standard cosmology. Nonetheless, the
CMB/BBN observations put a more stringent constraint ⌦GW,0 . 10

�7; see Sec. 2.2.2.
The GW frequency today relates to the source’s characteristic length scale �GW, through the

red-shift factor,

fGW = ��1
GW

✓
aprod
a0

◆
' 10

�6
Hz

 
H�1

prod

�GW

!✓
Tprod

100 GeV

◆
, (2.16)

2In Fig. 2.1: primordial inflation (Einf = 1016 GeV), thermal plasma (Treh = 1016 GeV), preheating (Treh =
1016 GeV, {gi} = {10�2

, 10�3
}), phase transition (T⇤ = 150 GeV, �/H⇤ = 100, ↵ = 2), and local cosmic strings

(Gµ = 10�12).
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constraints on the primordial sources are discussed in Secs. 2.2.1 and 2.2.2, limiting the SGWB
landscape down to Fig. 2.1. The prime sources of primordial SGWB2 discussed in Secs. 2.3 and
2.4 populate the region widely, while the experimental prospects probe almost half of it.

| | | | | | | | |

| | | | | | | | |

| | | | | | | |

10-9 10-6 10-3 1 103 106 109 1012 1015
Temperature of the Universe

GeV
λGW
inf =H-1

λGW=
H-1

102

λGW ≃ H-1/106

Figure 2.1: The landscape of primordial SGWBs and the sensitivities of the future-planned GW observato-
ries, cf. Sec. 2.5. Assuming the standard ⇤CDM cosmology, we show the SGWB spectra from the Standard
Models (primordial inflation and thermal plasma) in Sec. 2.3 and beyond SM (preheating, first-order phase
transition, cosmic strings) in Sec. 2.4. See footnote for the chosen parameters. The GW frequency today cor-
responds to its production time, shown in the above-colored lines for di�erent sizes �GW of sources (colors
match that of spectra). The maximum amplitude is bounded by the �Ne↵ constraints at BBN/CMB scales,
cf. Sec. 2.2.2.

From signals to their origins. — Due to the cosmic expansion, GW energy density today is
redshifted from the production time as radiation,
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where the last step assumes the standard ⇤CDM cosmology, and ⌦r,0 = 5.38 · 10�5 [39] is the
abundance of radiation today. The last bracket suggests that the observed signal depends on the
strength of the GW generation process. The strongest source ⇢GW ! ⇢tot leads to the extreme
bound ⌦GW,0 . 10

�5 on primordial SGWB assuming the standard cosmology. Nonetheless, the
CMB/BBN observations put a more stringent constraint ⌦GW,0 . 10

�7; see Sec. 2.2.2.
The GW frequency today relates to the source’s characteristic length scale �GW, through the
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2In Fig. 2.1: primordial inflation (Einf = 1016 GeV), thermal plasma (Treh = 1016 GeV), preheating (Treh =
1016 GeV, {gi} = {10�2

, 10�3
}), phase transition (T⇤ = 150 GeV, �/H⇤ = 100, ↵ = 2), and local cosmic strings

(Gµ = 10�12).
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constraints on the primordial sources are discussed in Secs. 2.2.1 and 2.2.2, limiting the SGWB
landscape down to Fig. 2.1. The prime sources of primordial SGWB2 discussed in Secs. 2.3 and
2.4 populate the region widely, while the experimental prospects probe almost half of it.
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Figure 2.1: The landscape of primordial SGWBs and the sensitivities of the future-planned GW observato-
ries, cf. Sec. 2.5. Assuming the standard ⇤CDM cosmology, we show the SGWB spectra from the Standard
Models (primordial inflation and thermal plasma) in Sec. 2.3 and beyond SM (preheating, first-order phase
transition, cosmic strings) in Sec. 2.4. See footnote for the chosen parameters. The GW frequency today cor-
responds to its production time, shown in the above-colored lines for di�erent sizes �GW of sources (colors
match that of spectra). The maximum amplitude is bounded by the �Ne↵ constraints at BBN/CMB scales,
cf. Sec. 2.2.2.
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where the last step assumes the standard ⇤CDM cosmology, and ⌦r,0 = 5.38 · 10�5 [39] is the
abundance of radiation today. The last bracket suggests that the observed signal depends on the
strength of the GW generation process. The strongest source ⇢GW ! ⇢tot leads to the extreme
bound ⌦GW,0 . 10

�5 on primordial SGWB assuming the standard cosmology. Nonetheless, the
CMB/BBN observations put a more stringent constraint ⌦GW,0 . 10

�7; see Sec. 2.2.2.
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2In Fig. 2.1: primordial inflation (Einf = 1016 GeV), thermal plasma (Treh = 1016 GeV), preheating (Treh =
1016 GeV, {gi} = {10�2
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}), phase transition (T⇤ = 150 GeV, �/H⇤ = 100, ↵ = 2), and local cosmic strings

(Gµ = 10�12).
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Primordial inflation & Standard Model thermal plasma



GWs from inflation.

domination and cosmological constant eras arise at very late times). These two necessary ingredi-
ents in the SM of particle physics and cosmology generate a SGWB, shown in Fig. 2.1. We shall
see that these two signals are probes of the Universe at the highest scales: the inflationary scale
and the reheating scale.

2.3.1 Primordial Inflation

The quantum fluctuations of some comoving scale k during inflation classicalize upon horizon
exit (k > aH) and stay frozen afterward. After the end of the inflation phase, the increasing
comoving horizon catches up with these modes; they re-enter (k < aH). Tensor perturbations
are particularly interesting as they correspond to SGWB [51–54], whose observation would be a
signature of inflationary models [20, 21, 55]. The irreducible SGWB today from inflationary tensor
perturbations6 of comoving wave number k = akHk, denoted by its fraction of the total energy
density, reads [31]

⌦
inf
GW(k) =

k2a2
k

24H2
0

⌦
inf
T , (2.25)

which re-entered the cosmic horizon when the scale factor of the universe was ak and the Hubble
rate was Hk. H0 is the Hubble rate today. The first factor reflects the evolution of the perturbation
after the horizon re-entry and is known as transfer function. It could be altered by further damping
e�ects, e.g., the change in the number of relativistic degrees-of-freedom [22] and the free-streaming
particles [64].

The metric tensor perturbation ⌦
inf
T

set during the inflationary stage are well-known to lead to
a nearly scale-invariant power spectrum at the horizon re-entry,

⌦
inf
T ' 2

⇡2

✓
Hinf

Mpl

◆2✓ k

kp

◆
nt

, (2.26)

where Hinf the Hubble rate during inflation, and kp is the pivot scale used for CMB observation
kp/a0 ' 0.002 Mpc

�1 [20] (equivalent to the GW frequency fp = 3.1⇥ 10
�18

Hz). In slow-roll
inflation, the spectral index nt is expected to be only slightly red-tilted nt ' �2✏ ' �r/8 &
�0.0045, since the non-observation of primordial B-modes by BICEP/Keck Collaboration con-
strains the tensor-to-scalar ratio to be r . 0.036 [21]. The presence of this red-tilt suppresses
the GW energy density by O(10%) correction in the ranges of Pulsar-Timing-Arrays (PTA) and
Earth-based interferometers. The rest of this thesis neglects this suppression and assumes nt = 0

for simplicity. Combining Eqs. (2.25) and (2.26), tensor modes entering during the radiation era
have the standard flat spectrum,

⌦
inf
GW ' 2.9 · 10�17G(Tk)

✓
Einf

1016 GeV

◆4

, (2.27)

where Einf is the inflationary energy scale, G(Tk) = (g⇤(Tk)/106.75)(g⇤,s(Tk)/106.75)�4/3 and
Tk is the temperature when a given mode enters the Hubble horizon. Fig. 2.1 shows the maximal
possible signature allowed by the largest inflationary scale constrained by CMB data [20, 21]. This
GW background is beyond the sensitivity of future GW observatories: LISA [65] and Einstein
Telescope [66, 67]; only Big Bang Observer [68] could be sensitive.

Frequency-temperature relation. — The inflationary GW of mode k = aH at re-entry has
the horizon-size wavelength H�1 corresponding to the frequency today,

f inf
GW = fH

GW =
H

2⇡

a

a0
' 2.7 · 10�6 Hz


g⇤(T )

106.75

�1/2 g⇤,s(T )
106.75

��1/3  T

102 GeV

�
. (2.28)

6The scalar (density) perturbation can also source SGWB at second-order of the perturbation theory; its SGWB is
subdominant to the leading scale-invariant tensor fluctuation, unless the density perturbation is enhanced [56–63]. See
Ref. [48] for a review.
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Quantum fluctuations of some comoving scale k during inflation classicalize upon 
horizon exit (k > aH) and stay frozen afterwards.
 After the end of the inflation phase, the increasing comoving horizon catches up 
with these modes and they re-enter (k < aH) the horizon. 
Tensor perturbations of comoving wave number k = akHk lead to the

the stochastic GW today

domination and cosmological constant eras arise at very late times). These two necessary ingredi-
ents in the SM of particle physics and cosmology generate a SGWB, shown in Fig. 2.1. We shall
see that these two signals are probes of the Universe at the highest scales: the inflationary scale
and the reheating scale.

2.3.1 Primordial Inflation

The quantum fluctuations of some comoving scale k during inflation classicalize upon horizon
exit (k > aH) and stay frozen afterward. After the end of the inflation phase, the increasing
comoving horizon catches up with these modes; they re-enter (k < aH). Tensor perturbations
are particularly interesting as they correspond to SGWB [51–54], whose observation would be a
signature of inflationary models [20, 21, 55]. The irreducible SGWB today from inflationary tensor
perturbations6 of comoving wave number k = akHk, denoted by its fraction of the total energy
density, reads [31]

⌦
inf
GW(k) =

k2a2
k

24H2
0

⌦
inf
T , (2.25)

which re-entered the cosmic horizon when the scale factor of the universe was ak and the Hubble
rate was Hk. H0 is the Hubble rate today. The first factor reflects the evolution of the perturbation
after the horizon re-entry and is known as transfer function. It could be altered by further damping
e�ects, e.g., the change in the number of relativistic degrees-of-freedom [22] and the free-streaming
particles [64].

The metric tensor perturbation ⌦
inf
T

set during the inflationary stage are well-known to lead to
a nearly scale-invariant power spectrum at the horizon re-entry,
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where Hinf the Hubble rate during inflation, and kp is the pivot scale used for CMB observation
kp/a0 ' 0.002 Mpc

�1 [20] (equivalent to the GW frequency fp = 3.1⇥ 10
�18

Hz). In slow-roll
inflation, the spectral index nt is expected to be only slightly red-tilted nt ' �2✏ ' �r/8 &
�0.0045, since the non-observation of primordial B-modes by BICEP/Keck Collaboration con-
strains the tensor-to-scalar ratio to be r . 0.036 [21]. The presence of this red-tilt suppresses
the GW energy density by O(10%) correction in the ranges of Pulsar-Timing-Arrays (PTA) and
Earth-based interferometers. The rest of this thesis neglects this suppression and assumes nt = 0

for simplicity. Combining Eqs. (2.25) and (2.26), tensor modes entering during the radiation era
have the standard flat spectrum,
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where Einf is the inflationary energy scale, G(Tk) = (g⇤(Tk)/106.75)(g⇤,s(Tk)/106.75)�4/3 and
Tk is the temperature when a given mode enters the Hubble horizon. Fig. 2.1 shows the maximal
possible signature allowed by the largest inflationary scale constrained by CMB data [20, 21]. This
GW background is beyond the sensitivity of future GW observatories: LISA [65] and Einstein
Telescope [66, 67]; only Big Bang Observer [68] could be sensitive.

Frequency-temperature relation. — The inflationary GW of mode k = aH at re-entry has
the horizon-size wavelength H�1 corresponding to the frequency today,
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6The scalar (density) perturbation can also source SGWB at second-order of the perturbation theory; its SGWB is
subdominant to the leading scale-invariant tensor fluctuation, unless the density perturbation is enhanced [56–63]. See
Ref. [48] for a review.
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domination and cosmological constant eras arise at very late times). These two necessary ingredi-
ents in the SM of particle physics and cosmology generate a SGWB, shown in Fig. 2.1. We shall
see that these two signals are probes of the Universe at the highest scales: the inflationary scale
and the reheating scale.

2.3.1 Primordial Inflation

The quantum fluctuations of some comoving scale k during inflation classicalize upon horizon
exit (k > aH) and stay frozen afterward. After the end of the inflation phase, the increasing
comoving horizon catches up with these modes; they re-enter (k < aH). Tensor perturbations
are particularly interesting as they correspond to SGWB [51–54], whose observation would be a
signature of inflationary models [20, 21, 55]. The irreducible SGWB today from inflationary tensor
perturbations6 of comoving wave number k = akHk, denoted by its fraction of the total energy
density, reads [31]

⌦
inf
GW(k) =

k2a2
k

24H2
0

⌦
inf
T , (2.25)

which re-entered the cosmic horizon when the scale factor of the universe was ak and the Hubble
rate was Hk. H0 is the Hubble rate today. The first factor reflects the evolution of the perturbation
after the horizon re-entry and is known as transfer function. It could be altered by further damping
e�ects, e.g., the change in the number of relativistic degrees-of-freedom [22] and the free-streaming
particles [64].

The metric tensor perturbation ⌦
inf
T

set during the inflationary stage are well-known to lead to
a nearly scale-invariant power spectrum at the horizon re-entry,
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where Hinf the Hubble rate during inflation, and kp is the pivot scale used for CMB observation
kp/a0 ' 0.002 Mpc

�1 [20] (equivalent to the GW frequency fp = 3.1⇥ 10
�18

Hz). In slow-roll
inflation, the spectral index nt is expected to be only slightly red-tilted nt ' �2✏ ' �r/8 &
�0.0045, since the non-observation of primordial B-modes by BICEP/Keck Collaboration con-
strains the tensor-to-scalar ratio to be r . 0.036 [21]. The presence of this red-tilt suppresses
the GW energy density by O(10%) correction in the ranges of Pulsar-Timing-Arrays (PTA) and
Earth-based interferometers. The rest of this thesis neglects this suppression and assumes nt = 0

for simplicity. Combining Eqs. (2.25) and (2.26), tensor modes entering during the radiation era
have the standard flat spectrum,
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where Einf is the inflationary energy scale, G(Tk) = (g⇤(Tk)/106.75)(g⇤,s(Tk)/106.75)�4/3 and
Tk is the temperature when a given mode enters the Hubble horizon. Fig. 2.1 shows the maximal
possible signature allowed by the largest inflationary scale constrained by CMB data [20, 21]. This
GW background is beyond the sensitivity of future GW observatories: LISA [65] and Einstein
Telescope [66, 67]; only Big Bang Observer [68] could be sensitive.

Frequency-temperature relation. — The inflationary GW of mode k = aH at re-entry has
the horizon-size wavelength H�1 corresponding to the frequency today,
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6The scalar (density) perturbation can also source SGWB at second-order of the perturbation theory; its SGWB is
subdominant to the leading scale-invariant tensor fluctuation, unless the density perturbation is enhanced [56–63]. See
Ref. [48] for a review.
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domination and cosmological constant eras arise at very late times). These two necessary ingredi-
ents in the SM of particle physics and cosmology generate a SGWB, shown in Fig. 2.1. We shall
see that these two signals are probes of the Universe at the highest scales: the inflationary scale
and the reheating scale.

2.3.1 Primordial Inflation

The quantum fluctuations of some comoving scale k during inflation classicalize upon horizon
exit (k > aH) and stay frozen afterward. After the end of the inflation phase, the increasing
comoving horizon catches up with these modes; they re-enter (k < aH). Tensor perturbations
are particularly interesting as they correspond to SGWB [51–54], whose observation would be a
signature of inflationary models [20, 21, 55]. The irreducible SGWB today from inflationary tensor
perturbations6 of comoving wave number k = akHk, denoted by its fraction of the total energy
density, reads [31]

⌦
inf
GW(k) =

k2a2
k

24H2
0

⌦
inf
T , (2.25)

which re-entered the cosmic horizon when the scale factor of the universe was ak and the Hubble
rate was Hk. H0 is the Hubble rate today. The first factor reflects the evolution of the perturbation
after the horizon re-entry and is known as transfer function. It could be altered by further damping
e�ects, e.g., the change in the number of relativistic degrees-of-freedom [22] and the free-streaming
particles [64].

The metric tensor perturbation ⌦
inf
T

set during the inflationary stage are well-known to lead to
a nearly scale-invariant power spectrum at the horizon re-entry,
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where Hinf the Hubble rate during inflation, and kp is the pivot scale used for CMB observation
kp/a0 ' 0.002 Mpc

�1 [20] (equivalent to the GW frequency fp = 3.1⇥ 10
�18

Hz). In slow-roll
inflation, the spectral index nt is expected to be only slightly red-tilted nt ' �2✏ ' �r/8 &
�0.0045, since the non-observation of primordial B-modes by BICEP/Keck Collaboration con-
strains the tensor-to-scalar ratio to be r . 0.036 [21]. The presence of this red-tilt suppresses
the GW energy density by O(10%) correction in the ranges of Pulsar-Timing-Arrays (PTA) and
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GWs from the SM plasma.
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Figure 2.2: SGWB from the SM thermal
plasma assuming the reheating at Treh. It does
not follow the usual temperature-frequency rela-
tion since GW is produced with a wavelength of
order T�1 rather than H�1. The hydrodynami-
cal fluctuations contribute to the low-frequency
GW, while the high-frequency regime is dom-
inated by microscopic particle scatterings. At
very large frequencies, the spectrum is exponen-
tially cut o� as the distribution of thermalized
particles is suppressed by e�p/T .

where p(f) is the momentum associated to frequency f today. The GW spectrum indeed cut-o�s
exponentially for p � T , as shown in Fig. 2.2. However, it becomes significant when p ! T . Our
simple estimation matches the result from the more precise method, i.e., from hard thermal loops
calculations [73, 74]. We also see that the maximum contribution comes from the hottest plasma;
the maximum is at the reheating Treh.

At first sight, it seems complicated to determine the frequency range of the GW spectrum
observed today; the result is a sum of GW produced at di�erent temperatures, which peak around
the frequency f⇤ ' ��1

GW ' p/2⇡ ⇠ T/2⇡ at production. By red-shifting it until today, Eq. (2.16),
all contributions point to the peak frequency

f th
GW(T ) ' f⇤

a⇤
a0

' T0/2⇡ ' 5 · 1010 Hz. (2.33)

Although the thermal plasma is a long-lasting source, its SGWB is localized at a particular fre-
quency, which is beyond the reach of planned interferometers as it resides in the region of ultra-high
frequencies targeted by other types of experiments [40].

Large-wavelength regime. — The plasma of particles also fluctuates collectively on a large
wavelength p ⌧ T – so-called hydrodynamics fluctuation [77] – and sources GW production via
the transverse-traceless part of the stress tensor of the plasma, hTT iTT ' ⌘T , which is proportional
to the shear viscosity ⌘ ⇠ T 3/g4 [78, 79], growing as the coupling constant g gets weaker. This
can be understood as the energies of particles after scatterings fluctuate slightly from the averaged
value of the plasma and settle to thermal equilibrium within the time scale determined by the size
of their couplings. The weaker the coupling, the longer the lifetime of the fluctuation. In the
weak-coupling limit, it is found that the energy density spectrum of GW per unit time is [73]

d⇢GW

dtd ln p
(p ⌧ ↵2T ) ⇠ p3⌘T

M2
Pl

, (2.34)

such that the slope of the GW spectrum is ⌦GW / f3, as shown in Fig. 2.2. Ref. [73] also shows
that this behavior continues up to some corrections being cut o� at p ⇠ T as the thermal plasma is
better described by particle scattering for ↵2T < p < T .

2.4 Beyond the Standard Models

The SM of particle physics and cosmology predicts SGWBs – either too small or too high in fre-
quency – which are di�cult be observe. On the other hand, physics beyond the Standard Models
can lead to various sources with huge GW signals, allowing future-planned GW observatories to
probe the underlying BSM parameters. This section discusses three prime BSM sources: the pre-
heating, the first-order phase transitions, and cosmic strings.
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key quantities controlling the GW spectrum

 β : (duration of the phase transition)-1

α : vacuum energy density/radiation energy density

 α and β : entirely determined by the effective 
 scalar potential at high temperature

50 100 150 200 250 300
Φ

"5#106
"2.5#106

2.5#106
5#106

7.5#106
1#107
V!Φ,T$T_n"

anisotropic stress
Source of GW:

To evaluate the GWs emitted by turbulent motion in the primordial fluid and by a
magnetic field we need to determine the tensor-type anisotropic stresses of these sources.
They source the evolution equation for the GW perturbations,

ḧij + 2Hḣij + k2hij = 8⇥Ga2T (TT )
ij (k, t) . (5)

In this section we consider in all generality a relativistic source, and we solve the wave
equation in two cases: a long lasting source (i.e. many Hubble times), and a short lasting
one (i.e. significantly less than one Hubble time). We introduce the transverse traceless
tensor part of the energy momentum tensor of the source as

T (TT )
ij (k, t) = (⇤ + p)�̃ij(k, t) so that 8⇥Ga2T (TT )

ij (k, t) = 4H2�̃ij(k, t) , (6)

where we denote the dimensionless energy momentum tensor with a tilde: �̃ij(k, t) =
(PilPjm�1/2PijPlm)T̃lm(k, t). The projection tensor PilPjm�1/2PijPlm, with Pij = �ij�k̂ik̂j,
projects onto the transverse traceless part of the stress tensor. �̃ includes any time depen-
dence other than the basic radiation-like evolution. We assume that the source is active only
during the radiation-dominated era, where p = ⇤/3. During adiabatic expansion g(Ta)3 =
constant so that

⇤(t) =
⇤rad,0

a4(t)

⇤
g0

g(t)

⌅1/3

and a(t) ⇥ H0 ⇥1/2
rad,0

�
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g(t)
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t (7)

where g(t) is the number of relativistic degrees of freedom at time t.

2.1 Long-lasting source

Let us first concentrate on the more general case of a long lasting source. To solve Eq. (5)
we set H = 1/t, neglecting changes in the number of e⇤ective relativistic degrees of freedom.
In terms of the dimensionless variable x = kt Eq. (5) then becomes

h⇥⇥
ij + 2

h⇥
ij

x
+ hij =

4

x2
�̃ij . (8)

We consider a source that is active from time tin to time tfin, which in the long lasting case
can span a period of many Hubble times. For t > tfin, we match the solution of the above
equation to the homogeneous solution, �̃ij = 0. Assuming further that we are only interested
in modes well inside the horizon today, x ⇤ 1, the resulting GW energy power spectrum
becomes

|h⇥(k, x > xfin)|2 =
8
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dx1
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dx2

x2
cos(x2 � x1)�̃(k, x1, x2) x ⇤ 1 , (9)

x1 = kt1, x2 = kt2, and �̃(k, x1, x2) denotes the unequal time correlator of the source,

⇧�̃ij(k, t1)�̃
�
ij(q, t2)⌃ = (2⇥)3�(k� q)�̃(k, kt1, kt2) . (10)
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2
hij = 16⇡G⇧TT

ij

⇧TT
ij

⇧ij ⇠ (E2 +B2)
�ij
3

� EiEj �BiBj

GW from early universe sources

16

source: tensor anisotropic stress

tensor 
perturbations of 

FRW metric:
ds2 = �dt2 + a2(t)[(�ij + hij)dxidxj ]

• fluid

• electromagnetic field

• scalar field 

⇧ij ⇠ �2(⇢+ p) vivj

⇧ij ⇠ @i�@j�

WAVE 
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Figure 4: The plot shows the energy density on the surface of the biggest bubble in a simulation for

three di↵erent times (5/�, 6.4/�, 8.2/�). The energy density increases from dark to light regions. The

energy density is normalized to the maximal energy density possible at the specific time, i.e. black

regions denote no energy density and white regions denote uncollided regions. The plots show the

envelope (left) and bulk flow (right) approximations.

For |↵| � 1 the integrands have singularities and the expressions are only valid up to the

singularities in the integrand, cos(�0) = �1/↵. Using the relation

Ic(↵,�1)� Ic(↵,�0) = Ic(�↵,�1 + ⇡)� Ic(�↵,�0 + ⇡) , (27)

Is(↵,�1)� Is(↵,�0) = Is(�↵,�1 + ⇡)� Is(�↵,�0 + ⇡) , (28)

one can map the desired integrals to the regions that are well behaved. Furthermore, there is

an numerical instability in Ic near ↵ ' 1 due to cancellation between the two terms in (26).

As long as the argument of arctan is relatively small, one can expand the expression around

↵ = 1 to obtain an approximation that is more stable when evaluated numerically.

10

LISA: a new window  
on the Weak Scale

complementary to collider informations

K
on

st
an

di
n

’1
8

hep-ph/0607107

GWs from a 1st-order phase transition .
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Figure 5: The spectra of gravitational waves produced from sound waves for the benchmark points
highlighted by dots in Figs. 3, 4 and 6, corresponding to m� = 480GeV, N = 5.3, ↵ ' 31.3, �/H[TR] '
139 for the glueball-like dilaton (orange lines) and m� = 320GeV, N = 5, ↵ ' 116.9, �/H[TR] ' 94.5
for the meson-like dilaton (purple lines). The wall velocity is set to vw = 0.9 (continous lines) and
vw = 0.3 (dotted lines). We also show the sensitivity curve of LISA as expected for a 3-year mission
(blue line).

The spectrum of these gravitational waves is mainly controlled by four parameters. The

first parameter is the reheat temperature TR after the phase transition has completed, given

in Eq. (4.2). Another important quantity measures the strength of the phase transition and

reads

↵ ⌘

✓
�V

⇢rad

◆

Tn

'
(V [0, 0]� V [�0, vCH])Tn

3⇡2N2T 4
n/8

, (5.1)

where �V is the latent heat released during the phase transition and ⇢rad is the energy density

of the surrounding plasma at the nucleation temperature. We have plotted contour lines of

↵ in the upper (lower) left panel of Fig. 6 for a glueball-like (meson-like) dilaton.

The spectrum also depends on � ⌘ [(d�/dt)/�]Tn , where � is the bubble nucleation rate,

which measures the inverse duration of the phase transition. Assuming fast reheating so that

H[Tn] = H[TR] with H being the Hubble rate, one finds

�

H[TR]
'

✓
T
dSbub

dT

◆

Tn

, (5.2)

where Sbub is the bubble action. Contour lines of �/H[TR] are shown in the upper (lower)

right panel of Fig. 6 for a glueball-like (meson-like) dilaton. Finally, the fourth parameter

is the bubble wall velocity vw which is the only one that we do not calculate and have to

estimate.

We have determined the gravitational wave spectra for the benchmark points for the

glueball and meson case which are marked by dots in Figs. 3, 4 and 6 (and which we estimate

to have an optimal yield for the baryon asymmetry remaining at late times as discussed above).

To this end, we have used the web-based tool PTPlot [66] which generates gravitational wave

– 19 –



Two Characteristic quantities .
  ● β : inverse duration of the phase transition

set by the tunneling probability
6.3 GW generation 171

where b is the time variation of the nucleation rate

b ⌘ dS
dt

���
⇤
=�H⇤T⇤

dS
dT

���
⇤
, (6.189)

such that the SGWB abundance today becomes

WGW(k)h2 = h2 r⇤
tot

rc

✓
a⇤
a0

◆4 ✓H⇤
b

◆2
K2 D(k). (6.190)

with H2
⇤ = 8pGr⇤

tot/3. The GW emission time denoted by ⇤, coincides with the bubble
percolation time

a⇤ = aperc, (6.191)

which can be distinct from the nucleation temperature, see discussion Sec. 6.1.4, and the
end of reheating areh.

The GW propagation from the percolation epoch to today:
Upon assuming an adiabatic evolution from today a0 up to reheating areh, i.e. heff T 3 a3 =
cst, and possibly assuming the domination of the universe by a scalar field redshifting as
r µ a�n between the end of reheating areh and the time of bubble nucleation a⇤, we obtain

WGW(k)h2 = Fgw,0 h2
✓

H⇤
b

◆2
K2 D(k), (6.192)

with

Fgw,0 h2 ⌘ Wg h2
✓

heff,0

heff, reh

◆4/3 geff, reh

gg,0


rreh

r⇤ (1+a)

� 4�n
n
,

' 1.657⇥10�5
✓

100
geff, reh

◆1/3 rreh

r⇤ (1+a)

� 4�n
n
, (6.193)

where rreh/r⇤ = geff, reh/geff,⇤ T 4
reh/T 4

⇤ . The last factor [· · · ]
4�n

n accounts for the extra-
redshift15 of the universe as r µ a�n between bubble nucleation and reheating, and
only differs from unity if the lifetime of the scalar field driving the PT is longer than
a Hubble time. For a scalar field oscillating in a potential V µ f 2p, the equation of state
averaged over the oscillations is w̄ = (p�1)/(p+1) [874], so the resdhift parameter is
n = 3(1+ w̄) = 6p/(1+ p). Note that for instantaneous reheating, areh = a⇤, the reheating
temperature reads

Treh =

✓
geff⇤
greh

◆1/4
(1+a)1/4 T⇤. (6.194)

We made used of geff,p = heff,p, gg,0 = 2, heff,0 = 3.94 (which assumes Neff ' 3.045
[631–633]) and Wg h2 ' 2.473⇥10�5 [61].

From doing similar maths, the GW frequency today reads

f0 =
a⇤
a0

f⇤ = 1.65⇥10�5 Hz
✓

Treh

100 GeV

◆⇣geff, reh

100

⌘1/6 f⇤
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, (6.195)

15Eq. (6.193) follows from Fgw,0 = (areh/a0)4(a⇤/areh)4(rreh/rc)(r⇤
tot/rreh) with r⇤

tot/rreh = (areh/a⇤)n.

sets the characteristic frequency

corresponds to the characteristic inverse size of bubbles at time of 
collisions
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key quantities controlling the GW spectrum

 β : (duration of the phase transition)-1

α : vacuum energy density/radiation energy density

 α and β : entirely determined by the effective 
 scalar potential at high temperature
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anisotropic stress
Source of GW:

To evaluate the GWs emitted by turbulent motion in the primordial fluid and by a
magnetic field we need to determine the tensor-type anisotropic stresses of these sources.
They source the evolution equation for the GW perturbations,

ḧij + 2Hḣij + k2hij = 8⇥Ga2T (TT )
ij (k, t) . (5)

In this section we consider in all generality a relativistic source, and we solve the wave
equation in two cases: a long lasting source (i.e. many Hubble times), and a short lasting
one (i.e. significantly less than one Hubble time). We introduce the transverse traceless
tensor part of the energy momentum tensor of the source as

T (TT )
ij (k, t) = (⇤ + p)�̃ij(k, t) so that 8⇥Ga2T (TT )

ij (k, t) = 4H2�̃ij(k, t) , (6)

where we denote the dimensionless energy momentum tensor with a tilde: �̃ij(k, t) =
(PilPjm�1/2PijPlm)T̃lm(k, t). The projection tensor PilPjm�1/2PijPlm, with Pij = �ij�k̂ik̂j,
projects onto the transverse traceless part of the stress tensor. �̃ includes any time depen-
dence other than the basic radiation-like evolution. We assume that the source is active only
during the radiation-dominated era, where p = ⇤/3. During adiabatic expansion g(Ta)3 =
constant so that

⇤(t) =
⇤rad,0

a4(t)

⇤
g0

g(t)

⌅1/3

and a(t) ⇥ H0 ⇥1/2
rad,0

�
g0

g(t)

⇥1/6

t (7)

where g(t) is the number of relativistic degrees of freedom at time t.

2.1 Long-lasting source

Let us first concentrate on the more general case of a long lasting source. To solve Eq. (5)
we set H = 1/t, neglecting changes in the number of e⇤ective relativistic degrees of freedom.
In terms of the dimensionless variable x = kt Eq. (5) then becomes

h⇥⇥
ij + 2

h⇥
ij

x
+ hij =

4

x2
�̃ij . (8)

We consider a source that is active from time tin to time tfin, which in the long lasting case
can span a period of many Hubble times. For t > tfin, we match the solution of the above
equation to the homogeneous solution, �̃ij = 0. Assuming further that we are only interested
in modes well inside the horizon today, x ⇤ 1, the resulting GW energy power spectrum
becomes

|h⇥(k, x > xfin)|2 =
8

x2

⇧ xfin

xin

dx1

x1

⇧ xfin

xin

dx2

x2
cos(x2 � x1)�̃(k, x1, x2) x ⇤ 1 , (9)

x1 = kt1, x2 = kt2, and �̃(k, x1, x2) denotes the unequal time correlator of the source,

⇧�̃ij(k, t1)�̃
�
ij(q, t2)⌃ = (2⇥)3�(k� q)�̃(k, kt1, kt2) . (10)
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key quantities controlling the GW spectrum

 β : (duration of the phase transition)-1

α : vacuum energy density/radiation energy density

 α and β : entirely determined by the effective 
 scalar potential at high temperature
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anisotropic stress
Source of GW:

To evaluate the GWs emitted by turbulent motion in the primordial fluid and by a
magnetic field we need to determine the tensor-type anisotropic stresses of these sources.
They source the evolution equation for the GW perturbations,

ḧij + 2Hḣij + k2hij = 8⇥Ga2T (TT )
ij (k, t) . (5)

In this section we consider in all generality a relativistic source, and we solve the wave
equation in two cases: a long lasting source (i.e. many Hubble times), and a short lasting
one (i.e. significantly less than one Hubble time). We introduce the transverse traceless
tensor part of the energy momentum tensor of the source as

T (TT )
ij (k, t) = (⇤ + p)�̃ij(k, t) so that 8⇥Ga2T (TT )

ij (k, t) = 4H2�̃ij(k, t) , (6)

where we denote the dimensionless energy momentum tensor with a tilde: �̃ij(k, t) =
(PilPjm�1/2PijPlm)T̃lm(k, t). The projection tensor PilPjm�1/2PijPlm, with Pij = �ij�k̂ik̂j,
projects onto the transverse traceless part of the stress tensor. �̃ includes any time depen-
dence other than the basic radiation-like evolution. We assume that the source is active only
during the radiation-dominated era, where p = ⇤/3. During adiabatic expansion g(Ta)3 =
constant so that

⇤(t) =
⇤rad,0

a4(t)

⇤
g0

g(t)

⌅1/3

and a(t) ⇥ H0 ⇥1/2
rad,0

�
g0

g(t)

⇥1/6

t (7)

where g(t) is the number of relativistic degrees of freedom at time t.
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GUT scale inflation with dilaton-like potential

main point: start rolling down potential after tunneling to very small value of the field µr.
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So µ�/µ+ ⇠ 106 is enough and this does not require a very small |✏|, so we could be fine
with the spectral index, and for GUT scale inflation, we are fine with amplitude of scalar
fluctuations. So much better than the TeV case.
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fractions of vacuum energy that goes into either gradient energy in bubble , 
kinetic energy in the fluid o into turbulent motion.
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where µr is tunneling point ⌧ value of field at minimum, ⇠ MGUT .
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So µ�/µ+ ⇠ 106 is enough and this does not require a very small |✏|, so we could be fine
with the spectral index, and for GUT scale inflation, we are fine with amplitude of scalar
fluctuations. So much better than the TeV case.
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The overall amplitude is suppressed for stronger coupling because a larger g means a broader reso-
nance band, and the available energy is distributed over a wider range of modes. The range of GW
frequency today – corresponding modes within !⇤ . k . kp – to be,

8 · 107 Hz
✓

Treh

1016 GeV

◆
. fpreh

GW . 10
10

Hz

⇣ g

10�2

⌘✓
10

16
GeV

Treh

◆
. (2.37)

The high-frequency cut-o� fpreh
GW (kp) depends on the coupling g which would be observed di-

rectly at future GW observatories; nonetheless, the future-planed experiments would be sensitive
to Treh . 10

9
GeV and require a miniscule g . 10

�14 for a detectable amplitude. In the presence
of many daughter fields, the SGWB of each species adds up and contributes to the stairway sig-
nature [119], as shown in Fig. 2.3 neglecting the interactions among daughters. The IR tail below
fpreh
GW (!⇤) falls o� with f3 as expected from causality.

Finally, many other early-Universe systems abruptly produce particles, leading to a strong
SGWB. For example, gauge-field production [36, 124–128], and scalar-field fragmentation [129–
132].

2.4.2 First-Order Phase Transition

The (p)reheating stage produces the radiation bath of particles, later cooled down by the cosmic
expansion. Several phase transitions can take place; for example, the electroweak (EW) and QCD
phase transitions in the SM occur relatively smoothly [133–135], so-called crossover or the second-
order transition. Conversely, the system could be trapped in the metastable vacuum due to the
barrier separating it from the true vacuum state; this is the first-order phase transition (FOPT),
which is generic in many extensions of SM addressing many open problems, e.g., [19, 136–147].
For example, the vacuum structure could depend on the potential of some extra scalar field.

In some regions of space, the quantum transition or thermal fluctuation causes the system to
transit; bubbles of the true vacuum nucleate and expand out in the surrounding of the false vacuum
state [148, 149]. Bubble walls also drag the thermal plasma along their motions [150, 151]. Their
collisions eventually complete the phase transition. Together with fluid motions, they source GW
that would be observed in the future-planned observatories [152–154], as shown in Fig. 2.4. The
detectability of SGWB – calculating from PLS curves of SNR = 10 – is also shown on the right
panel8.
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Figure 2.4: SGWB from first-order phase transition (FOPT) assuming the GW contribution from fluid
motions and varying the transition strength ↵. The benchmark points correspond to �/H and temperature
T⇤ at GW production shown on the right panel. The right plot shows the detectability of SGWB in several
future-planned experiments. LISA probes TeV-scale physics, while ET explores PeV-EeV scales.

8A convenient way to obtain detectability is using PTPlot tools [153].
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Cosmic string ≡ topological defects from 
spontaneous-symmetry-breaking [Kibble, 1976] 

Network of cosmic strings
[Allen & Shellard, 1990]

String’s core ≪ horizon size ꔄ 1D classical object with tension 
(Nambu-Goto string)
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Cosmic string ≡ topological defects from 
spontaneous-symmetry-breaking [Kibble, 1976] 

Network of cosmic strings
[Allen & Shellard, 1990]

String’s core ≪ horizon size ꔄ 1D classical object with tension 
(Nambu-Goto string)
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Cosmic string: Line-like topological defect arising 
after spontaneous U(1) symmetry breaking at some 
energy scale η.
The broken symmetry can be either local or global; 
—> local or global (axionic) cosmic strings. 
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Loop formation & Scaling regime

I. Cosmic expansion:

GW emission 
(particle production 
for global strings)

II. String intercommutation: loop formation depletes energy from the network.

String network with loop formation in NG limits 
are described by Velocity-dep. One-Scale (VOS) model.
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Scaling regime:

String intercommutation: loop formation depletes energy from the network. 

Cosmic strings do not overclose the universe.

46

The energy density of the network tracks the total energy density of the Universe 
4

periments. Section 6 discusses the case of global-string
GWB from heavy axions. Considering the early tempo-
rary matter-domination (MD) era induced by decaying
axions, we explain why detecting GWB from heavy-axion
strings would be extremely challenging. We conclude in
section 7. Appendices contain further details on (i) the
e↵ect from the maximal mode of loop oscillation in ap-
pendix A, (ii) the peaked GWB spectrum in appendix B,
(iii) GWB contributions from local-string segments with
monopoles on their ends in appendix C, and (iv) the
modified causality tail of axion-string GWB by the axion
matter domination era in appendix D.

2. GENERAL PROPERTIES OF GWB FROM
COSMIC STRINGS

We assume the existence of a complex scalar field �,
charged under a local or global U(1)-symmetry, with the
potential

V (�) = �(|�|2 � ⌘
2)2/2. (4)

The scalar self-coupling � which determines the mass of
� can be small in some models where the scalar field is as-
sociated with a flat direction in supersymmetric theories
[140–143]. As we shall see below, the scalar self-coupling
plays an important role as it determines the temperature
when the string network formed and the width of cosmic
strings.

Note that this potential represents only one class of the
field theories that produce cosmic strings. The potential
beyond the quartic type can also lead to cosmic strings as
long as the symmetry-breaking pattern allows them (i.e.,
the first homotopy group of the vacuum manifold is non-
trivial). As an example, the nearly-quadratic potential
m

2
|�|2 [2 log (|�|/⌘)� 1] + m

2
⌘
2 which is motivated by

theories with gravity-mediated supersymmetry-breaking
[144] (see a review in appendix D.4 of [55]) can support
the cosmic-string formation. With this potential, the for-
mation scale and string’s width are controlled directly to
the scalar’s mass m, which can be much smaller than ⌘.

The U(1)-symmetry is preserved at early times and
gets spontaneously broken once the temperature drops
below Tform ' �

1/2
⌘ where ⌘ is the vacuum expectation

value of the field. This leads to the formation of the
cosmic-string network with the string tension (i.e., energy
per unit length) [27]

µ ' ⌘
2
⇥

(
1 (local),

log
�
�
1/2

⌘/H
�

(global),
(5)

where H is the Universe’s expansion rate. In this
work, we remain agnostic on the string formation mech-
anism (either from thermal e↵ects [27, 92–94] or non-
perturbative dynamics [145–149]) and scan over the ex-
tensive range of string tension µ. After the network for-
mation, the string network keeps producing loops. It
reaches the scaling regime where its energy density tracks

the total energy density of the Universe, ⇢net(t) ' µ/t
2
'

Gµ⇢tot(t).
The produced loops decay into particles and GW.

Local-string loops decay dominantly into GW while
global-string loops decay dominantly into Goldstone ra-
diation. The energy-density spectrum of GWB can be
written as a superposition of many loop populations pro-
ducing GW at time t̃ and of many oscillation k

th-modes,

⌦GW(fGW) =
1

⇢c,0

kmaxX

k=1

2k

fGW
· �(k)

Gµ
2

⇥

Z
t0

tform

nloop(t̃)


a(t̃)

a(t0)

�5
dt̃, (6)

where ⇢c,0 is the Universe’s energy density today, the GW
emission e�ciency per mode is �(k)

' �k�4/3
/⇣(4/3)

with ⇣ being the Riemann zeta function and � ' 50 [28]
being the total e�ciency (the number 4/3 is used for
loops with cusps), nloop is the number density of loops,
t̃ is the GW emission time, and t0 is the time today.
Eq. (6) sums the number of modes up to kmax, which can
be treated as infinity; the e↵ect of finite kmax is present
at the high-frequency end of the spectrum, as discussed
in appendix A.
All GWB spectra in this work are calculated numer-

ically by following [30] (see also [150–153]) where nloop

relies on the velocity-dependent one-scale (VOS) model
[101, 154–158]. That is,

nloop(t) = (0.1)
Ce↵(ti)

↵(↵+ �Gµ+ �gold)t4i


a(ti)

a(t̃)

�3
, (7)

where ↵ ⇠ O(0.1) [159] is the initial loop size as a frac-
tion of Hubble horizon H

�1, the prefactor (0.1) means
only 10% of loops contributed to GWB [159], �gold ' 0
for local strings and ' 65/[2⇡ log(⌘t)] for global strings
[110] is the loop-length shrinking rate by emitting Gold-
stone bosons, ti is the loop formation time [which can be
written in terms of t̃ and fGW using Eq. (10)], and Ce↵ is
the loop production coe�cient which is solved from the
VOS equations; see e.g., in [30], section 4 for local strings
and appendix F for global strings. This work uses the in-
put for the VOS equations from Nambu-Goto simulation
[101], although the small � might change the evolution
of the string network (e.g., loop formation and particle
production).
In the high-frequency regime—corresponding to loop

produced and emitting GW deep inside the radiation-
dominated Universe, the amplitude (6) reads (see deriva-
tion in [30, 55])

h
2⌦GW '

8
>>>>>><

>>>>>>:

(local) 1.5 · 10�10
G[T (fGW)]

⇥

h
Gµ

10�11

i 1
2 ⇥

↵

0.1

⇤ 1
2
⇥
50
�

⇤ 1
2
,

(global) 1.6 · 10�11
�

⌘

1015 GeV

�4

⇥ G[T (fGW)]
h
D(⌘,fGW)

94.9

i3 h
Ceff (fGW)

2.24

i
,
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long as the symmetry-breaking pattern allows them (i.e.,
the first homotopy group of the vacuum manifold is non-
trivial). As an example, the nearly-quadratic potential
m

2
|�|2 [2 log (|�|/⌘)� 1] + m

2
⌘
2 which is motivated by

theories with gravity-mediated supersymmetry-breaking
[144] (see a review in appendix D.4 of [55]) can support
the cosmic-string formation. With this potential, the for-
mation scale and string’s width are controlled directly to
the scalar’s mass m, which can be much smaller than ⌘.

The U(1)-symmetry is preserved at early times and
gets spontaneously broken once the temperature drops
below Tform ' �

1/2
⌘ where ⌘ is the vacuum expectation

value of the field. This leads to the formation of the
cosmic-string network with the string tension (i.e., energy
per unit length) [27]

µ ' ⌘
2
⇥

(
1 (local),

log
�
�
1/2

⌘/H
�

(global),
(5)

where H is the Universe’s expansion rate. In this
work, we remain agnostic on the string formation mech-
anism (either from thermal e↵ects [27, 92–94] or non-
perturbative dynamics [145–149]) and scan over the ex-
tensive range of string tension µ. After the network for-
mation, the string network keeps producing loops. It
reaches the scaling regime where its energy density tracks

the total energy density of the Universe, ⇢net(t) ' µ/t
2
'

Gµ⇢tot(t).
The produced loops decay into particles and GW.

Local-string loops decay dominantly into GW while
global-string loops decay dominantly into Goldstone ra-
diation. The energy-density spectrum of GWB can be
written as a superposition of many loop populations pro-
ducing GW at time t̃ and of many oscillation k

th-modes,

⌦GW(fGW) =
1

⇢c,0

kmaxX

k=1

2k

fGW
· �(k)

Gµ
2

⇥

Z
t0

tform

nloop(t̃)


a(t̃)

a(t0)

�5
dt̃, (6)

where ⇢c,0 is the Universe’s energy density today, the GW
emission e�ciency per mode is �(k)

' �k�4/3
/⇣(4/3)

with ⇣ being the Riemann zeta function and � ' 50 [28]
being the total e�ciency (the number 4/3 is used for
loops with cusps), nloop is the number density of loops,
t̃ is the GW emission time, and t0 is the time today.
Eq. (6) sums the number of modes up to kmax, which can
be treated as infinity; the e↵ect of finite kmax is present
at the high-frequency end of the spectrum, as discussed
in appendix A.
All GWB spectra in this work are calculated numer-

ically by following [30] (see also [150–153]) where nloop

relies on the velocity-dependent one-scale (VOS) model
[101, 154–158]. That is,

nloop(t) = (0.1)
Ce↵(ti)

↵(↵+ �Gµ+ �gold)t4i


a(ti)

a(t̃)

�3
, (7)

where ↵ ⇠ O(0.1) [159] is the initial loop size as a frac-
tion of Hubble horizon H

�1, the prefactor (0.1) means
only 10% of loops contributed to GWB [159], �gold ' 0
for local strings and ' 65/[2⇡ log(⌘t)] for global strings
[110] is the loop-length shrinking rate by emitting Gold-
stone bosons, ti is the loop formation time [which can be
written in terms of t̃ and fGW using Eq. (10)], and Ce↵ is
the loop production coe�cient which is solved from the
VOS equations; see e.g., in [30], section 4 for local strings
and appendix F for global strings. This work uses the in-
put for the VOS equations from Nambu-Goto simulation
[101], although the small � might change the evolution
of the string network (e.g., loop formation and particle
production).
In the high-frequency regime—corresponding to loop

produced and emitting GW deep inside the radiation-
dominated Universe, the amplitude (6) reads (see deriva-
tion in [30, 55])
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After the network formation, the string network keeps producing loops.



The produced loops decay into particles and GW.

Local-string loops decay dominantly into GW while global-string loops decay 
dominantly into Goldstone radiation. 
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periments. Section 6 discusses the case of global-string
GWB from heavy axions. Considering the early tempo-
rary matter-domination (MD) era induced by decaying
axions, we explain why detecting GWB from heavy-axion
strings would be extremely challenging. We conclude in
section 7. Appendices contain further details on (i) the
e↵ect from the maximal mode of loop oscillation in ap-
pendix A, (ii) the peaked GWB spectrum in appendix B,
(iii) GWB contributions from local-string segments with
monopoles on their ends in appendix C, and (iv) the
modified causality tail of axion-string GWB by the axion
matter domination era in appendix D.

2. GENERAL PROPERTIES OF GWB FROM
COSMIC STRINGS

We assume the existence of a complex scalar field �,
charged under a local or global U(1)-symmetry, with the
potential

V (�) = �(|�|2 � ⌘
2)2/2. (4)

The scalar self-coupling � which determines the mass of
� can be small in some models where the scalar field is as-
sociated with a flat direction in supersymmetric theories
[140–143]. As we shall see below, the scalar self-coupling
plays an important role as it determines the temperature
when the string network formed and the width of cosmic
strings.

Note that this potential represents only one class of the
field theories that produce cosmic strings. The potential
beyond the quartic type can also lead to cosmic strings as
long as the symmetry-breaking pattern allows them (i.e.,
the first homotopy group of the vacuum manifold is non-
trivial). As an example, the nearly-quadratic potential
m

2
|�|2 [2 log (|�|/⌘)� 1] + m

2
⌘
2 which is motivated by

theories with gravity-mediated supersymmetry-breaking
[144] (see a review in appendix D.4 of [55]) can support
the cosmic-string formation. With this potential, the for-
mation scale and string’s width are controlled directly to
the scalar’s mass m, which can be much smaller than ⌘.

The U(1)-symmetry is preserved at early times and
gets spontaneously broken once the temperature drops
below Tform ' �

1/2
⌘ where ⌘ is the vacuum expectation

value of the field. This leads to the formation of the
cosmic-string network with the string tension (i.e., energy
per unit length) [27]

µ ' ⌘
2
⇥

(
1 (local),

log
�
�
1/2

⌘/H
�

(global),
(5)

where H is the Universe’s expansion rate. In this
work, we remain agnostic on the string formation mech-
anism (either from thermal e↵ects [27, 92–94] or non-
perturbative dynamics [145–149]) and scan over the ex-
tensive range of string tension µ. After the network for-
mation, the string network keeps producing loops. It
reaches the scaling regime where its energy density tracks

the total energy density of the Universe, ⇢net(t) ' µ/t
2
'

Gµ⇢tot(t).
The produced loops decay into particles and GW.

Local-string loops decay dominantly into GW while
global-string loops decay dominantly into Goldstone ra-
diation. The energy-density spectrum of GWB can be
written as a superposition of many loop populations pro-
ducing GW at time t̃ and of many oscillation k

th-modes,

⌦GW(fGW) =
1

⇢c,0

kmaxX
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2k
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Gµ
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Z
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a(t̃)
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�5
dt̃, (6)

where ⇢c,0 is the Universe’s energy density today, the GW
emission e�ciency per mode is �(k)

' �k�4/3
/⇣(4/3)

with ⇣ being the Riemann zeta function and � ' 50 [28]
being the total e�ciency (the number 4/3 is used for
loops with cusps), nloop is the number density of loops,
t̃ is the GW emission time, and t0 is the time today.
Eq. (6) sums the number of modes up to kmax, which can
be treated as infinity; the e↵ect of finite kmax is present
at the high-frequency end of the spectrum, as discussed
in appendix A.
All GWB spectra in this work are calculated numer-

ically by following [30] (see also [150–153]) where nloop

relies on the velocity-dependent one-scale (VOS) model
[101, 154–158]. That is,

nloop(t) = (0.1)
Ce↵(ti)

↵(↵+ �Gµ+ �gold)t4i


a(ti)

a(t̃)

�3
, (7)

where ↵ ⇠ O(0.1) [159] is the initial loop size as a frac-
tion of Hubble horizon H

�1, the prefactor (0.1) means
only 10% of loops contributed to GWB [159], �gold ' 0
for local strings and ' 65/[2⇡ log(⌘t)] for global strings
[110] is the loop-length shrinking rate by emitting Gold-
stone bosons, ti is the loop formation time [which can be
written in terms of t̃ and fGW using Eq. (10)], and Ce↵ is
the loop production coe�cient which is solved from the
VOS equations; see e.g., in [30], section 4 for local strings
and appendix F for global strings. This work uses the in-
put for the VOS equations from Nambu-Goto simulation
[101], although the small � might change the evolution
of the string network (e.g., loop formation and particle
production).
In the high-frequency regime—corresponding to loop

produced and emitting GW deep inside the radiation-
dominated Universe, the amplitude (6) reads (see deriva-
tion in [30, 55])
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modified causality tail of axion-string GWB by the axion
matter domination era in appendix D.

2. GENERAL PROPERTIES OF GWB FROM
COSMIC STRINGS

We assume the existence of a complex scalar field �,
charged under a local or global U(1)-symmetry, with the
potential

V (�) = �(|�|2 � ⌘
2)2/2. (4)

The scalar self-coupling � which determines the mass of
� can be small in some models where the scalar field is as-
sociated with a flat direction in supersymmetric theories
[140–143]. As we shall see below, the scalar self-coupling
plays an important role as it determines the temperature
when the string network formed and the width of cosmic
strings.

Note that this potential represents only one class of the
field theories that produce cosmic strings. The potential
beyond the quartic type can also lead to cosmic strings as
long as the symmetry-breaking pattern allows them (i.e.,
the first homotopy group of the vacuum manifold is non-
trivial). As an example, the nearly-quadratic potential
m

2
|�|2 [2 log (|�|/⌘)� 1] + m

2
⌘
2 which is motivated by

theories with gravity-mediated supersymmetry-breaking
[144] (see a review in appendix D.4 of [55]) can support
the cosmic-string formation. With this potential, the for-
mation scale and string’s width are controlled directly to
the scalar’s mass m, which can be much smaller than ⌘.

The U(1)-symmetry is preserved at early times and
gets spontaneously broken once the temperature drops
below Tform ' �

1/2
⌘ where ⌘ is the vacuum expectation

value of the field. This leads to the formation of the
cosmic-string network with the string tension (i.e., energy
per unit length) [27]

µ ' ⌘
2
⇥

(
1 (local),

log
�
�
1/2

⌘/H
�

(global),
(5)

where H is the Universe’s expansion rate. In this
work, we remain agnostic on the string formation mech-
anism (either from thermal e↵ects [27, 92–94] or non-
perturbative dynamics [145–149]) and scan over the ex-
tensive range of string tension µ. After the network for-
mation, the string network keeps producing loops. It
reaches the scaling regime where its energy density tracks

the total energy density of the Universe, ⇢net(t) ' µ/t
2
'

Gµ⇢tot(t).
The produced loops decay into particles and GW.

Local-string loops decay dominantly into GW while
global-string loops decay dominantly into Goldstone ra-
diation. The energy-density spectrum of GWB can be
written as a superposition of many loop populations pro-
ducing GW at time t̃ and of many oscillation k

th-modes,

⌦GW(fGW) =
1

⇢c,0

kmaxX

k=1

2k

fGW
· �(k)

Gµ
2

⇥

Z
t0

tform

nloop(t̃)


a(t̃)

a(t0)

�5
dt̃, (6)

where ⇢c,0 is the Universe’s energy density today, the GW
emission e�ciency per mode is �(k)

' �k�4/3
/⇣(4/3)

with ⇣ being the Riemann zeta function and � ' 50 [28]
being the total e�ciency (the number 4/3 is used for
loops with cusps), nloop is the number density of loops,
t̃ is the GW emission time, and t0 is the time today.
Eq. (6) sums the number of modes up to kmax, which can
be treated as infinity; the e↵ect of finite kmax is present
at the high-frequency end of the spectrum, as discussed
in appendix A.
All GWB spectra in this work are calculated numer-

ically by following [30] (see also [150–153]) where nloop

relies on the velocity-dependent one-scale (VOS) model
[101, 154–158]. That is,

nloop(t) = (0.1)
Ce↵(ti)

↵(↵+ �Gµ+ �gold)t4i


a(ti)

a(t̃)

�3
, (7)

where ↵ ⇠ O(0.1) [159] is the initial loop size as a frac-
tion of Hubble horizon H

�1, the prefactor (0.1) means
only 10% of loops contributed to GWB [159], �gold ' 0
for local strings and ' 65/[2⇡ log(⌘t)] for global strings
[110] is the loop-length shrinking rate by emitting Gold-
stone bosons, ti is the loop formation time [which can be
written in terms of t̃ and fGW using Eq. (10)], and Ce↵ is
the loop production coe�cient which is solved from the
VOS equations; see e.g., in [30], section 4 for local strings
and appendix F for global strings. This work uses the in-
put for the VOS equations from Nambu-Goto simulation
[101], although the small � might change the evolution
of the string network (e.g., loop formation and particle
production).
In the high-frequency regime—corresponding to loop

produced and emitting GW deep inside the radiation-
dominated Universe, the amplitude (6) reads (see deriva-
tion in [30, 55])

h
2⌦GW '

8
>>>>>><

>>>>>>:

(local) 1.5 · 10�10
G[T (fGW)]

⇥

h
Gµ

10�11

i 1
2 ⇥

↵

0.1

⇤ 1
2
⇥
50
�

⇤ 1
2
,

(global) 1.6 · 10�11
�

⌘

1015 GeV

�4

⇥ G[T (fGW)]
h
D(⌘,fGW)

94.9

i3 h
Ceff (fGW)

2.24

i
,

(8)

𝜶 = initial loop size as a fraction of Hubble horizon

𝜞 = GW radiation efficiency 



The GW contribution at higher frequencies comes from smaller 
loops produced at higher energy scales.

In contrast, global strings 
quickly emit GW after loop 
production: 

The broad band GW spectrum is the result of the superposition of GW generated 
by many populations of loops produced at different temperatures. 
Each emits GW at frequency 
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where G(T ) ⌘ [g⇤(T )/g⇤(T0)][g⇤s(T0)/g⇤s(T )]4/3 with g⇤
(g⇤s) the relativistic degrees of freedom in energy (en-
tropy) density (taken from [160]), and T0 the photon
temperature today. The log-correction is

D(⌘, fGW) = log

"
5.7 · 1018

⇣
⌘

1015 GeV

⌘✓
1 kHz

fGW

◆2
#
.

(9)

This work uses the exponent ‘3’ of the log-dependent
term D (similar to [161]), although this is still under
debate as the exponent ‘4’ is found in some simulation
results [162–164]. The final ⌦GW in the latter case could
be enhanced from our result due to the log factor by
O(100). Note also that a potentially less e�cient GW
emission from a single loop was found in [165], which sug-
gests that ⌦GW would be weaker by O(104) compared to
our result.

The GWB from local strings is fGW-independent,
while the global-string GWB is log-suppressed at high
frequencies. We show the GWB spectra from local strings
in Fig. 2, where the IR and UV slopes are explained in
the next sections. It is clear from this figure that large
signals touching the BBN bound can arise, associated
with Gµ approaching 10�5 and thus a scale of U(1) sym-
metry breaking close to 1016 GeV. We do not show the
GWB spectra from global strings. As we shall see below,
the metastability of heavy-axion strings comes with an
early axion-matter-dominated era that dilutes and heav-
ily suppresses the GWB.

The broadband GWB spectrum is the result of the
superposition of GW generated by many populations of
loops produced at di↵erent temperatures. Each emits
GW at frequency f

emit
GW ' 2k/l [94, 166] where k is the

mode number of loop oscillation and the loop’s size is

l(t, ti) = ↵ti � (�Gµ+ �gold)(t� ti). (10)

For the loop population created at temperature T , the
GWB is sourced maximally at frequency today, fGW =
f
emit
GW (temit, ti(T ))[a(temit)/a0]. As shown in [30, 55] (see
also [150–153]), the GWB today’s frequency and Uni-
verse’s temperature relation can be written respectively
for local and global strings as

fGW(T ) '

8
><

>:

(local) 2 kHz
⇥

T

106 GeV

⇤ h
10�11

Gµ

i 1
2
h

g⇤(T )
g⇤(T0)

i 1
4
,

(global) 1.1 kHz
⇥

T

108 GeV

⇤ h
g⇤(T )
106.75

i 1
4
.

(11)

Note that the above frequency depends on Gµ for local
strings because the GW is sourced maximally around the
time [30, 151]

t̃ ' ↵/(2�Gµ)ti. (12)

In contrast, global strings quickly emit GW after loop
production t̃ ⇠ ti.

FIG. 2. Local-string GWBs in the UHF range featuring dif-
ferent cuto↵s. The solid lines show the stable-string GWB
with the formation cuto↵ (13). The dashed, dotted, and
dot-dashed lines correspond to the cuto↵s from cusp (17),
kink (18), and friction (22), respectively, assuming the stable-
string network. The four rectangular purple regions denote
hypothetical sensitivities of four fictional UHF-GW experi-
ments; see Eq. (39). The “thermal plasma” gray region is the
GWB predicted in [17–19], assuming the maximal reheating
temperature T

max
reh ' 6 ⇥ 1015 GeV [17–19], while the upper

“bbn-gw” gray region is excluded by the BBN bound (3).

Eq. (11) indicates that the GW contribution at higher
frequencies comes from smaller loops produced at higher
energy scales where microscopic properties play a more
prominent role. Ultimately, the GW emission, which re-
lies on the collective motion of the smaller loops, is more
suppressed [167, 168]. We now recap the di↵erent types
of UV cuto↵s in the next section; see also [169] for a
review.

3. HIGH-FREQUENCY CUTOFFS OF
COSMIC-STRING GWB

A string-loop population contributes maximally to the
GWB at the frequency in Eq. (11). It generates the
UV tail with a slope of ⌦GW / f

�1
GW for a single proper

loop-oscillation mode, both local and global strings; see
[30, 46, 151, 170]. By summing over large harmonics, the
UV slope changes from �1 to �1/3 in the case of loops
with cusps; see derivation, e.g., in [30, 171]. We show in
appendix A and Fig. 11 that the precise calculation in-
volving the k-dependent cuto↵ (due to the string’s width)
leads to a slight modification in the slope above the UV
cuto↵ and does not change the position of the cuto↵ (for
Gµ . 10�4). However, this is computationally expen-
sive; therefore, in all figures, we apply that the spectra

fall as f
�1/3
GW beyond the UV cuto↵s, which we will now

discuss.

k : GW mode number of loop oscillation 
l:  loop’s size 

5

where G(T ) ⌘ [g⇤(T )/g⇤(T0)][g⇤s(T0)/g⇤s(T )]4/3 with g⇤
(g⇤s) the relativistic degrees of freedom in energy (en-
tropy) density (taken from [160]), and T0 the photon
temperature today. The log-correction is

D(⌘, fGW) = log

"
5.7 · 1018

⇣
⌘

1015 GeV

⌘✓
1 kHz

fGW

◆2
#
.

(9)

This work uses the exponent ‘3’ of the log-dependent
term D (similar to [161]), although this is still under
debate as the exponent ‘4’ is found in some simulation
results [162–164]. The final ⌦GW in the latter case could
be enhanced from our result due to the log factor by
O(100). Note also that a potentially less e�cient GW
emission from a single loop was found in [165], which sug-
gests that ⌦GW would be weaker by O(104) compared to
our result.

The GWB from local strings is fGW-independent,
while the global-string GWB is log-suppressed at high
frequencies. We show the GWB spectra from local strings
in Fig. 2, where the IR and UV slopes are explained in
the next sections. It is clear from this figure that large
signals touching the BBN bound can arise, associated
with Gµ approaching 10�5 and thus a scale of U(1) sym-
metry breaking close to 1016 GeV. We do not show the
GWB spectra from global strings. As we shall see below,
the metastability of heavy-axion strings comes with an
early axion-matter-dominated era that dilutes and heav-
ily suppresses the GWB.

The broadband GWB spectrum is the result of the
superposition of GW generated by many populations of
loops produced at di↵erent temperatures. Each emits
GW at frequency f

emit
GW ' 2k/l [94, 166] where k is the

mode number of loop oscillation and the loop’s size is

l(t, ti) = ↵ti � (�Gµ+ �gold)(t� ti). (10)

For the loop population created at temperature T , the
GWB is sourced maximally at frequency today, fGW =
f
emit
GW (temit, ti(T ))[a(temit)/a0]. As shown in [30, 55] (see
also [150–153]), the GWB today’s frequency and Uni-
verse’s temperature relation can be written respectively
for local and global strings as

fGW(T ) '

8
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>:

(local) 2 kHz
⇥

T

106 GeV

⇤ h
10�11

Gµ

i 1
2
h

g⇤(T )
g⇤(T0)

i 1
4
,

(global) 1.1 kHz
⇥

T

108 GeV

⇤ h
g⇤(T )
106.75

i 1
4
.

(11)

Note that the above frequency depends on Gµ for local
strings because the GW is sourced maximally around the
time [30, 151]

t̃ ' ↵/(2�Gµ)ti. (12)

In contrast, global strings quickly emit GW after loop
production t̃ ⇠ ti.

FIG. 2. Local-string GWBs in the UHF range featuring dif-
ferent cuto↵s. The solid lines show the stable-string GWB
with the formation cuto↵ (13). The dashed, dotted, and
dot-dashed lines correspond to the cuto↵s from cusp (17),
kink (18), and friction (22), respectively, assuming the stable-
string network. The four rectangular purple regions denote
hypothetical sensitivities of four fictional UHF-GW experi-
ments; see Eq. (39). The “thermal plasma” gray region is the
GWB predicted in [17–19], assuming the maximal reheating
temperature T

max
reh ' 6 ⇥ 1015 GeV [17–19], while the upper

“bbn-gw” gray region is excluded by the BBN bound (3).

Eq. (11) indicates that the GW contribution at higher
frequencies comes from smaller loops produced at higher
energy scales where microscopic properties play a more
prominent role. Ultimately, the GW emission, which re-
lies on the collective motion of the smaller loops, is more
suppressed [167, 168]. We now recap the di↵erent types
of UV cuto↵s in the next section; see also [169] for a
review.

3. HIGH-FREQUENCY CUTOFFS OF
COSMIC-STRING GWB

A string-loop population contributes maximally to the
GWB at the frequency in Eq. (11). It generates the
UV tail with a slope of ⌦GW / f

�1
GW for a single proper

loop-oscillation mode, both local and global strings; see
[30, 46, 151, 170]. By summing over large harmonics, the
UV slope changes from �1 to �1/3 in the case of loops
with cusps; see derivation, e.g., in [30, 171]. We show in
appendix A and Fig. 11 that the precise calculation in-
volving the k-dependent cuto↵ (due to the string’s width)
leads to a slight modification in the slope above the UV
cuto↵ and does not change the position of the cuto↵ (for
Gµ . 10�4). However, this is computationally expen-
sive; therefore, in all figures, we apply that the spectra

fall as f
�1/3
GW beyond the UV cuto↵s, which we will now

discuss.

Time of GW emission for local strings:

5

where G(T ) ⌘ [g⇤(T )/g⇤(T0)][g⇤s(T0)/g⇤s(T )]4/3 with g⇤
(g⇤s) the relativistic degrees of freedom in energy (en-
tropy) density (taken from [160]), and T0 the photon
temperature today. The log-correction is

D(⌘, fGW) = log

"
5.7 · 1018

⇣
⌘

1015 GeV

⌘✓
1 kHz

fGW

◆2
#
.

(9)

This work uses the exponent ‘3’ of the log-dependent
term D (similar to [161]), although this is still under
debate as the exponent ‘4’ is found in some simulation
results [162–164]. The final ⌦GW in the latter case could
be enhanced from our result due to the log factor by
O(100). Note also that a potentially less e�cient GW
emission from a single loop was found in [165], which sug-
gests that ⌦GW would be weaker by O(104) compared to
our result.

The GWB from local strings is fGW-independent,
while the global-string GWB is log-suppressed at high
frequencies. We show the GWB spectra from local strings
in Fig. 2, where the IR and UV slopes are explained in
the next sections. It is clear from this figure that large
signals touching the BBN bound can arise, associated
with Gµ approaching 10�5 and thus a scale of U(1) sym-
metry breaking close to 1016 GeV. We do not show the
GWB spectra from global strings. As we shall see below,
the metastability of heavy-axion strings comes with an
early axion-matter-dominated era that dilutes and heav-
ily suppresses the GWB.

The broadband GWB spectrum is the result of the
superposition of GW generated by many populations of
loops produced at di↵erent temperatures. Each emits
GW at frequency f

emit
GW ' 2k/l [94, 166] where k is the

mode number of loop oscillation and the loop’s size is

l(t, ti) = ↵ti � (�Gµ+ �gold)(t� ti). (10)

For the loop population created at temperature T , the
GWB is sourced maximally at frequency today, fGW =
f
emit
GW (temit, ti(T ))[a(temit)/a0]. As shown in [30, 55] (see
also [150–153]), the GWB today’s frequency and Uni-
verse’s temperature relation can be written respectively
for local and global strings as

fGW(T ) '
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(local) 2 kHz
⇥

T

106 GeV

⇤ h
10�11

Gµ

i 1
2
h

g⇤(T )
g⇤(T0)

i 1
4
,

(global) 1.1 kHz
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T

108 GeV
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g⇤(T )
106.75

i 1
4
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(11)

Note that the above frequency depends on Gµ for local
strings because the GW is sourced maximally around the
time [30, 151]

t̃ ' ↵/(2�Gµ)ti. (12)

In contrast, global strings quickly emit GW after loop
production t̃ ⇠ ti.

FIG. 2. Local-string GWBs in the UHF range featuring dif-
ferent cuto↵s. The solid lines show the stable-string GWB
with the formation cuto↵ (13). The dashed, dotted, and
dot-dashed lines correspond to the cuto↵s from cusp (17),
kink (18), and friction (22), respectively, assuming the stable-
string network. The four rectangular purple regions denote
hypothetical sensitivities of four fictional UHF-GW experi-
ments; see Eq. (39). The “thermal plasma” gray region is the
GWB predicted in [17–19], assuming the maximal reheating
temperature T

max
reh ' 6 ⇥ 1015 GeV [17–19], while the upper

“bbn-gw” gray region is excluded by the BBN bound (3).

Eq. (11) indicates that the GW contribution at higher
frequencies comes from smaller loops produced at higher
energy scales where microscopic properties play a more
prominent role. Ultimately, the GW emission, which re-
lies on the collective motion of the smaller loops, is more
suppressed [167, 168]. We now recap the di↵erent types
of UV cuto↵s in the next section; see also [169] for a
review.

3. HIGH-FREQUENCY CUTOFFS OF
COSMIC-STRING GWB

A string-loop population contributes maximally to the
GWB at the frequency in Eq. (11). It generates the
UV tail with a slope of ⌦GW / f

�1
GW for a single proper

loop-oscillation mode, both local and global strings; see
[30, 46, 151, 170]. By summing over large harmonics, the
UV slope changes from �1 to �1/3 in the case of loops
with cusps; see derivation, e.g., in [30, 171]. We show in
appendix A and Fig. 11 that the precise calculation in-
volving the k-dependent cuto↵ (due to the string’s width)
leads to a slight modification in the slope above the UV
cuto↵ and does not change the position of the cuto↵ (for
Gµ . 10�4). However, this is computationally expen-
sive; therefore, in all figures, we apply that the spectra

fall as f
�1/3
GW beyond the UV cuto↵s, which we will now

discuss.
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where G(T ) ⌘ [g⇤(T )/g⇤(T0)][g⇤s(T0)/g⇤s(T )]4/3 with g⇤
(g⇤s) the relativistic degrees of freedom in energy (en-
tropy) density (taken from [160]), and T0 the photon
temperature today. The log-correction is

D(⌘, fGW) = log

"
5.7 · 1018

⇣
⌘

1015 GeV

⌘✓
1 kHz

fGW

◆2
#
.
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This work uses the exponent ‘3’ of the log-dependent
term D (similar to [161]), although this is still under
debate as the exponent ‘4’ is found in some simulation
results [162–164]. The final ⌦GW in the latter case could
be enhanced from our result due to the log factor by
O(100). Note also that a potentially less e�cient GW
emission from a single loop was found in [165], which sug-
gests that ⌦GW would be weaker by O(104) compared to
our result.

The GWB from local strings is fGW-independent,
while the global-string GWB is log-suppressed at high
frequencies. We show the GWB spectra from local strings
in Fig. 2, where the IR and UV slopes are explained in
the next sections. It is clear from this figure that large
signals touching the BBN bound can arise, associated
with Gµ approaching 10�5 and thus a scale of U(1) sym-
metry breaking close to 1016 GeV. We do not show the
GWB spectra from global strings. As we shall see below,
the metastability of heavy-axion strings comes with an
early axion-matter-dominated era that dilutes and heav-
ily suppresses the GWB.

The broadband GWB spectrum is the result of the
superposition of GW generated by many populations of
loops produced at di↵erent temperatures. Each emits
GW at frequency f

emit
GW ' 2k/l [94, 166] where k is the

mode number of loop oscillation and the loop’s size is

l(t, ti) = ↵ti � (�Gµ+ �gold)(t� ti). (10)

For the loop population created at temperature T , the
GWB is sourced maximally at frequency today, fGW =
f
emit
GW (temit, ti(T ))[a(temit)/a0]. As shown in [30, 55] (see
also [150–153]), the GWB today’s frequency and Uni-
verse’s temperature relation can be written respectively
for local and global strings as

fGW(T ) '
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Note that the above frequency depends on Gµ for local
strings because the GW is sourced maximally around the
time [30, 151]

t̃ ' ↵/(2�Gµ)ti. (12)

In contrast, global strings quickly emit GW after loop
production t̃ ⇠ ti.

FIG. 2. Local-string GWBs in the UHF range featuring dif-
ferent cuto↵s. The solid lines show the stable-string GWB
with the formation cuto↵ (13). The dashed, dotted, and
dot-dashed lines correspond to the cuto↵s from cusp (17),
kink (18), and friction (22), respectively, assuming the stable-
string network. The four rectangular purple regions denote
hypothetical sensitivities of four fictional UHF-GW experi-
ments; see Eq. (39). The “thermal plasma” gray region is the
GWB predicted in [17–19], assuming the maximal reheating
temperature T

max
reh ' 6 ⇥ 1015 GeV [17–19], while the upper

“bbn-gw” gray region is excluded by the BBN bound (3).

Eq. (11) indicates that the GW contribution at higher
frequencies comes from smaller loops produced at higher
energy scales where microscopic properties play a more
prominent role. Ultimately, the GW emission, which re-
lies on the collective motion of the smaller loops, is more
suppressed [167, 168]. We now recap the di↵erent types
of UV cuto↵s in the next section; see also [169] for a
review.

3. HIGH-FREQUENCY CUTOFFS OF
COSMIC-STRING GWB

A string-loop population contributes maximally to the
GWB at the frequency in Eq. (11). It generates the
UV tail with a slope of ⌦GW / f

�1
GW for a single proper

loop-oscillation mode, both local and global strings; see
[30, 46, 151, 170]. By summing over large harmonics, the
UV slope changes from �1 to �1/3 in the case of loops
with cusps; see derivation, e.g., in [30, 171]. We show in
appendix A and Fig. 11 that the precise calculation in-
volving the k-dependent cuto↵ (due to the string’s width)
leads to a slight modification in the slope above the UV
cuto↵ and does not change the position of the cuto↵ (for
Gµ . 10�4). However, this is computationally expen-
sive; therefore, in all figures, we apply that the spectra

fall as f
�1/3
GW beyond the UV cuto↵s, which we will now

discuss.

Relation between observed frequency & 
Hubble radius at emission.

ti : time of loop formation

For a loop population created at temperature T, the GW spectrum  is sourced maximally at 
a GW frequency today that  is higher for local strings  compared to global strings.
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<latexit sha1_base64="A/Renkz66hLzMUqvX44jv4Jtm4Q=">AAAB9HicbVDLSgNBEJz1GeMr6tHLYhA8SNhVQY8BLx4j5AXJEmYnnWTIzOxmpjcYlnyHFw+KePVjvPk3TpI9aGJBQ1HVTXdXGAtu0PO+nbX1jc2t7dxOfndv/+CwcHRcN1GiGdRYJCLdDKkBwRXUkKOAZqyBylBAIxzez/zGGLThkariJIZA0r7iPc4oWimodtoIT6hlCqNpp1D0St4c7irxM1IkGSqdwle7G7FEgkImqDEt34sxSKlGzgRM8+3EQEzZkPahZamiEkyQzo+euudW6bq9SNtS6M7V3xMplcZMZGg7JcWBWfZm4n9eK8HeXZByFScIii0W9RLhYuTOEnC7XANDMbGEMs3trS4bUE0Z2pzyNgR/+eVVUr8q+dcl7/GmWL7M4siRU3JGLohPbkmZPJAKqRFGRuSZvJI3Z+y8OO/Ox6J1zclmTsgfOJ8/XSaSaQ==</latexit>

T0
<latexit sha1_base64="sVDYSAtgSR6y5UvLaJ/b5Xmosmc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBg5REBT0WvHis2C9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2M72Z++4lrI2LVwEnC/YgOlQgFo2ilx0bf7ZcrbtWdg6wSLycVyFHvl796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4a2fCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SlqXVe+q6j5cV2oXeRxFOIFTOAcPbqAG91CHJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHNUY1n</latexit>

smaller loop ⇔ higher oscillation f

RD: asymptotically flat
MD: peak

Spectral shape:

(from the red-shift behavior of GW)

t1 < t2
<latexit sha1_base64="4+MTS19b0fZpTSrwL6UuTdXY2y4=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9OCh4MVjBfsBbQib7aZdutmE3YlQQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZF6ZSGHTdb2dtfWNza7u0U97d2z84rBwdt02SacZbLJGJ7obUcCkUb6FAybup5jQOJe+E47uZ33ni2ohEPeIk5X5Mh0pEglG0UgcD7xaDelCpujV3DrJKvIJUoUAzqHz1BwnLYq6QSWpMz3NT9HOqUTDJp+V+ZnhK2ZgOec9SRWNu/Hx+7pScW2VAokTbUkjm6u+JnMbGTOLQdsYUR2bZm4n/eb0Moxs/FyrNkCu2WBRlkmBCZr+TgdCcoZxYQpkW9lbCRlRThjahsg3BW355lbTrNe+y5j5cVRtuEUcJTuEMLsCDa2jAPTShBQzG8Ayv8Oakzovz7nwsWtecYuYE/sD5/AGBMY71</latexit>

Evolution of Universe

Power of GW radiation per loop  
estimated by quadrupole formula 

!5

Loop Decay & GW Production
Leads to GW power spectrum

PGW = �dEloop

dt
= �Gµ2

<latexit sha1_base64="kQsMOwiZxdXDW460ISORPchUfdY=">AAACIXicbVDLSgNBEJz1GeMr6tHLYBC8GHajoBchIBKPEcwDsjHMzs4mgzM7y0yvGJb9FS/+ihcPingTf8ZJDOKroKGo6qa7K0gEN+C6b87M7Nz8wmJhqbi8srq2XtrYbBmVasqaVAmlOwExTPCYNYGDYJ1EMyIDwdrB9enYb98wbbiKL2GUsJ4kg5hHnBKwUr903Oj7wG5By6zezk/2/UgTmoVnX6pQKsnzLIT8xK8TKQmu+zK9qvZLZbfiToD/Em9KymiKRr/06oeKppLFQAUxpuu5CfQyooFTwfKinxqWEHpNBqxraUwkM71s8mGOd60S4khpWzHgifp9IiPSmJEMbKckMDS/vbH4n9dNITruZTxOUmAx/VwUpQKDwuO4cMg1oyBGlhCqub0V0yGxGYENtWhD8H6//Je0qhXvoOJeHJZr1WkcBbSNdtAe8tARqqFz1EBNRNEdekBP6Nm5dx6dF+f1s3XGmc5soR9w3j8AI5ikpw==</latexit>

Number Density 
From string-network inter-commuting 

At time t:

string tension Gµ
<latexit sha1_base64="rYcGFrq7jZc/QlQuEWfkdwRdAmg=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU8mqoMeCBz1WsB/QLiWbZtvQJLskWaEs/QtePCji1T/kzX9jtt2Dtj4YeLw3w8y8MBHcWIy/vdLa+sbmVnm7srO7t39QPTxqmzjVlLVoLGLdDYlhgivWstwK1k00IzIUrBNObnO/88S04bF6tNOEBZKMFI84JTaX7voyHVRruI7nQKvEL0gNCjQH1a/+MKapZMpSQYzp+TixQUa05VSwWaWfGpYQOiEj1nNUEclMkM1vnaEzpwxRFGtXyqK5+nsiI9KYqQxdpyR2bJa9XPzP66U2ugkyrpLUMkUXi6JUIBuj/HE05JpRK6aOEKq5uxXRMdGEWhdPxYXgL7+8StoXdf+yjh+uag1cxFGGEziFc/DhGhpwD01oAYUxPMMrvHnSe/HevY9Fa8krZo7hD7zPH+n3jhc=</latexit>

dim.less constant [Vachaspati & Vilenkin, 1985]

dn

dt
⇠ Ce↵(t)

↵t4
<latexit sha1_base64="Xfo025P+rCAcpNK91o0R/INjupM=">AAACH3icbVDLSgNBEJz1GeMr6tHLYBD0EnY1qEfBi8cIRoVsDLOzvWZwZnaZ6RXDsn/ixV/x4kER8ebfOHkcfBU0FFXddHdFmRQWff/Tm5qemZ2bryxUF5eWV1Zra+sXNs0NhzZPZWquImZBCg1tFCjhKjPAVCThMro9GfqXd2CsSPU5DjLoKnajRSI4Qyf1agdhYhgvYl0WMZahFYqOlZNeiHCPRhWQJOUO7pZFyGTWZxSvm2WvVvcb/gj0LwkmpE4maPVqH2Gc8lyBRi6ZtZ3Az7BbMIOCSyirYW4hY/yW3UDHUc0U2G4x+q+k206JaZIaVxrpSP0+UTBl7UBFrlMx7Nvf3lD8z+vkmBx1C6GzHEHz8aIklxRTOgyLxsIARzlwhHEj3K2U95mLB12kVRdC8Pvlv+RirxHsN/yzZv14bxJHhWySLbJDAnJIjskpaZE24eSBPJEX8uo9es/em/c+bp3yJjMb5Ae8zy/zm6QQ</latexit>

� ⇡ 50
<latexit sha1_base64="c2q6E6xgJ+gAXr9qA1x4P1oKL50=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgQkriA10WXOiygn1AE8rNdNIOnUnCzEQtsZ/ixoUibv0Sd/6N0zYLbT1w4XDOvdx7T5BwprTjfFuFpeWV1bXiemljc2t7xy7vNlWcSkIbJOaxbAegKGcRbWimOW0nkoIIOG0Fw6uJ37qnUrE4utOjhPoC+hELGQFtpK5d9q5BCMAeJImMH/G507UrTtWZAi8SNycVlKPetb+8XkxSQSNNOCjVcZ1E+xlIzQin45KXKpoAGUKfdgyNQFDlZ9PTx/jQKD0cxtJUpPFU/T2RgVBqJALTKUAP1Lw3Ef/zOqkOL/2MRUmqaURmi8KUYx3jSQ64xyQlmo8MASKZuRWTAUgg2qRVMiG48y8vkuZJ1T2tOrdnldpxHkcR7aMDdIRcdIFq6AbVUQMR9ICe0St6s56sF+vd+pi1Fqx8Zg/9gfX5AwGykxs=</latexit>

GWs

51

Gravitational Waves from Cosmic strings.

GW spectrum
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<latexit sha1_base64="fPAjn7eX+/oXU7l9OKe298MeFDM=">AAAB/nicdVDLSgNBEJyN7/haFU9eBoPgKezGoPEmetCbCiYRkhhmJ51kyMzuMtMrhiXgr3jxoIhXv8Obf+PkIahoQUNR1U13VxBLYdDzPpzM1PTM7Nz8QnZxaXll1V1br5go0RzKPJKRvg6YASlCKKNACdexBqYCCdWgdzL0q7egjYjCK+zH0FCsE4q24Ayt1HQ36+cKOqxZR7hDrdLT6qB7U2i6OS+/5xf3Cz4dk9IX8X3q570RcmSCi6b7Xm9FPFEQIpfMmJrvxdhImUbBJQyy9cRAzHiPdaBmacgUmEY6On9Ad6zSou1I2wqRjtTvEylTxvRVYDsVw6757Q3Fv7xagu1SIxVhnCCEfLyonUiKER1mQVtCA0fZt4RxLeytlHeZZhxtYlkbwten9H9SKeT9Yv7wspg7Op7EMU+2yDbZJT45IEfkjFyQMuEkJQ/kiTw7986j8+K8jlszzmRmg/yA8/YJoIaV8w==</latexit>

f [Hz]

<latexit sha1_base64="Gi8Y5Ct2Ga6/cNCBBA1wRIzacjc=">AAAB+HicdVDJSgNBEO2JW4xLRj16aQyCp2EmBo23oJccI5gFJkPo6fQkTXoWumvEZIg/4sWDIl79FG/+jZ1FUNEHBY/3qqiq5yeCK7DtDyO3srq2vpHfLGxt7+wWzb39lopTSVmTxiKWHZ8oJnjEmsBBsE4iGQl9wdr+6Grmt2+ZVDyObmCcMC8kg4gHnBLQUs8sBvddYHcgw8ytT7xpzyzZ1qlTOSs7eEGqX8RxsGPZc5TQEo2e+d7txzQNWQRUEKVcx07Ay4gETgWbFrqpYgmhIzJgrqYRCZnysvnhU3yslT4OYqkrAjxXv09kJFRqHPq6MyQwVL+9mfiX56YQVL2MR0kKLKKLRUEqMMR4lgLuc8koiLEmhEqub8V0SCShoLMq6BC+PsX/k1bZcirWxXWlVLtcxpFHh+gInSAHnaMaqqMGaiKKUvSAntCzMTEejRfjddGaM5YzB+gHjLdPyfWT2w==</latexit>

Gµ = 10�11, � = 50, ↵ = 0.1

<latexit sha1_base64="LVueBBXSHF71CfpjIz2FDH9Lm+o=">AAACDXicbZC7SgNBFIZn4y3G26qlzWIULDTsSEQtAkGLWEYwF8jGcHYySYbM7C4zs0JY4gPY+Co2ForY2tv5Nk4uhUZ/GPj4zzmcOb8fcaa0635Zqbn5hcWl9HJmZXVtfcPe3KqqMJaEVkjIQ1n3QVHOAlrRTHNajyQF4XNa8/uXo3rtjkrFwuBGDyLaFNANWIcR0MZq2XslT8QF7N4mRxgPD++9EggBhRPXIPCoBwU3h1t21s25Yzl/AU8hi6Yqt+xPrx2SWNBAEw5KNbAb6WYCUjPC6TDjxYpGQPrQpQ2DAQiqmsn4mqGzb5y20wmleYF2xu7PiQSEUgPhm04BuqdmayPzv1oj1p2zZsKCKNY0IJNFnZg7OnRG0ThtJinRfGAAiGTmrw7pgQSiTYAZEwKePfkvVI9zOJ87v85nixfTONJoB+2iA4TRKSqiK1RGFUTQA3pCL+jVerSerTfrfdKasqYz2+iXrI9v2EuZig==</latexit>

singular structures on loop 
(beyond NG approx.)

lead to particle emission
kink

cusp

Evolution of the Universe

Matter

Radiation

loop-number densityꔄ GW emission from a loop ⇥

<latexit sha1_base64="jGewJ4HH/ZGEh9ExzOqqFImBYXg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWsB/QhrLZbtq1m03YnQgl9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqAScJ9yM6VCIUjKKVWj0UETf9csWtunOQVeLlpAI5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LVXULvGz+bVTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/EyoJEWu2GJRmEqCMZm9TgZCc4ZyYgllWthbCRtRTRnagEo2BG/55VXSuqh6ter1fa1Sv8njKMIJnMI5eHAJdbiDBjSBwSM8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/uguPQA==</latexit>

Standard cosmology

⌦(k)
GW(f) =

1

⇢c
· 2k
f

· (0.1)�
(k)Gµ2

↵(↵+ �Gµ)

Z t0

tF

dt̃
Ce↵(ti)

t4i


a(t̃)

a(t0)

�5 
a(ti)

a(t̃)

�3
⇥(ti � tF )

<latexit sha1_base64="7xI6qhtJ4KRXTRwyDBCaiCp0AK8="></latexit>

red-shiftstring’s nature loop numberk-mode of 
loop-oscillation

more GW from more loops  
but more red-shift

ꔄ Flat during radiation

@ earlier ti

<latexit sha1_base64="YGbkb0W6Ud+YBK4UtvXLVdnXPCg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHrAv+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieOVnQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vktZF1atVr+9rlfpNHkcRTuAUzsGDS6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwBeWI3g</latexit>

loop production,        loop emissionti ⌘

<latexit sha1_base64="l685LY9szkE0Ad43guo680M28bI=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXiMYB6YLGF20psMmZ1dZ2YDIeQvvHhQxKt/482/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGtzO/OUKleSwfzDhBP6J9yUPOqLHSo+ly0sGnlI+6xZJbducgq8TLSAky1LrFr04vZmmE0jBBtW57bmL8CVWGM4HTQifVmFA2pH1sWypphNqfzC+ekjOr9EgYK1vSkLn6e2JCI63HUWA7I2oGetmbif957dSEV/6EyyQ1KNliUZgKYmIye5/0uEJmxNgSyhS3txI2oIoyY0Mq2BC85ZdXSeOi7FXK1/eVUvUmiyMPJ3AK5+DBJVThDmpQBwYSnuEV3hztvDjvzseiNedkM8fwB87nD3QnkMw=</latexit>

t̃ ⌘

<latexit sha1_base64="cxF2cHnOti5Ohqp32W/N8yzzYHg=">AAAB+XicbVDLSgNBEJyNrxhfqx69DAbBU9gVQb0FvXiMYB6QXcLsbCcZMvtwpjcQlvyJFw+KePVPvPk3TpI9aGJBQ1HVTXdXkEqh0XG+rdLa+sbmVnm7srO7t39gHx61dJIpDk2eyER1AqZBihiaKFBCJ1XAokBCOxjdzfz2GJQWSfyIkxT8iA1i0RecoZF6tu2hkCHkOKUePGVi3LOrTs2Zg64StyBVUqDRs7+8MOFZBDFyybTuuk6Kfs4UCi5hWvEyDSnjIzaArqExi0D7+fzyKT0zSkj7iTIVI52rvydyFmk9iQLTGTEc6mVvJv7ndTPsX/u5iNMMIeaLRf1MUkzoLAYaCgUc5cQQxpUwt1I+ZIpxNGFVTAju8surpHVRcy9rNw+X1fptEUeZnJBTck5cckXq5J40SJNwMibP5JW8Wbn1Yr1bH4vWklXMHJM/sD5/AOFyk9c=</latexit>

GW spectrum
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<latexit sha1_base64="fPAjn7eX+/oXU7l9OKe298MeFDM=">AAAB/nicdVDLSgNBEJyN7/haFU9eBoPgKezGoPEmetCbCiYRkhhmJ51kyMzuMtMrhiXgr3jxoIhXv8Obf+PkIahoQUNR1U13VxBLYdDzPpzM1PTM7Nz8QnZxaXll1V1br5go0RzKPJKRvg6YASlCKKNACdexBqYCCdWgdzL0q7egjYjCK+zH0FCsE4q24Ayt1HQ36+cKOqxZR7hDrdLT6qB7U2i6OS+/5xf3Cz4dk9IX8X3q570RcmSCi6b7Xm9FPFEQIpfMmJrvxdhImUbBJQyy9cRAzHiPdaBmacgUmEY6On9Ad6zSou1I2wqRjtTvEylTxvRVYDsVw6757Q3Fv7xagu1SIxVhnCCEfLyonUiKER1mQVtCA0fZt4RxLeytlHeZZhxtYlkbwten9H9SKeT9Yv7wspg7Op7EMU+2yDbZJT45IEfkjFyQMuEkJQ/kiTw7986j8+K8jlszzmRmg/yA8/YJoIaV8w==</latexit>

f [Hz]

<latexit sha1_base64="Gi8Y5Ct2Ga6/cNCBBA1wRIzacjc=">AAAB+HicdVDJSgNBEO2JW4xLRj16aQyCp2EmBo23oJccI5gFJkPo6fQkTXoWumvEZIg/4sWDIl79FG/+jZ1FUNEHBY/3qqiq5yeCK7DtDyO3srq2vpHfLGxt7+wWzb39lopTSVmTxiKWHZ8oJnjEmsBBsE4iGQl9wdr+6Grmt2+ZVDyObmCcMC8kg4gHnBLQUs8sBvddYHcgw8ytT7xpzyzZ1qlTOSs7eEGqX8RxsGPZc5TQEo2e+d7txzQNWQRUEKVcx07Ay4gETgWbFrqpYgmhIzJgrqYRCZnysvnhU3yslT4OYqkrAjxXv09kJFRqHPq6MyQwVL+9mfiX56YQVL2MR0kKLKKLRUEqMMR4lgLuc8koiLEmhEqub8V0SCShoLMq6BC+PsX/k1bZcirWxXWlVLtcxpFHh+gInSAHnaMaqqMGaiKKUvSAntCzMTEejRfjddGaM5YzB+gHjLdPyfWT2w==</latexit>

Gµ = 10�11, � = 50, ↵ = 0.1

<latexit sha1_base64="LVueBBXSHF71CfpjIz2FDH9Lm+o=">AAACDXicbZC7SgNBFIZn4y3G26qlzWIULDTsSEQtAkGLWEYwF8jGcHYySYbM7C4zs0JY4gPY+Co2ForY2tv5Nk4uhUZ/GPj4zzmcOb8fcaa0635Zqbn5hcWl9HJmZXVtfcPe3KqqMJaEVkjIQ1n3QVHOAlrRTHNajyQF4XNa8/uXo3rtjkrFwuBGDyLaFNANWIcR0MZq2XslT8QF7N4mRxgPD++9EggBhRPXIPCoBwU3h1t21s25Yzl/AU8hi6Yqt+xPrx2SWNBAEw5KNbAb6WYCUjPC6TDjxYpGQPrQpQ2DAQiqmsn4mqGzb5y20wmleYF2xu7PiQSEUgPhm04BuqdmayPzv1oj1p2zZsKCKNY0IJNFnZg7OnRG0ThtJinRfGAAiGTmrw7pgQSiTYAZEwKePfkvVI9zOJ87v85nixfTONJoB+2iA4TRKSqiK1RGFUTQA3pCL+jVerSerTfrfdKasqYz2+iXrI9v2EuZig==</latexit>

singular structures on loop 
(beyond NG approx.)

lead to particle emission
kink

cusp

Evolution of the Universe

Matter

Radiation

loop-number densityꔄ GW emission from a loop ⇥

<latexit sha1_base64="jGewJ4HH/ZGEh9ExzOqqFImBYXg=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWsB/QhrLZbtq1m03YnQgl9D948aCIV/+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqAScJ9yM6VCIUjKKVWj0UETf9csWtunOQVeLlpAI5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LVXULvGz+bVTcmaVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1Uwyv/EyoJEWu2GJRmEqCMZm9TgZCc4ZyYgllWthbCRtRTRnagEo2BG/55VXSuqh6ter1fa1Sv8njKMIJnMI5eHAJdbiDBjSBwSM8wyu8ObHz4rw7H4vWgpPPHMMfOJ8/uguPQA==</latexit>

Standard cosmology

⌦(k)
GW(f) =

1

⇢c
· 2k
f

· (0.1)�
(k)Gµ2

↵(↵+ �Gµ)

Z t0

tF

dt̃
Ce↵(ti)

t4i


a(t̃)

a(t0)

�5 
a(ti)

a(t̃)

�3
⇥(ti � tF )

<latexit sha1_base64="7xI6qhtJ4KRXTRwyDBCaiCp0AK8="></latexit>

red-shiftstring’s nature loop numberk-mode of 
loop-oscillation

more GW from more loops  
but more red-shift

ꔄ Flat during radiation

@ earlier ti
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Figure 2: GW spectrum from the scaling cosmic-string network evolving in a standard cos-
mology. Contributions from GW emitted during radiation and matter eras are shown with red
and green dashed lines respectively. The high-frequency cut-o↵s correspond to either the time of
formation of the network, c.f. Eq. (2), the time when friction-dominated dynamics become irrel-
evant, c.f. App. D.4, or the time when gravitational emission dominates over massive particle
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are described by Heaviside functions in the master formula in Eq. (26). In App. B.6, we show
that the slopes beyond the high-frequency cut-o↵s are given by f

�1/3. Colored regions indicate
the integrated power-law sensitivity of future experiments, as described in app. H.
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Standard Cosmology

My one page on GW from cosmic strings
Beyond the Standard Models with Cosmic Strings JCAP 07 (2020) 032, [1912.02569]. 

Gouttenoire, Servant, PS 

Network formation

We can do both local and global strings.

Gμ = 10−10

Gravitational Waves from cosmic strings.

[Simakachorn]
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UV cut-offs from 
particle productions 
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My few pages on GW from cosmic stringsGravitational Waves from cosmic strings.
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My few pages on GW from cosmic strings
Beyond the Standard Models with Cosmic Strings JCAP 07 (2020) 032, [1912.02569]. 

Gouttenoire, Servant, PS 

Metastable cosmic-string 
(network decay)

Gravitational Waves from cosmic strings.
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Beyond the Standard Models with Cosmic Strings JCAP 07 (2020) 032, [1912.02569]. 
Gouttenoire, Servant, PS 

Cosmic-string peak 
string decay + particle production

My few pages on GW from cosmic stringsGravitational Waves from cosmic strings.
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Part 2 of lecture 1: 
Probing the axion 

through its cosmology.

5757



Axion could arise either as a higher dimensional gauge field, or as a 
Pseudo- Nambu Goldstone boson (PNGB) from spontaneous breaking 
of global symmetry which is not exact but broken weakly.

Axion mass is proportional to this breaking.

Very general context.
Historically: QCD axion. Strong dynamics from QCD provides breaking 
of symmetry.
Axion-like-particles (ALPs): other axions whose mass is not affected by 
QCD. They get their mass from other sources.

58

Axions
Among the most hunted particles.

Ubiquitous in many extensions of the Standard Model

I will assume the second possibility as a simple benchmark. Important 
for cosmology: Axion is accompanied by its partner, the radial mode of 
a complex scalar field.



particularly motivated by Strong CP problem

Strong CP pb:
 Why is the neutron electric dipole moment (EDM) so small?
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FIG. 3: The Feynman diagram giving the leading-order contribution to the neutron eDM.

where p (p0) is the incoming (outgoing) momentum of the neutron, and q is the incoming momentum of the photon.
Anticipating that ✓ is small, we have performed a Taylor series in ✓ as well as taken the leading-order piece in q.
⇤ ⇠ 4⇡f⇡ is the UV cuto↵ of our theory of pions.

Let us now pretend that the neutron has an eDM in the Lagrangian,

L � dnFµ⌫n�µ⌫i�5n. (37)

This would correspond to a diagram with the matrix element

iM = 2dn✏⇤
µ
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Comparing this with Eq. 36, we see that
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Finally, comparing dn to the bounds on the neutron eDM gives
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To show that these results are correct, we can perform an important check that the potential depends exclusively
on ✓ as defined in Eq. 30. To see that ✓ is the only physical quantity, we remind the reader of the QCD Lagrangian

L � muei✓uuuc + mde
i✓dddc +

✓g2
s

32⇡2
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Two anomalous symmetries constrain the theory :

u ! ei↵u, ✓u ! ✓u � ↵, ✓ ! ✓ + ↵ (42)

and

d ! ei↵d, ✓d ! ✓d � ↵, ✓ ! ✓ + ↵. (43)

These anomalous symmetries are simply a reflection of how you’re defining your quarks, so any physical quantity
is invariant under these anomalous symmetries. It is easy to see that the only invariant quantity is ✓ and thus any
physical answer can only depend on ✓.

Unfortunately, the Strong CP literature is often not clear about ✓ versus ✓. People (this author included) will
often be sloppy in their notation and simply write ✓ when they mean ✓. While I will try to be careful in this review,
the reader should be alert in general and use context to determine if the author means ✓ or just ✓.

IV. THE ✓ VACUA

In this section, we are motivated by two confusing puzzles whose solutions lie in what is known as the ✓ vacua.
The first is the following statement : If we start with the Lagrangian
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4
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often be sloppy in their notation and simply write ✓ when they mean ✓. While I will try to be careful in this review,
the reader should be alert in general and use context to determine if the author means ✓ or just ✓.

IV. THE ✓ VACUA

In this section, we are motivated by two confusing puzzles whose solutions lie in what is known as the ✓ vacua.
The first is the following statement : If we start with the Lagrangian

L � �1

4
G2 +

✓g2
s

32⇡2
GG̃ (44)

9

can be beautifully solved by introducing an axion, see L. Alvarez-Gaume’s lectures. 

 where
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References on axions
Some recent references for reviews

-TASI Lectures on the Strong CP Problem and Axions,
Anson Hook, https://arxiv.org/abs/1812.02669

- ICTP summer school 2015, 3 lectures by Surjeet Rajendran
http://indico.ictp.it/event/a14276/session/27/contribution/110/material/slides/0.pdf
http://indico.ictp.it/event/a14276/session/28/contribution/115/material/slides/0.pdf
http://indico.ictp.it/event/a14276/session/29/contribution/119/material/slides/0.pdf

- 2015 GGI lectures by G. Villadoro:
https://www.ggi.infn.it/ggilectures/ggilectures2015/program.html
https://www.youtube.com/watch?
v=Bpund1fndCg&list=PLDxsZU4NC6Z4kL18PhWTeHicRP13OfHYI&index=1

-Review “The landscape of QCD axion models“, Di Luzio et al.
https://arxiv.org/pdf/2003.01100.pdf

- Review by Redondo and Irastorza                                                                                                     
“New experimental approaches in the search for axion-like particles”                                                             
https://arxiv.org/pdf/1801.08127.pdf

- A. Pich on chiral perturbation theory:
https://arxiv.org/pdf/hep-ph/9502366.pdf
(useful to compute the scalar potential as a function of theta angle)
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Axion-Like-Particles (ALPs).

charged under anomalous U(1) global symmmetry (Peccei-Quinn symmetry)

Spontaneously broken at scale fa

Axion as Goldstone boson

3 Production and Initial Conditions

3.1 Symmetry Breaking and Non-Perturbative Physics

Let’s briefly review the general picture for axions given in the previous section, highlighting
how this is relevant to axion cosmology in the very early Universe. Two important physical
processes determine this behaviour. Symmetry breaking occurs at some high scale, fa,
and establishes the axion as a Goldstone boson. Next, non-perturbative physics becomes
relevant, at some temperature TNP ⌧ fa, and provides a potential for the axion.

Giving substance to this chain of events: the axion field, �, is related to the angular
degree of freedom of a complex scalar, ' = �ei�/fa . The radial field, �, obtains the vev
h�i = fa/

p
2 when a global U(1) symmetry is broken (see Fig. 2). The field � is heavy, and

fa is the PQ symmetry breaking scale. The axion is the Goldstone boson of this broken
symmetry , and possesses a shift symmetry, � ! �+const., making it massless to all orders
in perturbation theory. Non-perturbative e↵ects, for example instantons, “switch on” at
some particular energy scale and break this shift symmetry, inducing a potential for the
axion, V (�). The potential must, however, respect the residual discrete shift symmetry,
� ! � + 2n⇡fa/NDW, for some integer n, which remains because the axion is still the
angular degree of freedom of a complex field. The potential is therefore periodic.

The scale of non-perturbative physics is ⇤a and the potential can be written as V (�) =
⇤4

a
U(�/fa), where U(x) is periodic, and therefore possesses at least one minimum and one

maximum on the interval x 2 [�⇡, ⇡]. We can choose the origin in field space such that
U(x) has its minimum at x = 0.10 It is common practice to assume a solution to the
cosmological constant problem such that the minimum is also obtained at U(0) = 0 (see
Section 7.1 for further discussion). A particularly simple choice for the potential is then

V (�) = ⇤4

a


1 � cos

✓
NDW�

fa

◆�
, (36)

where NDW is an integer, which unless otherwise stated I will set equal to unity. I stress that
the potential Eq. (36) is not unique and without detailed knowledge of the non-perturbative
physics it cannot be predicted. For example, so-called “higher order instanton corrections”
might appear, as cosn �/fa (see e.g. Ref. [71]). The form of the potential given by Eq. (36)
is, however, a useful benchmark for considering the form of axion self-interactions.

We can study axions in a model-independent way if we consider only small, � < fa,
displacements from the potential minimum. In this case, the potential can be expanded as
a Taylor series. The dominant term is the mass term:

V (�) ⇡ 1

2
m2

a
�2 , (37)

where m2

a
= ⇤4

a
/f2

a
. The symmetry breaking scale is typically rather high, while the non-

perturbative scale is lower. The axion mass is thus parametrically small.
Let’s consider some possible values for these scales. The QCD axion (see Section 2.1)

is the canonical example, where we have that ⇤4

a
⇡ ⇤3

QCD
mu with ⇤QCD ⇡ 200 MeV and

mu the u-quark mass, and 109 Gev . fa . 1017 GeV. The lower limit on fa comes from
supernova cooling [72, 73] (see Section 9.1), while the upper limit comes from black hole
superradiance [74] (BHSR, see Section 8.1). This leads to an axion mass in the range
4 ⇥ 10�10 eV . ma,QCD . 4 ⇥ 10�2 eV.

In string theory models (see Section 2.4), things are much more uncertain. The decay
constant typically takes values near the GUT scale, fa ⇠ 1016 GeV [5], though lower values
of fa ⇠ 1010�12 GeV are possible [67]. In specific, controlled, examples one always finds

10When x 6= 0 is associated to the breaking of CP symmetry, as is the case for the QCD axion, a theorem
of Vafa and Witten [23] guarantees that the induced potential has a minimum at the CP -conserving value
x = 0.
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10When x 6= 0 is associated to the breaking of CP symmetry, as is the case for the QCD axion, a theorem
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The axion mass, ma, induced by QCD instantons can be calculated in chiral perturbation
theory [24, 2]. It is given by

ma,QCD ⇡ 6 ⇥ 10�6 eV

✓
1012 GeV

fa/C

◆
. (5)

This is a (largely) model-independent statement, and the approximate symbol, “⇡,” takes
model and QCD uncertainties into account. If fa is large, the QCD axion can be extremely
light and stable, and is thus an excellent DM candidate [25, 26, 27].

We will consider three general types of QCD axion model:3

• The Peccei-Quinn-Weinberg-Wilczek (PQWW) [3, 24, 2] axion, which introduces one
additional complex scalar field only, tied to the EW Higgs sector. It is excluded by
experiment.

• The Kim-Shifman-Vainshtein-Zakharov (KSVZ) [28, 29] axion, which introduces heavy
quarks as well as the PQ scalar.

• The Dine-Fischler-Srednicki-Zhitnitsky (DFSZ) [30, 31] axion, which introduces an
additional Higgs field as well as the PQ scalar.

2.1.2 PQWW axion

The PQWW model introduces a single additional complex scalar field, ', to the standard
model as a second Higgs doublet. One Higgs field gives mass to the u-type quarks, while
the other gives mass to the d-type quarks (a freedom of the model is the choice of which
doublet, if not a third field, gives mass to the leptons). This fixes the representation of
' in SU(2) ⇥ U(1). The whole Lagrangian is then taken to be invariant under a global
U(1)PQ symmetry, which acts with chiral rotations, i.e. with a factor of �5. These chiral
rotations shift the angular part of ' by a constant. The PQ field couples to the standard
model via the Yukawa interactions which give mass to the fermions as in the usual Higgs
model. The invariance of these terms under global U(1)PQ rotations fixes the PQ charges
of the fermions.

Just like the Higgs, ' has a symmetry breaking potential (see Fig. 2):

V (') = �

✓
|'|2 � f2

a

2

◆2

, (6)

and takes a vacuum expectation value (vev), h'i = fa/
p

2 at the EW phase transition. Just
as for the Higgs, this fixes the scale of the vev fa ⇡ 250 GeV.

There are four real, electromagnetically (EM) neutral scalars left after EW symmetry
breaking: one gives the Z-boson mass, one is the standard model Higgs [32, 33], one is the
heavy radial ' field, and one is the angular ' field. The angular degree of freedom appears
as h'iei�/fa after canonically normlaizing the kinetic term. The field � is the axion and is
the Goldstone boson of the spontaneously broken U(1)PQ symmetry.

The axion couples to the standard model via the chiral rotations and the PQ charges
of the standard model fermions, e.g. expanding in powers of 1/fa the quark coupling is
mq(�/fa)iq̄�5q. The chiral anomaly [34] then induces couplings to gauge bosons via fermion
loops4 / �GG̃/fa and / �FF̃/fa, where F is the EM field strength. The gluon term is
the desired term and leads to the PQ solution of the strong-CP problem. Notice that all
axion couplings come suppressed by the scale fa, which in the PQWW model is fixed to

3One can also construct more general particle physics models along these lines with multiple ALPs as
well as the QCD axion, but we will not discuss such models in detail. We consider all ALPs within a string
theory context in Section 2.4.

4See Appendix B for a heuristic description of e↵ective field theory (EFT).

7

Figure 2: A symmetry breaking potential in the complex ' plane. The vev of the radial
mode is fa/

p
2 and the axion is the massless angular degree of freedom at the potential

minimum.

be the EW vev. In the PQWW model fa is too small, the axion couplings are too large,
and it is excluded, e.g. by beam-dump experiments [9]. The PQWW axion is also excluded
by collider experiments such as LEP (see the recent compilation of collider constraints in
Ref. [35], and Section 9.6).

In the KSVZ and DFSZ models, which we now turn to, the PQ field, ', is introduced
independently of the EW scale. The decay constant is thus a free parameter in these models,
and can be made large enough such that they are not excluded. For this reason, both the
KSVZ and the DFSZ axions are known as invisible axions. On the plus side, in these models
the axion is stable and is an excellent DM candidate with its own phenomenology.

2.1.3 KSVZ axion

The KSVZ axion model introduces a heavy quark doublet, QL, QR, each of which is an
SU(3) triplet, and the subscripts represent the charge under chiral rotations. The PQ
scalar field, ', has charge 2 under chiral rotations, but is now a standard model singlet.
The PQ field and the heavy quarks interact via the PQ-invariant Yukawa term, which
provides the heavy quark mass:

LY = ��Q'Q̄LQR + h.c. , (7)

where the Yukawa coupling �Q is a free parameter of the model. As in the PQWW model,
there is a global U(1)PQ symmetry which acts as a chiral rotation with angle ↵ = �/fa,
shifting the axion field. Global U(1)PQ symmetry is spontaneously broken by the potential,
Eq. 6.

At the classical level, the Lagrangian is una↵ected by chiral rotations, and ' is not
coupled to the standard model. However at the quantum level, chiral rotations on Q a↵ect
the G̃G term via the chiral anomaly [34]:

L ! L +
↵

32⇡2
GG̃ , (8)

where I have used that in the KSVZ model the colour anomaly is equal to unity (see
Section 2.2).

8

Consider complex scalar field

VH is a Hubble-dependent term driving the field VEV to large values at early time. The complex scalar
field can be parameterized by two real fields describing radial ¡ and angular µ directions

© = ¡eiµ, (7.2)

where the U (1) symmetry acts as a shift symmetry for µ. We consider only the homogeneous part of
the field, such that the Lagrangian in the angular representation is

L = 1
2
¡̇2 + 1

2
¡2µ̇2 °V (|©|)°Vth(|©| , T )°V⇠⇠U (1)(©)°VH (©), (7.3)

where the first and second terms denote the kinetic energy in the radial and angular modes, respec-
tively.

Ingredients for a kination era. First, let us chart the big picture and list the special features of the
model required for generating a kination-dominated era.

• a U (1)-conserving potential V (|©|) with spontaneous breaking. In our scenario, the kination era
occurs when a rotating scalar field, which dominates the energy density of the universe, rotates
along the flat direction of its SSB minimum.

• an explicit U (1)-breaking potential V⇠⇠U (1)(©). The rotation of the field condensate is induced by
an early kick in the angular direction due to the presence of an explicit breaking potential, sim-
ilarly to the Afflect-Dine mechanism [136].

• a large initial radial field-value ¡ini. For the explicit breaking higher-order terms in the potential
to play a role on the dynamics of the scalar field, we need a mechanism to drive the scalar field
to large value in the early universe. This is encoded in the term VH (©).

• a mechanism for damping the radial mode. After the kick, the field condensate undergoes an
elliptic motion. A mechanism is necessary to damp the radial mode so that a circular trajectory
is reached and the energy density will be dominated by the kinetic energy of the angular mode
when the field settles down to the SSB vacuum, resulting in a kination era.

7.2 U (1)-conserving potential with spontaneous breaking

7.2.1 Zero-temperature potential

In App. G.2 and G.4, we show that for the scalar field energy density to redshift slower than radiation
and to dominate the energy density of the universe, we need to consider a potential shallower than
quartic. Therefore, we consider a nearly-quadratic potential with a flat direction at the minimum

V (|©|) = m2
r |©|2

µ
ln

|©|2

f 2
a

°1
∂
+m2

r f 2
a + ∏2

M 2l°6
pl

|©|2l°2, (7.4)

where fa is the radial field value at the minimum. We can define an effective mass which is field
dependent

m2
r,eff ¥

d 2V
d |©|2 = 4m2

r

µ
1+ ln

|©|
fa

∂
. (7.5)

In App. D.1, we show that the quadratic potential in Eq. (7.4) can be generated in gravity-mediated
SUSY-broken theories, with mr being equal to the gravitino mass

mr ' m32. (7.6)
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ALPs.
Non-perturbative effects at energy 𝝠b  << fa  break the 

shift symmetry  and  generate a potential/mass for the axion
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Axions and Axion-Like-Particles (ALPs)

• One of the strongest BSM candidates: Strong CP problem, dark matter, ...

• At low energies, and high temperatures, it has the e↵ective potential:

VALP � m
2(T )f 2


1� cos

✓
�
f

◆�
= ⇤4

b(T )[1� cos (✓)]

• The mass (barrier-height) is in general temperature-dependent:

m
2(T ) ⇡ m

2
0 ⇥

8
><

>:

✓
Tc

T

◆��

,T � Tc

1 ,T < Tc

QCD axion

m
2
0f

2
⇡ (76MeV)4, � ⇡ 8, Tc ⇡ 150MeV

Generic ALP

m0, f , �,Tc are free parameters.
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Mainly through Axion-photon coupling

• There is a global U(1) symmetry respected by the classical action.

• Spontaneous breaking at scale fa leads to an angular degree of freedom, �/fa, with a
shift symmetry.

• The U(1) symmetry is anomalous and explicit breaking is generated by quantum
e↵ects (instantons etc.), which emerge with some particular scale, ⇤a. Because of the
classical shift symmetry, these e↵ects must be non-perturbative.

• Since � is an angular degree of freedom, the quantum e↵ects must respect the residual
shift symmetry � ! �+ 2n⇡fa.

In this picture a pNGB or ALP obtains a periodic potential U(�/fa) when the non-
perturbative quantum e↵ects “switch on.” The mass induced by these e↵ects is ma ⇠ ⇤2

a
/fa.

2.3 Couplings to the Standard Model

The couplings of the QCD axion are computed in Ref. [39]. Other references include
Refs. [9, 36, 43].

The QCD axion is defined to have coupling strength unity to GG̃, via the term in
Eq. (2), replacing ✓QCD ! �/(fa/NDW). Any ALP must couple more weakly to QCD (e.g.
Ref [44]), and in any case a field redefinition can often define the QCD axion to be the
linear combination that couples to QCD, leaving ALPs free of the QCD anomaly.

Axion couplings to the rest of the standard model are defined by symmetry, and in
specific models can be computed in EFT. The axion is a pseudoscalar Goldstone boson
with a shift symmetry, so all couplings to fermions must be of the form

@µ(�/fa)( ̄�µ�5 ) . (21)

The form of this coupling, as an axial current, means that the force mediated by axions
is spin-dependent and only acts between spin-polarised sources (see Section 9.4). Thus no
matter how light the axion, it transmits no long-range scalar forces between macroscopic
bodies. This has the important implication that, in an astrophysical setting, ULAs are
not subject to the simplest fifth-force constraints like light scalars such as (non-axion)
quintessence are.

For example, in the DFSZ model, a coupling of the form Eq. (21) is obtained from the
H ̄ term after symmetry breaking and a PQ rotation, with the value of the co-e�cient
set by the PQ charge of the fermions. Such a term is generated at one loop in the KSVZ
model.

A coupling to EM of the form:

�~E · ~B = ��Fµ⌫ F̃µ⌫/4 (22)

is generated if there is an EM anomaly (see below).
On symmetry grounds we can write a general interaction Lagrangian, applicable at low

energies (after PQ symmetry breaking and non-perturbative e↵ects have switched on):

Lint = �g��

4
�Fµ⌫ F̃µ⌫ +

g�N

2mN

@µ�(N̄�µ�5N) +
g�e

2me

@µ�(ē�µ�5e) � i

2
gd�N̄�µ⌫�5NFµ⌫ ,

(23)
where �µ⌫ = i

2
[�µ, �⌫ ], and here N is a nucleon (proton or neutron). The coupling g��

has mass-dimension �1 and is proportional to 1/fa; the coupling gd has mass dimension
�2 and is also proportional to 1/fa. The couplings g�e and g�N are dimensionless in
the above conventions, but are related to commonly-used dimensionful couplings g̃�e,N =
g�e,N/(2me,N ) / 1/fa. Notice how all dimensionful couplings are suppressed by 1/fa,
which is a large energy scale. This is why axions are weakly coupled, and evade detection.
Note the similarity to the suppression of quantum-gravitational e↵ects by 1/Mpl.

12

fa

_a
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The hunt for axions.

 If long-lived: Dark Matter candidate

In a background magnetic field:
axion<->photon conversion

63

Lifetime depends on axion-photon coupling. 
However, relic abundance only depends on f_a
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How to look: three kinds of experiments at DESY 
 
 
Axion/ALP photon mixing in magnetic fields 

•  Haloscopes 
looking for dark matter constituents,  
microwaves    

   
 

•  Helioscopes 
Axions emitted by the sun,  
X-rays        
 
 

•  Purely laboratory experiments     
“light-shining-through-walls”,  
microwaves, optical photons      

a a 

a a 
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Three main ways to search for ALPs.
All rely on ALP-photon mixing in magnetic field  
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looking for dark matter constituents, microwaves 

   Helioscopes 
Axions emitted by the sun, X-rays 

Purely laboratory experiments  
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The Axion-Like-Particle (ALP) parameter space.
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Experimentally constrained

If  axions are given an interaction to photons then a long list of constraints from ALP searches apply

Thus we will demand that the fragmentation temperature is smaller than Tfo so that
the axions cannot thermalize. So we require

Tfrag . Tfo ⇠
�
↵emg

2
���Mpl

��1
. (7.7)

This constrains the upper right corner of the bottom plot in Fig 4 (small fa, large ma

region), that is already excluded by CAST experiment.

• Applicable constraints from ALP searches: If the axions are given an interac-
tion to photons then a long list of constraints from ALP searches apply. If we assume
that the axion has a KSVZ-like coupling, i.e.

f�

fa
⇡ 0.5⇥ 103, (7.8)

where f� is the scale of the photon coupling, then the experimental constraints apply
to the regions shown in figure ??. In this figure, we show both current constraints in
filled regions as well as projections for future experiments.

• Lyman-↵ constraints: In the ultra-light mass range (⇠ 10�22 eV) scalar particles
will exhibit wave-like behavior on astrophysical (kpc/mpc) scales, which suppresses
small scale structure growth [14]. This is sensitively constrained by the neutral hydro-
gen absorption lines of the intergalactic medium, known as the Lyman-↵ forest [15].
Recent modeling shows that scalar particle masses below 10�19.6 eV are incompatible
with the observed absorption lines, if the particles are assumed to be dark matter [16].
We therefore impose that

ma > 10�19.6 eV, (7.9)

which sets the lower mass bound on the axion mass.

The fragmented axion DM parameter space constrained with the above conditions is
displayed in Fig. 4. The contours for the fragmentation temperature at fragmentation, T⇤,
and for the barrier size ⇤b are also shown.

8 Does the photon coupling affect the fragmentation process?

If we assume that axion has a coupling to photons then we need to make sure that this
coupling does not spoil the fragmentation process. This can happen if the equation of
motion for the photon admits unstable solutions. In order to trust the results of [7] we need
to ensure that such solutions do not exist in the parameter space we are interested in.

To study the effect of the axion-photon coupling we consider the following Lagrangian:

L =
1

2
@µ�@

µ
�� V (�)�

1

4
Fµ⌫F

µ⌫
�

1

4
g����Fµ⌫

eFµ⌫
, (8.1)

where V (�) is given by (2.1). The field eFµ⌫ is defined as

eFµ⌫ =
1

2
✏
µ⌫⇢� =

1

2

✏̂
µ⌫⇢�

p
g

F⇢�, (8.2)
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The hunt for axions.

Motivation: Axion parameter space

Assuming KSVZ-like photon and neutron couplings:
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Figure 1. The experimental landscape in the hunt for ALPs assuming a KSVZ-like axion-photon
coupling g

KSVZ
◊““ given in (5.10). Coloured regions are excluded. The thin lines indicate the sensitivities

of future experiments. Used data is listed in appendix D. Orange constraints apply to any ALP while
the green ones assume the ALP is DM. The yellow thick line corresponds to the QCD axion. The four
other parallel straight lines indicate the correct dark matter relic abundance contours for di�erent
assumptions of the initial misalignment angle. Above the thick orange line, the axion produced from
the standard misalignment mechanism is under-abundant to explain DM.

2 ALP dark matter from kinetic misalignment

We consider the cosmological evolution of an ALP field ◊ whose Lagrangian is given by

L = ≠f
2

2 g
µ‹

ˆµ◊ˆ‹◊ ≠ V (◊) = ≠f
2

2 g
µ‹

ˆµ◊ˆ‹◊ ≠ m
2(T )f2[1 ≠ cos (◊)], (2.1)

where f is the vacuum expectation value of the complex scalar field radial component. The
metric is taken to be the flat Friedmann-Lemaitre-Robertson-Walker metric2

ds
2 = ≠ dt

2 + a
2(t)”ij dx

i dx
j

. (2.2)

We decompose the ALP field ◊(t, x) into a homogeneous mode �(t), and small fluctuations
”◊(t, x), where the latter can be expanded into Fourier modes as

”◊(t, x) =
⁄ d3

k

(2fi)3 ◊k(t)e≠ik·x
. (2.3)

2In general, the metric does also have curvature perturbation terms. These will determine the initial
conditions for the mode functions as we will demonstrade in section 3.3.

– 3 –
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Experiment: Principle DM? Ref.

Haloscope constraints

ABRACADABRA-10cm Haloscope DM [76]
ADMX Haloscope DM [77–83]
BASE Haloscope (Cryogenic Penning Trap) DM [84]
CAPP Haloscope DM [85–87]
CAST-RADES Haloscope DM [88]
DANCE Haloscope (Optical cavity polarization) DM [89]
Grenoble Haloscope Haloscope DM [90]
HAYSTAC Haloscope DM [91, 92]
ORGAN Haloscope DM [93]
QUAX Haloscope DM [94, 95]
RBF Haloscope DM [96]
SHAFT Haloscope DM [97]
SuperMAG Haloscope (Using terrestrial magnetic field) DM [98]
UF Haloscope DM [99]
Upload Haloscope DM [100]

Haloscope projections

ABDC Haloscope DM [101]
ADMX Haloscope DM [102]
aLIGO Haloscope DM [103]
ALPHA Haloscope (Plasma haloscope) DM [104]
BRASS Haloscope DM [105]
BREAD Haloscope (Parabolic reflector) DM [106]
DANCE Haloscope (Optical cavity polarization) DM [107]
DMRadio Haloscope (All stages: 50L, m

3 and GUT) DM [108, 109]
FLASH Haloscope (Formerly KLASH) DM [110, 111]
Heterodyne SRF Haloscope (Superconduct. Resonant Freq.) DM [112, 113]
LAMPOST Haloscope (Dielectric) DM [114]
MADMAX Haloscope (Dielectric) DM [115]
ORGAN Haloscope DM [93]
QUAX Haloscope DM [116]
TOORAD Haloscope (Topological anti-ferromagnets) DM [117, 118]
WISPLC Haloscope (Tunable LC circuit) DM [119]

LSW and optics

ALPS Light-shining-through wall Any [120]
ALPS II Light-shining-through wall (projection) Any [121]
CROWS Light-shining-through wall (microwave) Any [122]
OSQAR Light-shining-through wall Any [123]
PVLAS Vacuum magnetic birefringence Any [124]

Helioscopes

CAST Helioscope Any [125, 126]
babyIAXO Helioscope (projection) Any [1, 127, 128]
IAXO Helioscope (projection) Any [1, 127, 128]
IAXO+ Helioscope (projection) Any [1, 127, 128]

Table 1. List of experimental searches for axions and ALPs. The table is continued in table 2. All
experiments here rely on the axion-photon coupling.
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Experiment: Principle DM? Reference

Astrophysical constraints

4C+21.35 Photon-ALP oscillation on the “-rays from blazars Any [129]
Breakthough Listen ALP æ radio “ in neutron star magn. fields DM [130]
Bullet Cluster Radio signal from ALP DM decay DM [131]
Chandra AGN X-ray prod. in cosmic magn. field Any [132–135]
BBN + Ne� ALP thermal relic perturbing BBN and Ne� Any [136]
Chandra MWD X-rays from Magnetic White Dwarf ALP prod. Any [137]
COBE/FIRAS CMB spectral distortions from DM relic decay DM [138]
Distance ladder ALP ¡ “ perturbing luminosity distances Any [139]
Fermi-LAT SN ALP product. æ “-rays in cosmic magn. field Any [140–142]
Fermi-LAT AGN X-ray production æ ALP in cosmic magn. field Any [143]
Haystack Telescope ALP DM decay æ microwave photons DM [144]
HAWC TeV Blazars “ æ ALP æ “ conversion reducing “-ray attenuation Any [145]
H.E.S.S. AGN X-ray production æ ALP in cosmic magn. field Any [146]
Horizontal branch stars stellar metabolism and evolution Any [147]
LeoT dwarf galaxy Heating of gas-rich dwarf galaxies by ALP decay DM [148]
Magnetic white dwarf pol. “ æ ALP conversion polarizing light from MWD stars Any [149]
MUSE ALP DM decay æ optical photons DM [150]
Mrk 421 Blazar “-ray æ ALP æ “-ray in cosmic magn. field Any [151]
NuStar Stellar ALP production æ “ in cosmic magn. fields Any [152, 153]
NuStar, Super star clusters Stellar ALP production æ “ in cosmic magn. fields Any [153]
Solar neutrinos ALP energy loss æ changes in neutrino production Any [154]
SN1987A ALP decay SN ALP production æ “ decay Any [155]
SN1987A gamma rays SN ALP production æ “ in cosmic magnetic field Any [156, 157]
SN1987A neutrinos SN ALP luminosity less than neutrino flux Any [157, 158]
Thermal relic compilation Decay and BBN constraints from ALP thermal relic Any [159]
VIMOS Thermal relic ALP decay æ optical photons Any [160]
White dwarf mass relation Stellar ALP production perturbing WD metabolism Any [161]
XMM-Newton Decay of ALP relic DM [162]

Astrophysical projections

eROSITA X-ray signal from ALP DM decay DM [163]
Fermi-LAT SN ALP production æ “ in cosmic magnetic field Any [164]
IAXO Helioscope detection of supernova axions Any [165]
THESEUS ALP DM decay æ x-ray photons DM [166]

Neutron coupling:

CASPEr-wind NMR from oscillating EDM (projection) DM [167, 168]
CASPEr-ZULF-Comag. NMR from oscillating EDM DM [168, 169]
CASPEr-ZULF-Sidechain NMR (constraint & projection) DM [168, 170]
NASDUCK ALP DM perturbing atomic spins DM [171]
nEDM Spin-precession in ultracold neutrons and Hg DM [168, 172]
K-3He Comagnetometer DM [173]
Old comagnetometers New analysis of old comagnetometers DM [174]
Future comagnetometers Comagnetometers DM [174]
SNO Solar ALP flux from deuterium dissociation Any [175]
Proton storage ring EDM signature from ALP DM DM [176]
Neutron Star Cooling ALP production modifies cooling rate Any [177]
SN1987 Cooling ALP production modifies cooling rate Any [178]

Coupling independent:

Black hole spin Superradiance for stellar mass black holes Any [72–74]
Lyman≠– Modification of small-scale structure DM [60]

Table 2. List of experimental searches for axions and ALPs.
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A whole set of experiment constraints.
All data can be found here: 

All experiments also listed in 
tables 1 and 2 of 2206.14259:
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Which of these axions can make 
Dark Matter ?
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69

How light can the 
dark matter particle be?

First, let us ask the question:
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Lower bound on Dark Matter Mass

Dark Matter must behave classically to be confined on galaxy scales. 
DM with De Broglie wavelength > size of dwarf galaxies ~ kpc 
will prevent their formation 

We demand λ < kpc  ->  m v > 1/ kpc

1 pc= 3×1018  cm= 3×1018  / (2×10-14 GeV)=1032 GeV-1=(10-32 GeV)-1

1 kpc-1 =10-35 GeV=10-26 eV

v~10-3 

mv~m 10-3 mDM ≳10-23 eV 
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More stringent bound for fermionic Dark Matter

for dwarf galaxies:  m> 0.7 keV
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Pauli exclusion principle. 
Phase space density for fermions has a maximum value,
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Pre- and post-inflationary scenario

VPQ

Post-inflationary scenario

• Di↵erent initial angle in each Hubble patch.

• Inhomogeneous including topological defects.

Pre-inflationary scenario (This work)

• Random initial angle in the observable

universe.

• Initially homogeneous w/o topological defects.

2/13

Pre- and post-inflationary scenarios.
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Potential of full complex PQ scalar field



Pre- and post-inflationary scenario

VPQ

Post-inflationary scenario

• Di↵erent initial angle in each Hubble patch.

• Inhomogeneous including topological defects.

Pre-inflationary scenario (This work)

• Random initial angle in the observable

universe.

• Initially homogeneous w/o topological defects.

2/13

Pre- and post-inflationary scenarios.
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Usual story.

SM radiation a-4

Axion frozen by 
Hubble expansion 

and waiting at bottom 
of PQ potential

Axion dark matter a-3
H~m

Oscillations 
start

Scale factor of universe a

Energy  
density

(Most axion cosmology literature is about the rather late cosmology 
from moment axion gets a mass)



Axions from the misalignment mechanism.

7575

Axion late cosmology

With initial conditions:

—> standard misalignment mechanism
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For

The initial conditions for this mechanism are

Q(ti) = Qi, Q̇(ti) = 0. standard misalignment mechanism (8)

The initial misalignment angle Qi is the value of the angular part of the Peccei-Quinn (PQ) field
after the spontaneous symmetry breaking, which can take different values in different patches of
the universe. If the PQ-breaking happens before inflation, then all the patches are inflated away so
we have a homogeneous value throughout the observable universe. However, if the PQ-breaking
happens after inflation, then the observable universe has many patches having different values of
Qi. Then Qi is fixed by averaging over different Hubble patches.

However, this is not the only mechanism for ALP dark matter. It is possible that the PQ symme-
try is explicitly broken at high energies which tilts the mexican-hat potential such that the angular
part of the PQ field obtains a large kick in early universe. This is known as the kinetic misalignment

mechanism [1]. In this case, the initial condition for the homogeneous mode is modified by

1
2

Q̇2
i
� 2m

2(Ti). kinetic misalignment mechanism (9)

The physical meaning of this initial condition is that the ALP field has a very large initial kinetic
energy such that it goes over many barriers before it got stuck in one of the minimums. The
trapping occurs when the energy of the ALP field falls below the height of the barrier:

rf(T⇤) =
1
2

f
2Q̇2(T⇤) + m

2(T⇤) f
2[1 � cos(Q(T⇤))] = 2m

2(T⇤) f
2[1 � cos(Q(T⇤))], (10)

where the temperature T⇤ is defined by this equation and denoted the temperature at which the
field is trapped by the barrier. For later convenience we introduce the parameter e(t) which is
defined by

e(t) ⌘
rf

2m2(t) f 2 =
1
4

Q̇2

m2(t)
+ sin2

✓
Q
2

◆
. (11)

2 Classification based on the cosmic history before trapping

2.1 Overview of the regions

Based on the evolution of the ALP field before it gets trapped by the potential, there are four dif-
ferent scenarios:

1. Strong axion fragmentation: The ALP field is completely fragmented before it gets trapped
by the potential.

2. Weak axion fragmentation: The fragmentation is active for a while before the field gets
trapped, but it is weak.

3. Kinetic misalignment: The fragmentation does not happen, but the ALP field has a non-
zero initial velocity, such that the onset of oscillations is delayed.

4. Regular misalignment: Even though the ALP field might have some initial velocity, it is not
sufficient to overcome many barriers, so conventional misalignment mechanism is at play.

2

standard assumption

Conventional misalignment

Axion Lagrangian

L =
1

2
@µ�@

µ
��m

2(T )f2
a (1� cos(�/fa))

Equation of motion in FRW:

�̈+ 3H�̇|{z}
friction

+m
2
a� = 0

Two regimes:
> ma ⌧ 3H () ⇢a / a

0 (Frozen)
> ma � 3H () ⇢a / a

�3 (Oscillating)

DESYª | Opening up the axion dark matter window with axion fragmentation | Philip Sørensen | Hamburg, 01.06.2020 Page 6

Conventional misalignment

1 Inflation sets random ✓I = O(1)

2 Hubble frozen = no redshift
3 Begins to oscillate at

ma ⇠ 3H(T )

4 Redshift as ⇢a / a
�3

DESYª | Opening up the axion dark matter window with axion fragmentation | Philip Sørensen | Hamburg, 01.06.2020 Page 7

Neglecting fluctuations, the homogeneous zero-mode satisfies

6 1. Geometry and Dynamics

Notice that the coordinates x and u are now dimensionless, while the parameter a carries the di-
mension of length. The di↵erential of the embedding condition, x2 ± u

2 = ±1, gives udu = ⌥x · dx,
so

d`2 = a
2


dx2 ± (x · dx)2

1⌥ x2

�
. (1.1.12)

We can unify (1.1.12) with the Euclidean line element (1.1.8) by writing

d`2 = a
2


dx2 + k

(x · dx)2
1� kx2

�
, for k ⌘

8
<

:

0 E3

+1 S3

�1 H3

. (1.1.13)

Note that we must take a
2
> 0 in order to have d`2 positive at x = 0, and hence everywhere. It is

convenient to use spherical polar coordinates, (r, ✓,�), because it makes the symmetries of the space
manifest. Using

dx2 = dr2 + r
2(d✓2 + sin2 ✓d�2) , (1.1.14)

x · dx = rdr , (1.1.15)

the metric in (1.1.13) becomes diagonal

d`2 = a
2


dr2

1� kr2
+ r

2d⌦2

�
, (1.1.16)

where d⌦2 ⌘ d✓2 + sin2 ✓d�2.

Exercise.—Show that despite appearance r = 0 is not a special point in (1.1.7).

1.1.3 Robertson-Walker Metric

Substituting (1.1.7) into (1.1.6), we obtain the Robertson-Walker metric 3 in polar coordinates:

ds2 = dt2 � a
2(t)


dr2

1� kr2
+ r

2d⌦2

�
. (1.1.17)

Notice that the symmetries of the universe have reduced the ten independent components of the

spacetime metric to a single function of time, the scale factor a(t), and a constant, the curvature

parameter k.

• The line element (1.1.17) has a rescaling symmetry

a ! �a , r ! r/� , k ! �
2
k . (1.1.18)

This means that the geometry of the spacetime stays the same if we simultaneously rescale

a, r and k as in (1.1.18). We can use this freedom to set the scale factor to unity today:4

a(t0) ⌘ 1. In this case, a(t) becomes dimensionless, and r and k
�1/2 inherit the dimension

of length.

3Sometimes this is called the Friedmann-Robertson-Walker (FRW) metric.
4Quantities that are evaluated at the present time t0 will have a subscript ‘0’.

Different regions for ALP dark matter

Cem Eröncel

November 30, 2020

1 Analytical theory of parametric resonance in Kinetic Misalignment

We are interested in studying the parametric resonance during the cosmological evolution of an
ALP field whose Lagrangian is given by

L =
1
2

g
µn∂µf∂nf � V(f) =

1
2

g
µn∂µf∂nf � m

2(T) f
2


1 � cos
✓

f

f

◆�
. (1)

The metric is taken to be the flat Friedmann-Lemaitre-Robertson-Walker metric1

ds
2 = dt

2 � a
2(t)dij dx

i dx
j . (2)

We decompose f(x, t) into a homogeneous mode f(t) ⌘ f Q(t) and small fluctuations df(x, t),
where the latter can be expanded into the Fourier modes

df(x, t) =
Z d3k

(2p)3

⇣
âkuk(t)e

ik·x + h.c.
⌘

, (3)

where the creation/annihilation operators â
†
k/âk satisfy

h
âk, â

†
k0

i
= (2p)3d(3)(k � k0). (4)

Using the Lagrangian (1) and the metric (2), we can show that the homogeneous mode Q obeys

Q̈ + 3HQ̇ + m
2(T) sin(Q) = 0, (5)

while the equation of motion for the mod functions uk(t) are given by

ük + 3Hu̇k +


k

2

a2 + m
2(T) cos (Q)

�
uk = 0. (6)

So far we have neglected the backreaction of the fluctuations onto the homogenenous. We will
study the backreactions later.

Most of the literature on ALP dark matter focuses on the “standard misalignment mechanism”
in which the ALP field is initially frozen due to the strong Hubble friction, then it starts oscillating
around the temperature Tosc which can be estimated by

m(Tosc) ⇡ 3H(Tosc). standard misalignment mechanism (7)

1In general, the metric should also have curvature perturbation terms. We will study them in Section 4.

1

a

𝜌𝜌

ρDM grows with fa  —> Axion Dark Matter overabundance for too large fa  



Conventional misalignement 
makes too little DM for low fa .

A way out: switch on initial velocity for the axion 7676

ALP dark matter parameter space in the standard paradigm (with g✓� = (↵em/2⇡)(1.92/f�))
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(KSVZ-like coupling)
ALP dark matter parameter space (with KSVZ-like photon coupling g✓� = (↵em/2⇡)(1.92/f ))
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Dark matter from ALPs: Misalignment mechanisms

Standard (Large) misalignment

Zhang,Chiueh 1705.01439; Arvanitaki et al. 1909.11665

⇤4
b

⇥̇i = 0

Time

A
LP

en
er

gy
de

ns
ity

m
=

3H

Frozen w � �1 Oscillating w � 0

� a0

�
a �

3

�
a �

3

�i = � � 10�6

�i = 0.8�

Kinetic misalignment

Co et al. 1910.14152

⇥̇i 6= 0

Time

A
LP

en
er

gy
de

ns
ity

Rolling w � 1

�
a �6

Oscillating w � 0

� a�3

� k
in

=
� p

ot
m

�
3H

3/13

Standard versus kinetic Misalignment.

77

Two ways to delay the onset of oscillations

Initial field value tuned to top of potential: Large initial velocity

Eroncel et al, 2206.14259 
Chang-Cui, 1911.11885 



Extending the parameter space to lower f� values

• Modify the initial conditions

• Large misalignment: Choose the initial angle
very close to the top, i.e. |⇡ � ✓i | ⌧ 1.
Zhang,Chiueh 1705.01439; Arvanitaki et al. 1909.11665

• Kinetic misalignment: Start with a large initial
kinetic energy.
Co et al. 1910.14152; Chang et al. 1911.11885

• Modify the potential to a non-periodic one:

Ollé+. 1906.06352; Chatrchyan, CE, Koschnitzke, Servant 2305.03756
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Extending the parameter space to lower f� values

• Modify the initial conditions

• Large misalignment: Choose the initial angle
very close to the top, i.e. |⇡ � ✓i | ⌧ 1.
Zhang,Chiueh 1705.01439; Arvanitaki et al. 1909.11665

• Kinetic misalignment: Start with a large initial
kinetic energy.
Co et al. 1910.14152; Chang et al. 1911.11885

• Modify the potential to a non-periodic one:

Ollé+. 1906.06352; Chatrchyan, CE, Koschnitzke, Servant 2305.03756
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, p < 1.
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V (✓)
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Cem Eröncel (ITU), Axions++ 3/13

1906.06352, 2305.03756 

A third way to delay the onset of oscillations:
 a non-periodic potential.
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Expanding the parameter space to lower f� values

1 3 5 10 20 30 50 100
Time [m�/H]
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� a�3

Standard misalignment

Large misalignment

Non-periodic p = 1/2

Non-periodic p = �1/2

Kinetic misalignment

Common property of all these is that the onset of oscillations got delayed which boosts the dark

matter abundance, and extends the ALP dark matter parameter space to lower decay constants.

Cem Eröncel (ITU), Axions++ 4/13

Common property of all these cases: onset of oscillations is delayed
 which boosts the dark matter abundance, and extends the ALP 
dark matter parameter space to lower decay constants. 

Usual 
story
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ALP DM parameter space.

80

ALP parameter space (with KSVZ-like photon coupling g✓� = (↵em/2⇡)(1.92/f�))
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Constant axion mass

(KSVZ-like coupling)
ALP dark matter parameter space (with KSVZ-like photon coupling g✓� = (↵em/2⇡)(1.92/f ))
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Kinetic misalignment.
Add kinetic energy to delay onset of oscillationsKinetic misalignment

> Begins to oscillate at �̇ ⇠ 2⇤2
b

> Delay oscillations
) less redshift
) more DM
) lower fa

⇢
kin
� ⇡ mafa�̇⇤

✓
a⇤
a0

◆3

where ⇤ = time of stopping.

DESYª | Opening up the axion dark matter window with axion fragmentation | Philip Sørensen | Hamburg, 01.06.2020 Page 11

-> ALP can be DM for low fa

Co, Hall, Harigaya et al ’19’20 
Chang, Cui’19 
Eröncel et al, ‘22

Axion Dark Matter

19

circle of 
ϕ = fa

via kinetic misalignment & axion fragmentation
Peccei-Quinn charge in the spinning axion transfers to the axion number density

case II: ϕini = fa Angular potential 
U(θ)

for T ≥ Tc

case I: ϕini ≫ fa

ϕ = fa

V(Φ) I

II
for T < Tc

δ

θ0

·θ

0 2ππ 3π 4π
angular direction: θ

m2
a f 2

a[1 − cos(θ)]

na

s 0
≃ nθ

s KD
≡ f 2

a
·θKD

sKD
≃ fa

EKD
e3NKD/2

[Co, Harigaya, Hall, ’19] 
[Chang, Cui, ’19]

[Fonseca, Morgante, Sato, Servant, ’19] 
[Eröncel, Sato, Servant, Sørensen, soon!] 

Kinetic energy red-shifts  until .·θ2f 2
a ∝ a−6 ·θ ≃ ma

P. Simakachorn (DESY/U.Hamburg)

After QCD scale, the fast-spinning axion still skips the potential barrier 
and the axion oscillation is delayed ( ).Hosc

a ≪ ma

17

Axions from kinetic misalignment.
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• Dark matter & Dark energy: e.g. Spintessence, BEC DM 
[Boyle-Caldwell-Kamionkowski, ’02] [Rindler-Daller-Shapiro, ’13 ’16] 

• Baryogenesis: e.g. Affleck-Dine mechanism 
[Affleck-Dine, 1985] [Dine-Randall-Thomas, 1995]  
[Brandenberger-Fröhlich, ’20] [Wu-Petraki, ’20]  

• Peccei-Quinn scalar: e.g. Axiogenesis and kinetic-misalignment 
[Harigaya et al, ’19 ’20] [Chang & Cui, ’19]

Kination: rotating complex scalar field

5

Φ ∼ ϕeiθ

Radial mode  oscillates 
and dominates the universe.

ϕ Angular mode  rotates 
and stores large kinetic energy.

θ

V(Φ)

Φ

Examples of rotating complex scalar field:

To
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l e
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rg
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ity
 

 o
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ni
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e

ρtot

scale factor a

inflation

Kination from  
when  rotates at minimum. 
(sub-dominant again before BBN)

θ
Φ

SM radiationscalar Φ
oscillation 

and rotation 
 for  ρΦ ∼ a−n n < 4

Desired scenario!

Axion cosmology.

“Common” story:
T>> fa

Alternative:

T≲ fa

●
●

Starts at <𝝓>=0

Starts at <𝝓> >> fa

(field can be driven naturally to 
these large field values during 

inflation due to a negative 
Hubble-induced mass term)

Studies axion 
cosmology ignoring 

the radial mode

Radial mode /axion 
interplay 8282



How did the axion acquire a kick?

With initial conditions:

If PQ symmetry is broken explicitly at high energies
—> mexican hat potential is tilted

If radial mode of PQ field starts at large VEV, the angular mode gets a large 
kick in the early universe

The initial conditions for this mechanism are

Q(ti) = Qi, Q̇(ti) = 0. standard misalignment mechanism (8)

The initial misalignment angle Qi is the value of the angular part of the Peccei-Quinn (PQ) field
after the spontaneous symmetry breaking, which can take different values in different patches of
the universe. If the PQ-breaking happens before inflation, then all the patches are inflated away so
we have a homogeneous value throughout the observable universe. However, if the PQ-breaking
happens after inflation, then the observable universe has many patches having different values of
Qi. Then Qi is fixed by averaging over different Hubble patches.

However, this is not the only mechanism for ALP dark matter. It is possible that the PQ symme-
try is explicitly broken at high energies which tilts the mexican-hat potential such that the angular
part of the PQ field obtains a large kick in early universe. This is known as the kinetic misalignment

mechanism [1]. In this case, the initial condition for the homogeneous mode is modified by

1
2

Q̇2
i
� 2m

2(Ti). kinetic misalignment mechanism (9)

The physical meaning of this initial condition is that the ALP field has a very large initial kinetic
energy such that it goes over many barriers before it got stuck in one of the minimums. The
trapping occurs when the energy of the ALP field falls below the height of the barrier:

rf(T⇤) =
1
2

f
2Q̇2(T⇤) + m

2(T⇤) f
2[1 � cos(Q(T⇤))] = 2m

2(T⇤) f
2[1 � cos(Q(T⇤))], (10)

where the temperature T⇤ is defined by this equation and denoted the temperature at which the
field is trapped by the barrier. For later convenience we introduce the parameter e(t) which is
defined by

e(t) ⌘
rf

2m2(t) f 2 =
1
4

Q̇2

m2(t)
+ sin2

✓
Q
2

◆
. (11)

2 Classification based on the cosmic history before trapping

2.1 Overview of the regions

Based on the evolution of the ALP field before it gets trapped by the potential, there are four dif-
ferent scenarios:

1. Strong axion fragmentation: The ALP field is completely fragmented before it gets trapped
by the potential.

2. Weak axion fragmentation: The fragmentation is active for a while before the field gets
trapped, but it is weak.

3. Kinetic misalignment: The fragmentation does not happen, but the ALP field has a non-
zero initial velocity, such that the onset of oscillations is delayed.

4. Regular misalignment: Even though the ALP field might have some initial velocity, it is not
sufficient to overcome many barriers, so conventional misalignment mechanism is at play.
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-> kinetic misalignment mechanism
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Figure 6: A complex-scalar field evolution in nearly-quadratic or quartic, with spontaneous U(1)-
breaking, potential, assuming the initial rotation is generated via the explicit breaking term. The corre-
sponding parameters defining each stages are as table of 1. Moreover, the U(1)-conserving interaction
is included and allows the field with elliptic motion, stage II, to settle at its minimum with circular orbit,
from stage III to IV.

I. Field frozen H > me↵,� � = �osc ⇢ / a0

II. Field oscillation and rotation me↵ � H > �
�osc > � > f ⇢ / a�3 or a�4

III. Field rotation me↵,� > HIV. Field rotation at minimum � = f ⇢ / a�6

Table 1: Stages of complex-scalar field evolution in U(1)-symmetric potential, corresponding to figure
6, are determined by the Huuble rate H, the e↵ective mass me↵, the U(1)-conserving interaction rate �,
the radial field-value �, and the scaling of energy density ⇢. The oscillation and the rotation mean radial
and angular motion of the field, respectively.

14

Fi
gu

re
 b

y 
P.

 S
im

ak
ac

ho
rn

1910.14152

2004.00629

[Co, Harigaya, Hall’19]

Delayed axion
 oscillations !

8383



Initial conditions.

Similar to Affleck-Dine ’85  scenario

At early times, 𝝓  is driven away from 𝝓 =0, 
towards <𝝓>  >>  fa

by negative Hubble-induced mass term H >> m𝝓

Peera Simakachorn (Uni. Hamburg) 28.10.2022 96

I. -conserving potential 
(quadratic) 

with a minimum   

U(1)

fa

  
II. explicit breaking term 
(e.g.  is not exact 

at high scales.)

∝ cos(lθ)

U(1)

stabilization 
i.e., at large |Φ |

Ingredients 1 & 2 : scalar potential

(motivated by supersymmetric setups)

By adding a negative Hubble mass 

  

 is driven away from  at early times ( )  
(e.g. Dine, Randall, Thomas, 1995, Fujita & Harigaya 1607.07058)

VH(Φ, H) ⊃ − cH2 |Φ |2

ϕ ϕ = 0 H ≫ mr

Ingredient 3 : large initial VEV ϕini
case II: ϕini = fa Angular potential 

U(θ)
for T ≥ Tc

case I: ϕini ≫ fa

ϕ = fa

V(Φ) I

II
for T < Tc

δ

θ0

·θ

0 2ππ 3π 4π
angular direction: θ

ϕini ≃ MPl ( c
λ2 ⋅ mr

MPl )
1/(l−2)

V(Φ) = m2
r |Φ |2 log ( |Φ |2

f 2a ) − 1 + Λ4
b ( Φ

MPl )
l

+ ( Φ†

MPl )
l

+ λ2

M2l−6
Pl

|Φ |2l−2

Dine, Randall, Thomas ‘95

Peera Simakachorn (Uni. Hamburg) 28.10.2022 23

Requirements for the successful intermediate kination era

2. Large initial scalar VEV ⟨ϕ⟩ ≫ fa

1. -symmetric (quadratic) potential 
with spontaneous symmetry-breaking minimum 

U(1)

⟨ϕ⟩ = fa

3. Explicit -breaking term 
(wiggle for angular velocity)

U(1)

4. Radial damping mechanism

case II: ϕini = fa Angular potential 
U(θ)

for T ≥ Tc

case I: ϕini ≫ fa

ϕ = fa

V(Φ) I

II
for T < Tc

δ

θ0

·θ

0 2ππ 3π 4π
angular direction: θ

[Gouttenoire, Servant, PS, 2108.10328 & 2111.01150] 

+ explicit U(1) breaking term transfers radial 
mode motion into kick for the axion



Usual story.

SM radiation a-4

Axion frozen by 
Hubble expansion 

and waiting at bottom 
of PQ potential

Axion dark matter a-3
H~m

Oscillations 
start

Scale factor of universe a

Energy  
density



New story.

SM radiation a-4

Axion 
dark matter a-3

Axion starts 
rotating while moving 

down PQ potential

Scale factor of universe a

Energy  
density

Axion trapped
Oscillations 

start

Axion reaches 
bottom 

of PQ potential

This part is similar  
to the usual story,  

but delayed.

Axion frozen by 
Hubble expansion 

and waiting at top of 
PQ potential
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Requirements for the successful intermediate kination era

2. Large initial scalar VEV ⟨ϕ⟩ ≫ fa

1. -symmetric (quadratic) potential 
with spontaneous symmetry-breaking minimum 

U(1)

⟨ϕ⟩ = fa

3. Explicit -breaking term 
(wiggle for angular velocity)

U(1)

4. Radial damping mechanism

case II: ϕini = fa Angular potential 
U(θ)

for T ≥ Tc

case I: ϕini ≫ fa

ϕ = fa

V(Φ) I

II
for T < Tc

δ

θ0

·θ

0 2ππ 3π 4π
angular direction: θ

[Gouttenoire, Servant, PS, 2108.10328 & 2111.01150] 
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The conserved -charge is 

 

U(1)
d
dt

(a3ϕ2 ·θ) = 0 ⇒ ·θ ∝ a−3IV

red-shifts to minimum: ϕ = fa Kinetic energy in rotation dominates 
 

and behaves as kination.
ρΦ = E4

KD ∝ ·θ2 ∝ a−6

circle of ϕ = fa

To
ta
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ne

rg
y 
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ity
 

 o
f 
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e 
U

ni
ve
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e

ρtot

scale factor a

inflation

scalar Φ

II. elliptic orbit

SM radiation

III. circular orbit
IV. kination era

I.oscillation 
3H ∼ mr

Kination energy scale 

 when .EKD = ( 1
2 ϕ2 ·θ2)

1/4
≃ mr fa ϕ = fa

matter era

damping 
 3H ∼ Γdamp

: radial-mode mass 
: radial damping rate

mr
Γdamp

Duration: e-foldings 

NKD(mr, Γdamp) ∝ log ( ρdamp

ρkin )

Field Evolution 3: Kination§

Peera Simakachorn (Uni. Hamburg) 28.10.2022 28

Rotating Axion Dark Matter

circle of 
ϕ = fa

via kinetic misalignment & axion fragmentation
Peccei-Quinn charge in the spinning axion transfers to the axion number density

case II: ϕini = fa Angular potential 
U(θ)

for T ≥ Tc

case I: ϕini ≫ fa

ϕ = fa

V(Φ) I

II
for T < Tc

δ

θ0

·θ

0 2ππ 3π 4π
angular direction: θ

m2
a f 2

a[1 − cos(θ)]

na

s 0
≃ nθ

s KD
≡ f 2

a
·θKD

sKD
≃ fa

EKD
e3NKD/2

[Co, Harigaya, Hall, ’19] 
[Chang, Cui, ’19]

[Fonseca, Morgante, Sato, Servant, ’19] 
[Eröncel, Sato, Servant, Sørensen, 2206.14259] 

Kinetic energy red-shifts  until .·θ2f 2
a ∝ a−6 ·θ ≃ ma

After QCD scale, the fast-spinning axion still skips the potential barrier 
and the axion oscillation is delayed ( ).Hosc

a ≪ ma
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Rotating Axion Dark Matter

circle of 
ϕ = fa

via kinetic misalignment & axion fragmentation
Peccei-Quinn charge in the spinning axion transfers to the axion number density

case II: ϕini = fa Angular potential 
U(θ)

for T ≥ Tc

case I: ϕini ≫ fa

ϕ = fa

V(Φ) I

II
for T < Tc

δ
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·θ

0 2ππ 3π 4π
angular direction: θ

m2
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a[1 − cos(θ)]
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Kinetic energy red-shifts  until .·θ2f 2
a ∝ a−6 ·θ ≃ ma

After QCD scale, the fast-spinning axion still skips the potential barrier 
and the axion oscillation is delayed ( ).Hosc
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ALP parameter space (with KSVZ-like photon coupling g✓� = (↵em/2⇡)(1.92/f�))
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Axion kinetic misalignment:

Axion fragmentation.

Compact axion halos.



Axion fragmentation .
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Axion Kinetic Misalignment Mechanism
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In the conventional misalignment mechanism, the axion field has a constant initial field value in
the early universe and later begins to oscillate. We present an alternative scenario where the axion
field has a nonzero initial velocity, allowing an axion decay constant much below the conventional
prediction from axion dark matter. This axion velocity can be generated from explicit breaking of
the axion shift symmetry in the early universe, which may occur as this symmetry is approximate.

Introduction.—Why is CP violation so suppressed
in the strong interaction [1–3] while near maximal in
the weak interaction? The Peccei-Quinn (PQ) mecha-
nism [4, 5] provides a simple and elegant answer: the
angular parameter describing CP violation in the strong
interaction is actually a field resulting from spontaneous
symmetry breaking, ✓(x). A potential V (✓) arises from
the strong interaction and has CP conserving minima, as
shown in Fig. 1. Axions are fluctuations in this field [6, 7]
and the mass of the axion is powerfully constrained by
particle and astrophysics, ma < 60 meV; equivalently,
there is a lower bound on the PQ symmetry breaking
scale fa = 108 GeV (60 meV/ma) [8–14].

In the early universe, if the initial value of the field, ✓i,
is away from the minima, the axion field starts to oscil-
late at a temperature T⇤ when ma ⇠ 3H, where H is the
Hubble expansion rate. These oscillations, illustrated in
the upper diagram of Fig. 1, can account for the observed
dark matter [15–17]. For ✓i not accidentally close to the
bottom nor the hilltop of the potential, this “misalign-
ment” mechanism predicts an axion mass of order 10 µeV
and tends to underproduce for heavier masses.

In this Letter we show that an alternative initial con-
dition for the axion field, ✓̇ 6= 0, leads to axion dark
matter for larger values of ma. This “kinetic misalign-
ment” mechanism is operative if the axion kinetic energy
is larger than the potential energy at temperature T⇤, de-
laying the onset of axion field oscillations, as shown in the
lower diagram of Fig. 1. We begin with an elaboration of
the basic mechanism. We then show that a su�cient ✓̇

can arise at early times from explicit breaking of the PQ
symmetry by a higher dimensional operator in the same
manner as the A✏eck-Dine mechanism, which generates
rotations of complex scalar fields [18, 19].

The PQ symmetry is an approximate symmetry which
is explicitly broken by the strong interaction. It is plau-
sible that higher dimensional operators also explicitly
break the PQ symmetry. Although they should be negli-
gible in the vacuum in order not to shift the axion min-
imum from the CP conserving one, they can be e↵ec-
tive in the early universe if the PQ symmetry breaking
field takes a large initial value. Higher dimensional PQ-

θi
θ

V(θ)

θ
�
i = 0

Misalignment Mechanism

θ

V(θ)

θ
�
i

Kinetic Misalignment Mechanism

FIG. 1. The schematics of the (kinetic) misalignment mech-
anism. Initial conditions are labeled, shadings from light to
dark indicate the time sequence of the motion, and arrows
with di↵erent relative lengths denote instantaneous velocities.

breaking operators are in fact expected if one tries to un-
derstand the PQ symmetry as an accidental symmetry
arising from some exact symmetries [20–23]. The kinetic
misalignment mechanism is therefore a phenomenologi-
cal prediction intrinsically tied to the theoretical origin
of the PQ symmetry.
The mechanism allows for axion dark matter with a

mass above the prediction of the standard misalignment
mechanism. This mass scalema = O(0.1-100) meV is un-
der extensive experimental investigation [24–38]. Other
known production mechanisms in this mass range are
1) parametric resonance from a PQ symmetry breaking
field [39, 40], 2) anharmonicity e↵ects [41–43] when ✓i

approaches ⇡ due to fine-tuning or inflationary dynam-
ics [44, 45], 3) decays of unstable domain walls [46–53],
and 4) production during a kination era [54]. Contrary
to these mechanisms, kinetic misalignment o↵ers an ex-
citing theoretical connection with the baryon asymmetry
of the Universe through so-called axiogenesis [55].
Kinetic misalignment mechanism.—We estimate

the dark matter abundance for a generic axion-like field
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Axion Fragmentation.

Not considered in usual axion phenomenology with oscillations 
around one minimum: Fragmentation suppressed unless the field 
starts very close to the top of the potential (“large misalignment 
mechanism”) or for specific potentials with more than one cosine -> 
parametric resonance.

However, becomes very relevant when field crosses many wiggles, 
with interesting implications, e.g. for the relaxion mechanism, but 
also as a new axion Dark Matter production mechanism.

Chatrchyan et al, 	1903.03116, 2004.07844

Fonseca,Morgante,Sato, Servant’19

Greene, Kofman, Starobinsky, hep-ph/9808477

Arvanitaki et al, 1909.11665

Chatrchyan et al, 	1903.03116, 2004.07844

Eroncel et al, 2206.14259Generalization 
(fragmentation before and after trapping + detailed application to DM)

Morgante et al, 2109.13823

https://arxiv.org/abs/1903.03116
https://arxiv.org/abs/1903.03116


ALP fluctuations and the mode functions

• Even in the pre-inflationary scenario ALP field has some fluctuations on top of the homogeneous

background which can be described by the mode functions in the Fourier space.

✓(t, x) = ⇥(t) +

Z
d3
k

(2⇡)3
✓ke

i~k·~x + h.c.

• These fluctuations are seeded by adiabatic and/or isocurvature perturbations:

Adiabatic perturbations (This work)

• Due to the energy density perturbations of the
dominating component, unavoidable.

• Initial conditions in the super-horizon limit:

�i
1 + wi

=
�j

1 + wj

Isocurvature perturbations

• If ALPs exist during inflation and are light
m ⌧ Hinf , they pick up quantum fluctuations:

�✓ ⇠
Hinf

2⇡finf

• Can be avoided/suppressed if ALP has a large
mass during inflation, or finf � ftoday.

• Even though the fluctuations are small initially, they can be enhanced exponentially later via

tachyonic instability and/or parametric resonance yielding to fragmentation.
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• Even in pre-inflationary scenario, ALP field has some fluctuations on 
top of the homogeneous background, which can be described by the 
mode functions in the Fourier space. 

ALP fluctuations.

• Even though the fluctuations are small initially, they can be enhanced 
exponentially later via parametric resonance yielding to fragmentation. 

• In the case of efficient fragmentation, all the energy of the 
homogeneous mode can be transferred to the fluctuations. [Fonseca et al. 
1911.08472; Morgante et al. 2109.13823] 

ALP fluctuations and the mode functions

⇥̇i 6= 0

• Even in the pre-inflationary scenario ALP field has some fluctuations that are seeded by adiabatic

and/or isocurvature perturbations:

• Even though the fluctuations are small initially, they can be enhanced exponentially later via

parametric resonance yielding to fragmentation.

• In the case of e�cient fragmentation, the backreaction can transfer all the energy from the

homogeneous mod to the fluctuations. Fonseca et al. 1911.08472; Morgante et al. 2109.13823
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Fragmentation regions on the ALP parameter space
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Fragmentation regions in ALP 
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ALP fluctuations.

EoM for the unavoidable adiabatic perturbations :

unstable when the effective frequency 

• becomes negative ⇒ tachyonic instability

•   is oscillating ⇒ parametric resonance 

Growth rate of the perturbations depend exponentially on 

Fluctuations of the ALP field

Even in the pre-inflationary scenario ALP field has some fluctuations on top of the homogeneous

background, that are seeded by the adiabatic and/or isocurvature perturbations.

�(t, x) = �̄(t) +

Z
d3
k

(2⇡)3
�ke

i~k·~x + h.c.

The EoM for the unavoidable adiabatic perturbations are

�̈k + 3H�̇k +

"
k
2

a2
+ V

00(�)

����
�̄

#

| {z }
e↵. frequency

�k = 2�k V
0(�)

����
�̄

� 4�̇k
˙̄�

| {z }
source term

The EoM is unstable when the e↵ective frequency

• becomes negative ) tachyonic instability

• is oscillating ) parametric resonance

Instability exists except for a free theory

where V
00(�) = m

2.

Growth rate of the perturbations depend exponentially on
m�

H

���
osc
.
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Fluctuations of the ALP field

Even in the pre-inflationary scenario ALP field has some fluctuations on top of the homogeneous

background, that are seeded by the adiabatic and/or isocurvature perturbations.
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Instability exists except for a free theory
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Cem Eröncel (ITU), Axions++ 6/13Dense and compact ALP mini-clusters can also be formed 
in the pre-inflationary scenario! 



[Arvanitaki et al’19]  

Observational tests: compact axion halos.

Scale density of axion compact structures

kinetic misalignment—>axion fragmentation-> structure formation enhancement

Different in the context of axion kinetic fragmentation: Eroncel et al , 2207.10111

was studied in the context of large misalignment scenario in

E
ro
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l e
t 
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1 

. large misalignment
standard misalignment
post-inflationary
fragmentation

97

Figure 20: The halo spectra corresponding to the benchmarks listed in Table 1 together with the
regions observable by future lensing probes that we briefly summarized in Section 6.1. Di↵erent
colors show the di↵erent ALP masses; m = 10�5 eV (red, left), m = 10�10 eV (blue, middle),
m = 10�15 eV (green, right). Di↵erent linestyles show di↵erent production mechanisms; Kinetic
misalignment with fragmentation (solid), Large misalignment (dot-dashed), post-inflationary sce-
nario (dotted), and Standard misalignment (dashed). The straight faint lines labeled via the ALP
mass show the soliton spectrum corresponding to the given ALP mass.

For the post-inflationary scenario we set the decay constant such that ALPs make up all of

the dark matter. The list of benchmarks that we used when constructing the halo spectra

can be found in Table 1. We also show the region of the Ms–⇢s plane which can be probed

by future experiments by thin lines. We see that low-mass axions provide much more

optimistic discovery prospects since the halo spectra are peaked at larger masses.

6 Observational prospects

In this section, we briefly comment on the phenomenological consequences of the halo spec-

tra that we derived in the previous section. In Section 6.1 we discuss various experiments

that have a potential to probe the halo spectrum at small scales. In Section 6.2 we discuss

the consequences of the compact ALP halos for the terrestrial ALP detection experiments,

such as holoscopes.

6.1 Probes of the halo spectrum

The compact dark matter halos which are denser than the CDM ones can be probed by

future gravitational surveys via their direct gravitational interactions. A detailed study of

the discovery prospects is beyond the scope of this paper. Here we give a quick overview

by using the sensitivity curves in the Ms–⇢s plane presented in [51].

– 47 –
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Figure 1: A sketch of the region in the ALP parameter space where dense halos are expected to
form, together with all the experimental constraints and projections on ALPs assuming a coupling to
the electromagnetic field with eq. (6.8). We have obtained this region by combining the regions where
dense halos are expected from the Kinetic Misalignment Mechanism and from ALPs with non-periodic
potentials considered in this work. For caveats about this plot, see section 6. All the data for the
constraints and projections are compiled from ref. [40].

where we denoted @V/@� as V
0
(�). In the radiation-dominated era, once the Hubble friction

term becomes subdominant, the field rolls to the minimum of the potential and oscillates
around it at later times. Near the minimum of the potential, where V ⇡

1

2
m

2
a�

2, the equation
of state of such an oscillating ALP field averages to w = 0 so that it behaves as a (dark)
matter component.

Assuming that oscillation starts in the radiation era, and ma = cst, a general expression
for the relic energy density of ALPs today is given by

⌦a,0 =
1

3
(⌦r,0)

3/4
gs(T0)

gs(Tosc)

✓
g⇢(Tosc)

g⇢(T0)

◆
3/4

✓
1

Hosc

◆
3/2

✓
1

H0

◆
1/2

✓
1

Mpl

◆
2

V (�i)Z, (2.3)

where Hosc is the Hubble scale at the onset of oscillation, gs and g⇢ are the effective degrees
of freedom in entropy and energy, respectively, while ⌦r,0 is today’s density parameter of
radiation. For this estimate one uses that the energy density scales approximately as ⇢a =

⇢a, osc (aosc/a)
3 for a > aosc, where ⇢a, osc = V (�i) is the energy density of the field before the

onset of oscillation. Z incorporates corrections to this estimate. For a harmonic potential, or
close to the minimum of a general potential, Z can be found to be

Z =
8

⇡
(�(5/4))

2
' 2.1, (2.4)
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Parameter space where parametric resonance 
can create compact halos.

Chatrchyan et al, 2305.03756
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Figure 22: Regions in the ALP parameter space where the parametric resonance might create halos
whose scale densities are larger than ⇢s & 10M� pc�3. Such halos likely survive the tidal stripping,
see Section 5, so they can be observable. Different colours show different production mechanisms,
and we assumed that ALPs make all of dark matter. The dashed lines indicate how the regions will
expand if we impose a smaller bound ⇢s & M� pc�3. Above the gray line, the Kinetic Misalignment
Mechanism is excluded by BBN due to the bound in eq. (6.5). The brown lines show the contours
of the initial angle in the standard misalignment mechanism. For these values the initial angle is
independent of the shape of the potential as long as it is quadratic around the minimum. Finally,
we show the prediction for the case when the ALPs are generated after the inflation via the label
"post-inflationary scenario".

compared to the analysis we performed for the non-periodic potential. In particular, non-
linear effects that can be captured only via a lattice simulation broaden the power spectrum
which decreases the peak scale density. Therefore, we expect that a precise analysis of the
Kinetic Misalignment will shrink the corresponding band. We also note that a sizable region
of the low-mass parameter space in Kinetic Misalignment is excluded due to the BBN bound
of eq. (6.5). Finally, for Large Misalignment, we have found that dense halos are predicted
only in the case of significant tunings |⇡ � ✓i| . 10

�11 which is consistent with the findings
of ref. [22]. For these values, the non-linear effects are expected to be important, but we
did not take these into account. Nevertheless, we define the Large Misalignment band as
10

�15 . |⇡ � ✓i| . 10
�11, and show it on the figure 22 for completeness.

In figure 22, we also show via the dashed lines how the bands can be expanded if we had
taken the weaker bound ⇢s & M� pc�3. The brown lines are the contours of the initial angle
in the standard misalignment mechanism, where the ALP potential can be approximated by
a quadratic one. Finally, via the yellow line we show the prediction in the case where the

– 47 –
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Parameter space where parametric resonance 
can create compact halos (with                        ).

99

The dense halo regions from ≠ production mechanisms mostly overlap. 
Difficult to infer the producion mechanism from observations.

Dense halo region in the ALP parameter space

Shaded regions indicate the parameter

space where parametric resonance might

create halos with ⇢s & 10M� pc�3 which

are more likely to survive tidal stripping

Arvanitaki et al. 1909.11665.

The “dense halo regions” in di↵erent

production mechanisms mostly overlap

with each other. So, it is di�cult to infer

the mechanism from observations.

However, observation of dense structures

gives us information about the decay

constant even when ALP does not

couple to SM!
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However, observations of dense structure gives information about fa 
even when ALP does not couple to the SM!



Why is fragmentation relevant? In fact, as discussed in [9], fragmentation does not a↵ect much the
prediction for the final axion relic energy density. On the other hand, it has observable consequences.
The growth of fluctuations caused by the delay in the onset of oscillations significantly enhances
the matter power spectrum at scales k ⇠ ma(T⇤)a(T⇤) [10, 20–22]. These large fluctuations experience
gravitational collapse very early in the matter era, yielding very dense and compact ALP mini-clusters,
similar to the axion mini-clusters predicted in the post-inflationary scenario [23–28]. These dark matter
halos can be probed by future gravitational surveys via their direct gravitational interactions [21]. A
promising detection method for halos with scale mass Ms ⇠ 10�6

M� is the photometric lensing that
looks for deviations in the brightness of a background light source due to the passage of a compact
halo [29, 30]. By assuming a monochromatic mass distribution for the dark matter halos, and 30%
of dark matter reside in these halos, Ref. [21] derives a region Ms � ⇢s plane1 that can be probed by
future lensing observations. Based on this region, Ref. [10] derives a prospective region in the ma� fa

plane that yields halos dense enough to be probed by the future lensing surveys by assuming an ALP
model with a temperature-independent potential. This is reported in Fig. 1.

Figure 1. Potentially available ALP DM parameter space (in white) together with experimental bounds [32–

135] and model-independent constraints on DM in the rotating axion scenario. The two lines ”fragmentation

before trapping” and ”fragmentation after trapping” are derived in our companion paper [9] while the hashed

green region at the center refers to the observable axion mini-cluster region that is derived in [10]. The goal

of this work is to provide model KMM implementations in this plane above the thick orange line. For a list of

the experimental constraints and more details on the BBN and structure formation constraints see[9].

1Ms and ⇢s refer to the scale mass and the scale density of the halo respectively. Both of them are used to the
parameterize dark matter halos that have a Navarro-Frenk-White (NFW) profile [31].

– 5 –

Observability of compact halos from kinetic 
misalignment.

Region that can be probed by 
photometric lensing 
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case II: ϕini = fa Angular potential 
U(θ)

for T ≥ Tc

case I: ϕini ≫ fa

ϕ = fa

V(Φ) I

II
for T < Tc

δ

θ0

·θ

0 2ππ 3π 4π
angular direction: θ

Model B: Complex scalar field “Affleck-Dine Baryogenesis” (Affleck, Dine, 1985)

“Axiogenesis” (Co, Hall, Harigaya, et. al., ’19)

Requirements for the successful kination era

2. Large initial scalar VEV

 with -symmetryΦ ∼ ϕeiθ U(1)

Angular mode  “axion” spins, 
with large kinetic energy.

θ

Radial mode  oscillates in potential 
with mass .

ϕ
V′ ′ (Φ)

1. -symmetric (quadratic) potential 
with spontaneous symmetry-breaking minimum

U(1)

3. Explicit -breaking term 
(wiggle for angular velocity)

U(1)
4. Damping of radial motion

Model implementations of a rotating axion .

101101

“Kination cosmology” (Gouttenoire et al, ’21)
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I. -conserving potential 
(quadratic) 

with a minimum   

U(1)

fa

  
II. explicit breaking term 
(e.g.  is not exact 

at high scales.)

∝ cos(lθ)

U(1)

stabilization 
i.e., at large |Φ |

Ingredients 1 & 2 : scalar potential

(motivated by supersymmetric setups)

By adding a negative Hubble mass 

  

 is driven away from  at early times ( )  
(e.g. Dine, Randall, Thomas, 1995, Fujita & Harigaya 1607.07058)

VH(Φ, H) ⊃ − cH2 |Φ |2
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Summary of Part 2 .

Moves the ALP Dark Matter window into testable territory.  
->All axion experiments are in principle sensitive to axion dark matter 
(even helioscopes and light-shining-through-the-wall experiments)

A well-motivated alternative production mechanism for ALP Dark Matter

QCD axion Dark Matter inside MADMAX and Iaxo sensitivities

Kinetic Misalignment Mechanism:

In next lecture:
Other observational tests: Gravitational waves from a rotating axion

Axion cosmology: Rich spectrum of possibilities, role of radial mode!

A promising probe: Much denser compact axion dark matter halos

103103

Kinetic fragmentation : 

ALPs can be the DM everywhere in the [ma ,fa] plane.





Lecture 2: 
GW backgrounds from 

axion early-universe dynamics .

3 distinct sources:

▫︎  GWs from the Peccei-Quinn phase transition (if first-order)
▫︎  GWs from axionic (global) cosmic strings
▫︎  GW signatures from kination induced by rotating axions
▫︎  GWs from axion fragmentation



Delle Rose et al,1912.06139 
Von Harling et al, 1912.07587
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Figure 4: Weakly coupled model. Predictions for the GW spectrum for three benchmark
models in the gauge-dominance scenario. We also show the sensitivity curves of the LIGO
(current bound [25] and projection of run O5) and the Einstein Telescope (ET) experiments.
The same spectra can be realized in the purely quartic scenario with g = 0 and �X = �S =
(0.34, 0.38, 0.50), respectively.

3 Composite Axions

We now turn to scenarios where the axion is not an elementary field. In this case the axion
is a Nambu–Goldstone boson arising from the spontaneous breaking of the global symmetries
of a strongly coupled dynamics that undergoes a confinement/deconfinement phase transition.
We consider two possible classes of models:

• Axion from SU(N) gauge theories with massless elementary fermions charged under
QCD [35]. In this context the QCD axion is the analog of ⇡0 in QCD and corresponds
to a combination of phases of the fermion condensates.

• Axion from a strongly coupled conformal (spontaneously broken) sector. At large-N
such a scenario is related to gauge theories in five dimensional AdS space through the
AdS/CFT correspondence. In this realization the axion corresponds to the Wilson line
of a 5D U(1) gauge field, and the anomalous coupling to gluons is realized through a
Chern–Simons interaction with SU(3) gauge fields. As we will see the PQ transition is
intimately connected with the breaking of conformal invariance.

3.1 Gauge theory axions

In this class of models the axion appears as a Nambu–Goldstone boson of a confining gauge
theory [35]. Such theories realize at low energy the KSVZ axions, and the PQ symmetry
can be made accidental by appropriately engineering the gauge interactions to be chiral [36].
Compared to weakly coupled models the axion has no radial mode, which, in practice, is
replaced by the strong dynamics.
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Figure 8: Parameter space of the weakly coupled model for vanishing quartic couplings. Con-
straints on the QCD axion parameters arising from present and future GW interferometers
and astrophysical bounds from supernovae are shown. The dashed gray line correspond to the
pure misalignment contribution to axion DM, while the gray band represents the uncertainty
due to the contribution from topological defects.

with existing bounds on the QCD axion parameter space.

There are many possible extensions of our work. For example one could consider more
general deviations from conformal invariance. In the weakly-coupled case this corresponds
to adding masses for the elementary scalars, while in the strongly-coupled case to allow for
more generic potentials as realized in holographic models. Secondly the reheating process
after supercooling is closely connected to the axion solution of the strong CP problem and
could give informations of the spectrum of the theory. A slow reheating might lead to smaller
reheating temperatures an thus smaller peak frequencies for the GW spectrum that are more
easily detectable. Finally our work can be generalized to study first order phase transition in
other high scale models. We leave these and other questions to future work.
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A Bounce in strongly coupled models

Di↵erent approaches for the computation of the bounce action for the strongly-coupled phase
transitions appeared in the literature. Given the normalization adopted in the main text, the
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GW from a first-order 
Peccei-Quinn phase transition.
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GW from axion-related defects.
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Turning-point frequency & Changing of cosmology

example: 1st order phase transition
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LISA probes MeV scale & ET probes TeV physics. 

cosmic string (local)

loop production @ ti

<latexit sha1_base64="YGbkb0W6Ud+YBK4UtvXLVdnXPCg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHrAv+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieOVnQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vktZF1atVr+9rlfpNHkcRTuAUzsGDS6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwBeWI3g</latexit>

loop emission @ t⇤

<latexit sha1_base64="wIX9OFNHMDy0CMLy2YNF02v10Ug=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5JIQb0VvXisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDv1W09cGxGrRxwn3I/oQIlQMIpWesDeea9UdivuDGSZeDkpQ456r/TV7ccsjbhCJqkxHc9N0M+oRsEknxS7qeEJZSM64B1LFY248bPZqRNyapU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0ijYEb/HlZdK8qHjVyvV9tVy7yeMowDGcwBl4cAk1uIM6NIDBAJ7hFd4c6bw4787HvHXFyWeO4A+czx/+zY2h</latexit>

GW

Peera Simakachorn (Uni. Hamburg) 28.10.2022

Turning-point frequency & Changing of cosmology

example: 1st order phase transition

f ⇡ (19 mHz)

✓
T⇤

100 TeV

◆

<latexit sha1_base64="H46ZhSAklDxxsGQjBnzr/WDxVYk="></latexit>

standard cosmo.
f ⇡ H⇤

✓
a⇤
a0

◆

<latexit sha1_base64="1mGQIXMs1RxgYsLOJsulj5aCPdE=">AAACEnicbVC7SgNBFJ2NrxhfUUubwSAkKcKuBNQuaJMygnlAdllmJ7PJkNkHM3fFsOw32PgrNhaK2FrZ+TdOHoUmHriXwzn3MnOPFwuuwDS/jdza+sbmVn67sLO7t39QPDzqqCiRlLVpJCLZ84higoesDRwE68WSkcATrOuNb6Z+955JxaPwDiYxcwIyDLnPKQEtucWKj20SxzJ6wE23agvmQ9n2JaEpcauZbmZmSz4cQcUtlsyaOQNeJdaClNACLbf4ZQ8imgQsBCqIUn3LjMFJiQROBcsKdqJYTOiYDFlf05AETDnp7KQMn2llgP1I6goBz9TfGykJlJoEnp4MCIzUsjcV//P6CfiXTsrDOAEW0vlDfiIwRHiaDx5wySiIiSaESq7/iumI6EBAp1jQIVjLJ6+SznnNqteubuulxvUijjw6QaeojCx0gRqoiVqojSh6RM/oFb0ZT8aL8W58zEdzxmLnGP2B8fkDX3SdUg==</latexit>

LISA probes TeV physics.

t⇤ ⇠ ti/Gµ

<latexit sha1_base64="PDPWsE3pvdxbBh6LOqLi7P8lnB0=">AAAB+XicbVBNS8NAEN34WetX1KOXxSKIh5pIQb0VPeixgv2AJoTNdtMu3U3C7qRQQv+JFw+KePWfePPfuG1z0NYHA4/3ZpiZF6aCa3Ccb2tldW19Y7O0Vd7e2d3btw8OWzrJFGVNmohEdUKimeAxawIHwTqpYkSGgrXD4d3Ub4+Y0jyJn2CcMl+SfswjTgkYKbBtCM49zSWGgF/cezIL7IpTdWbAy8QtSAUVaAT2l9dLaCZZDFQQrbuuk4KfEwWcCjYpe5lmKaFD0mddQ2Mimfbz2eUTfGqUHo4SZSoGPFN/T+REaj2WoemUBAZ60ZuK/3ndDKJrP+dxmgGL6XxRlAkMCZ7GgHtcMQpibAihiptbMR0QRSiYsMomBHfx5WXSuqy6terNY61Svy3iKKFjdILOkIuuUB09oAZqIopG6Bm9ojcrt16sd+tj3rpiFTNH6A+szx+jIZMJ</latexit>

f ⇡ H⇤

✓
ai

a0

◆

<latexit sha1_base64="NpvD+jwGnPf4P3D8Z27Ub+wIiYY=">AAACEnicbVDLSsNAFJ34rPUVdelmsAiti5JIQd0V3XRZwT6gCWEynbRDJw9mbsQS+g1u/BU3LhRx68qdf+O0zUJbD9zL4Zx7mbnHTwRXYFnfxsrq2vrGZmGruL2zu7dvHhy2VZxKylo0FrHs+kQxwSPWAg6CdRPJSOgL1vFHN1O/c8+k4nF0B+OEuSEZRDzglICWPLMSYIckiYwfcMM7cwQLoOwEktCMeHyimzVxJB8MoeKZJatqzYCXiZ2TEsrR9Mwvpx/TNGQRUEGU6tlWAm5GJHAq2KTopIolhI7IgPU0jUjIlJvNTprgU630cRBLXRHgmfp7IyOhUuPQ15MhgaFa9Kbif14vheDSzXiUpMAiOn8oSAWGGE/zwX0uGQUx1oRQyfVfMR0SHQjoFIs6BHvx5GXSPq/aterVba1Uv87jKKBjdILKyEYXqI4aqIlaiKJH9Ixe0ZvxZLwY78bHfHTFyHeO0B8Ynz/CI52R</latexit>

f ⇡ H⇤

✓
a⇤
a0

◆✓
1

Gµ

◆1/2

<latexit sha1_base64="VURxRtvNYE0QjHuFT1/3z7T0dmU="></latexit>

f ⇡ H⇤

✓
a⇤
a0

◆

<latexit sha1_base64="1mGQIXMs1RxgYsLOJsulj5aCPdE=">AAACEnicbVC7SgNBFJ2NrxhfUUubwSAkKcKuBNQuaJMygnlAdllmJ7PJkNkHM3fFsOw32PgrNhaK2FrZ+TdOHoUmHriXwzn3MnOPFwuuwDS/jdza+sbmVn67sLO7t39QPDzqqCiRlLVpJCLZ84higoesDRwE68WSkcATrOuNb6Z+955JxaPwDiYxcwIyDLnPKQEtucWKj20SxzJ6wE23agvmQ9n2JaEpcauZbmZmSz4cQcUtlsyaOQNeJdaClNACLbf4ZQ8imgQsBCqIUn3LjMFJiQROBcsKdqJYTOiYDFlf05AETDnp7KQMn2llgP1I6goBz9TfGykJlJoEnp4MCIzUsjcV//P6CfiXTsrDOAEW0vlDfiIwRHiaDx5wySiIiSaESq7/iumI6EBAp1jQIVjLJ6+SznnNqteubuulxvUijjw6QaeojCx0gRqoiVqojSh6RM/oFb0ZT8aL8W58zEdzxmLnGP2B8fkDX3SdUg==</latexit>

f ⇡ (19 mHz)

✓
Ti

0.1 GeV

◆✓
10

�11

Gµ

◆1/2

<latexit sha1_base64="dfpYTgI/ggqJr03dob5bKApbdH8="></latexit>

f ⇡ (19 mHz)

✓
T⇤

100 TeV

◆

<latexit sha1_base64="H46ZhSAklDxxsGQjBnzr/WDxVYk="></latexit>

LISA probes MeV scale & ET probes TeV physics. 

cosmic string (local)

loop production @ ti

<latexit sha1_base64="YGbkb0W6Ud+YBK4UtvXLVdnXPCg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoN6KXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38789hPXRsTqEScJ9yM6VCIUjKKVHrAv+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieOVnQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vktZF1atVr+9rlfpNHkcRTuAUzsGDS6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwBeWI3g</latexit>

loop emission @ t⇤

<latexit sha1_base64="wIX9OFNHMDy0CMLy2YNF02v10Ug=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSKIh5JIQb0VvXisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777aysrq1vbBa2its7u3v7pYPDpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDv1W09cGxGrRxwn3I/oQIlQMIpWesDeea9UdivuDGSZeDkpQ456r/TV7ccsjbhCJqkxHc9N0M+oRsEknxS7qeEJZSM64B1LFY248bPZqRNyapU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0ijYEb/HlZdK8qHjVyvV9tVy7yeMowDGcwBl4cAk1uIM6NIDBAJ7hFd4c6bw4787HvHXFyWeO4A+czx/+zY2h</latexit>

GW

Relation between observed frequency & Hubble radius at emission



• suppressed by the shorter Hubble time t̃M at the time of GW emission: factor t̃ global
M /t̃ local

M /
Gµlocal /

°
¥/Mpl

¢2,

• suppressed by the larger GW redshift factor since emission occurs earlier: factor

"
a
≥
t̃ global

M

¥

a(t̃ local
M )

#4

/
°
¥/Mpl

¢4,

• enhanced by the lower loop redshift factor since GW emission occurs right after loop produc-

tion: factor
≥
a

°
t̃ local

M

¢
/a

≥
t̃ global

M

¥¥3
/

°
¥/Mpl

¢°3,

• increased by the logarithmically-enhanced GW power emission rate: factor log2 °
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• increased by the logarithmically-enhanced loop lifetime: factor log
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The GW spectrum from global strings could be further enhanced by a fourth power of logarithmic fac-
tor due to a deviation from scaling regime in the loop production rate Ceff [36, 123]. Additionally, for
a given loop-production time ti , the earlier GW emission for global loops implies that the associated
frequency today, assuming a standard radiation cosmology, is lowered by a factor
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which indeed coincides with Eq. (3.32). The next subsections provide expressions for the peak posi-
tion for both local and global strings, and the GW detectability at current and future-planned detec-
tors is discussed.

3.2.2 Local strings

Peak frequency. Local-string loops that are produced at the start of kination tKD could decay long
after the end of a short kination era at t¢. The condition for the GW emission at t̃ KD

M to take place
during the late-radiation era is
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where we used Eq. (3.30) to relate GW emission times t̃ x
M and loop production times tx . For t̃ KD

M > t¢,
the peak frequency fKD follows from Eq. (3.31)
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where we used Eq. (3.30) once again. For t̃ KD
M < t¢, the peak frequency fKD is

fKD = f¢

"
a(t̃ KD

M )

a(t¢)

#"
a(t¢)

a(t̃¢M )

#µ
t¢

tKD

∂
= f¢

µ
2°Gµ
Æ

∂1/6 µ
t¢

tKD

∂2/3

= f¢

µ
2°Gµ
Æ

∂1/6 µ
ΩKD

Ω¢

∂1/3

. (3.40)

From the expression for f¢ in Eq. (3.32), we deduce the frequency of the peak signature of the presence
of a matter-kination era in the GW spectrum from local strings
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With respect to local strings, the GW spectrum from global strings in 
standard radiation cosmology is: 

 LOCAL STRINGS vs GLOBAL STRINGS.



 LOCAL STRINGS
vs

GLOBAL STRINGS.
See comparison in Appendix F of [1912.02569] . 

Loops from global strings : short-lived 
Loops from local strings : long-lived. 

—> different GW spectra in both frequency and amplitude.
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Global strings: no gauge field,  instead massless Goldstone mode, with 
logarithmically-divergent gradient energy.

Loops quickly decay into axion particles. 
GW are mainly produced at the time of the loop production.

which both decay and are produced during the radiation era. For example, the BBN temperature
TBBN ' 1 MeV corresponds to the GW frequency [36]
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(3.33)

and where the GW amplitude should not exceed the BBN-Neff bound in Eq. (2.6).
The peak frequency from matter-kination era is obtained in a similar manner, but now ti is in

the kination era. The lifetime of global-string loops is short, such that we can safely assume t̃M in
the kination era. On the other hand, the time t̃M for local strings could reside in either kination or
radiation era, depending on the kination duration and the loop lifetime.

High-frequency cut-offs. The string network forms around the energy scale ¥ defined in Eq. (3.16),
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The above temperature, when plugged into the energy-frequency relation (3.32), corresponds to a UV
cut-off on the GW spectrum, assuming a standard cosmologyƒ7

fform ' 206 GHz
µ

0.1£50
Æ°

∂1/2 ∑
g§(Tform)

g§(T0)

∏1/4
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which is interestingly independent of Gµ. Indeed, string networks with smaller Gµ are formed at later
times, but the associated loops decay much slower, cf. Eq. (3.20). By varying Gµ, the GW frequency
today remains constant by the compensation of smaller red-shift.

The GW spectrum from cosmic strings can experience other high-frequency cut-offs due to some
UV physics or to the dynamics of strings at early times. The first Heaviside function in Eq. (3.22)
£(ti ° l§/Æ) discards loops whose size Æti is smaller than a critical length l§ below which massive
particle production are responsible for the loop decay [124].

With the second Heaviside function in Eq. (3.22),£(ti °tosc), we eliminate loops which are formed
when loop oscillation is frozen due to thermal friction, i.e., strings motion is damped by interaction
with the thermal plasma [125] and hence the GW is suppressed. String oscillation can start when
thermal friction becomes smaller than Hubble friction.

As we show in [36], the presence of these high-frequency cut-offs can lift the BBN bounds on
kination-enhanced GW from cosmic strings, however we expect them to lie at frequency higher than
the windows of current and future GW interferometers. We leave the study of high-frequency cut-offs
in the presence of kination for future work.

Local vs. global strings. Parametrically, the GW spectra from local and global CS scale as, cf. Eq. (3.23)
and (3.25)
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In order to understand the scaling difference, let us consider the contribution to the GW spectrum
coming from loops produced at time ti . For local strings, the corresponding GW are dominantly
emitted at time t̃ local

M 'Æti /(2°Gµlocal), see Eq. (3.30), which means that GW emission occurs
°
Mpl/¥

¢2

Hubble times after loop production. Instead, global loops decay at t̃ global
M ' ti , so within one Hubble

time after production, even though their tension is logarithmically enhanced. Therefore, with respect
to local strings, the GW spectrum from global strings in standard radiation cosmology is:

ƒ7If network formation takes place in a kination era, the corresponding cut-off frequency fform is obtained from Eq. (3.41)
and (3.48).
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and where the GW amplitude should not exceed the BBN-Neff bound in Eq. (2.6).
The peak frequency from matter-kination era is obtained in a similar manner, but now ti is in

the kination era. The lifetime of global-string loops is short, such that we can safely assume t̃M in
the kination era. On the other hand, the time t̃M for local strings could reside in either kination or
radiation era, depending on the kination duration and the loop lifetime.
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which is interestingly independent of Gµ. Indeed, string networks with smaller Gµ are formed at later
times, but the associated loops decay much slower, cf. Eq. (3.20). By varying Gµ, the GW frequency
today remains constant by the compensation of smaller red-shift.

The GW spectrum from cosmic strings can experience other high-frequency cut-offs due to some
UV physics or to the dynamics of strings at early times. The first Heaviside function in Eq. (3.22)
£(ti ° l§/Æ) discards loops whose size Æti is smaller than a critical length l§ below which massive
particle production are responsible for the loop decay [124].

With the second Heaviside function in Eq. (3.22),£(ti °tosc), we eliminate loops which are formed
when loop oscillation is frozen due to thermal friction, i.e., strings motion is damped by interaction
with the thermal plasma [125] and hence the GW is suppressed. String oscillation can start when
thermal friction becomes smaller than Hubble friction.

As we show in [36], the presence of these high-frequency cut-offs can lift the BBN bounds on
kination-enhanced GW from cosmic strings, however we expect them to lie at frequency higher than
the windows of current and future GW interferometers. We leave the study of high-frequency cut-offs
in the presence of kination for future work.

Local vs. global strings. Parametrically, the GW spectra from local and global CS scale as, cf. Eq. (3.23)
and (3.25)
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time after production, even though their tension is logarithmically enhanced. Therefore, with respect
to local strings, the GW spectrum from global strings in standard radiation cosmology is:

ƒ7If network formation takes place in a kination era, the corresponding cut-off frequency fform is obtained from Eq. (3.41)
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 LOCAL STRINGS vs GLOBAL STRINGS.

η=fa
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2

bounds into constraints in the ALP parameter space. In
addition, this work presents a similar analysis (determin-
ing best fits and setting constraints) for global strings for
the first time with NG15.

Post-inflationary axion and its GW.– The ALP
can be defined as the angular mode ✓ of a complex scalar
field � ⌘ � exp(i✓) with � the radial partner. It has the
Lagrangian density, L = 1

2@µ�
⇤
@
µ��V (�)�Vc with Vc

the correction responsible for U(1) symmetry restoration
and trapping � ! 0 at early times. The potential has
three terms:

V (�) =
�

2
(�2

� f
2
a )

2

| {z }
cosmic strings

+
m

2
af

2
a

N
2
DW

[1� cos (NDW✓)]

| {z }
domain walls

+Vbias,

where fa is the vacuum expectation value of the field,
ma ⌘ ma(T ) is the axion mass, NDW is the number of do-
main walls, and Vbias is some further explicit U(1) break-
ing term. The first term is responsible for U(1) sponta-
neous breaking, while the second and third terms explic-
itly break the U(1). These three terms are ranked accord-
ing to their associated energy scales (large to small) cor-
responding to their sequences in defect formations: from
cosmic strings to domain walls and then their decays.

During inflation, the complex scalar field is driven to
the minimum of the potential V (�) if Vc ⌧ V (�). Quan-
tum fluctuations along the axion direction due to the
de Sitter temperature O(Hinf) can generate a positive
quadratic term in the potential and restore the U(1) sym-
metry, that gets eventually broken at the end of infla-
tion, leading to cosmic strings if Hinf/(2⇡fa) & 1 [45–
47]. However, the current CMB bound [48] on the in-
flationary scale Hinf < 6.1 · 1013 GeV implies that fa is
too small to generate an observable cosmic-string SGWB.
Still, there are several other ways in which U(1) can get
broken after inflation even for large fa: i) A large and
positive e↵ective �-mass can be generated by coupling
� to the inflaton � (e.g., L � �

2
�
2) which, for large �,

traps � ! 0 during inflation1. ii) � could couple to a
thermal (SM or secluded) plasma of temperature T that
would generate a large thermal Vc correction, restoring
the U(1)2. iii) Lastly, non-perturbative processes, such
as preheating, could also lead to U(1) restoration after
inflation [51–55].

1 As the inflaton field value relates to the Hubble parameter, this
mass is called Hubble-induced mass.

2 For example, the KSVZ-type of interaction couples � to a fermion
 charged under some gauge symmetry with Aµ: L � y� ̄ +
h.c. + g ̄�

µ
 Aµ, that can generate thermal corrections: Vc =

y
2
T

2
�

2 for y� < T and Vc = g
4
T

4 ln
�
y
2
�

2
/T

2
�

for y� & T

[49, 50]. When Vc > �f
4
a , the �-field is trapped at the origin

at temperature T &
p
�fa/y for yfa < T and T & �

1/4
fa/g

for yfa > T . For couplings of order unity, fa < T < Tmax '
6.57 · 1015 GeV is the maximum reheating temperature bounded
by the inflationary scale and assuming instantaneous reheating.
Nonetheless, if � is small (corresponding to a small radial-mode
mass), the bound can be weakened.

When Vc drops, the first term of V (�) breaks sponta-
neously the U(1) symmetry at energy scale fa, leading
to the network formation of line-like defects or cosmic

strings with tension µ = ⇡f
2
a log

�
�
1/2

fa/H
�
[11]. As

U(1) symmetry is approximately conserved when the ax-
ion mass is negligible, the cosmic strings survive for long
and evolve into the scaling regime by chopping-o↵ loops
[56–69]. Loops are continuously produced and emit GW
throughout cosmic history. The resulting GW signal cor-
responds to a SGWB that is entirely characterized by its
frequency power spectrum. The later is commonly ex-
pressed as the GW fraction of the total energy density of
the universe h

2⌦GW(fGW). A loop population produced
at temperature T quickly decays into GW of frequency
[12],

f
cs
GW(T ) ' 63 nHz

⇣
↵

0.1

⌘✓
T

10MeV

◆
g⇤(T )

10.75

� 1
4

, (1)

where ↵ ⇠ O(0.1) is the typical loop size in units of the
Hubble horizon 1/H. If the network of cosmic strings
is stable until late times, i.e., in the limit ma ! 0, its
SGWB is characterized by [12, 70],

h
2⌦cs

GW(fGW) ' 1.3 · 10�9

✓
fa

3 · 1015 GeV

◆4

⇥

⇥G(T (fGW))


Ce↵(fGW)

2.24

� 
D(fa, fGW)

94.9

�3
(2)

where G(T ) ⌘ [g⇤(T )/g⇤(T0)][g⇤s(T0)/g⇤s(T )]4/3,
D(fa, fGW) is the log correction defined in footnote3,
and Ce↵(fGW) is the loop-production e�ciency which
also receives a small log correction originated from
axion production [12]. g⇤ and g⇤s measure the number
of relativistic degrees of freedom in the energy and
entropy densities, respectively. Note that the exponent
‘3’ of the log-dependent term D is still under debate
[22, 34–36, 71–78]. E.g., some numerical simulations find
the scaling network leading the exponent ‘3’ [78], and
the non-scaling one leads to ‘4’ [22, 34, 35].
As the Universe cools, the axion mass develops due to

non-perturbative e↵ects (like strong confinement in the
case of the QCD axion). The second term in V (�) breaks
explicitly the U(1) discretely, leading to sheet-liked de-
fects or domain walls, attached to the cosmic strings.
The domain wall is characterized by its surface tension
� ' 8maf

2
a/N

2
DW [79]. The axion field starts to feel

the presence of the walls when 3H ' ma. The domain-
wall network can be stable or unstable depending on the
number of domain walls attached to a string. The value
of NDW is very UV-model-dependent. It can be linked
the discrete symmetry ZNDW [80–82] that remains af-
ter the confinement of the gauge group that breaks the

3 D(fa, fGW) = log


1.7 · 1041

⇣
fa

3·1015 GeV

⌘⇣
10 nHz

fGW

⌘
2
�

α: typical loop 
size in units of 

Hubble horizon

A loop population produced at temperature T quickly decays into GW of frequency 
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FIG. 1. SGWB from axionic strings {?, �} (NDW = 1)
and domain walls {

L
, |} (NDW > 1), corresponding to the

benchmark points in the axion parameter space in Fig. 3 (with
T? = {128MeV, 102 GeV} for {

L
, |}). The best-fitted spec-

tra to the PTA data are ? for global strings (corresponding
to {fa,ma} ' {9.9 · 1015 GeV, 4.8 · 10�15 eV}) and

L
for

domain walls (with maF
2

a = 2.6 · 1015 GeV3). The power-law
integrated sensitivity curves of GW experiments [14, 86–99]
are taken from [12, 100]. For fixed {ma, fa} values, the peak
of the DW-GW spectrum moves along the dashed line as T?

varies; see Eq. (11).

global U(1) symmetry explicitly and generates the ax-
ion mass. This occurs at the scale ⇤ '

p
maFa, where

Fa = fa/NDW, that is when the domain walls are gener-
ated, attaching to the existing cosmic strings.

For NDW > 1, the string-wall system is stable and
long-lived. Its decay may be induced by Vbias, the biased
term [83–85], which could be of QCD origin [29, 39]. This
decay is desirable to prevent DW from dominating the en-
ergy density of the universe at late times. Vbias is there-
fore an additional free parameter beyond ma and fa that
enters the GW prediction in the case where NDW > 1.

i) NDW = 1 – If only one domain wall is attached to a
string, i.e., NDW = 1, the string-wall system quickly an-
nihilates due to DW tension when4 H(Tdec) ' ma [40].
The cosmic string SGWB features an IR cut-o↵ corre-
sponding to the temperature

Tdec ' 1.6 MeV


10.75

g⇤(Tdec)

� 1
4 ⇣ ma

10�15 eV

⌘ 1
2
, (3)

associated with the frequency,

f
cs
GW(ma) ' 9.4 nHz

⇣
↵

0.1

⌘⇣
ma

10�15eV

⌘ 1
2
. (4)

The cut-o↵ position (peak frequency) and amplitude can
be estimated with Eqs. (2)–(4). At f < f

cs
GW(Tdec), the

4 The string tension loses against the DW surface tension at time
tdec defined by [101] Fstr ⇠ µ/Rdec ' � ) Rdec ⇠ H

�1(tdec) ⇠
µ/� ⇠ m

�1
a where R is the string curvature, assumed to be of

Hubble size.

spectrum scales as ⌦GW / f
3 due to causality. Note

that for ma ⌧ 10�16 eV, the cut-o↵ sits at low frequen-
cies, and within the PTA window we recover the same
GW spectrum as the one in the limit ma ! 0. Our
analysis applies the numerical templates of the global-
string SGWB – covering the ranges of fa and Tdec priors.
We calculated these templates numerically by solving
the string-network evolution via the velocity-dependent

one-scale (VOS) model [62, 102–105] and calculating the
SGWB following Ref. [12].
ii) NDW > 1 – Attached to a string, NDW walls bal-

ance among themselves and prevent the system from col-
lapsing at H ' ma [40, 106]. The domain-wall network
later evolves to the scaling regime where there is a con-
stant number of DW per comoving volume V ' H

�3.
The energy density of DW is ⇢DW ' �H

�2
/V ' �H and

it acts as a long-lasting source of SGWB [83, 107–112];
cf. [113] for a compact review. The network red-shifts
slower than the Standard Model (SM) radiation energy
density and could dominate the universe. The biased
term Vbias – describing the potential di↵erence between
two consecutive vacua – explicitly breaks the U(1) sym-
metry and induces the pressure on one side of the wall
[8, 83]. Once this pressure overcomes the tension of the
wall5, the string-wall system collapses at temperature,

T? ' 53MeV


10.75

g⇤(T⇤)

� 1
4

"
V

1
4
bias

10MeV

#2 
GeV

ma

� 1
2

106GeV

fa/NDM

�
.

(5)

The fraction of energy density in DW is maximized at
this time and reads,

↵? ⌘ ⇢DW/⇢tot(T?) ' �H/(3M2
PlH

2(T?)),

' 4 · 10�4


10.75

g⇤(T?)

� 1
2 h ma

GeV

i 
fa/NDW

106GeV

�2 50MeV

T?

�2
.

(6)

The energy density emitted in GW is [79]

⇢GW/⇢tot ⇠
3

32⇡
✏↵

2
? (7)

where we fix ✏ ' 0.7 from numerical simulations [111]. It
reaches its maximum at T?. The spectrum exhibits the
broken-power law shape and reads,

h
2⌦dw

GW(fGW) '7.35 · 10�11
h

✏

0.7

i 
g⇤(T?)

10.75

� 
10.75

g⇤s(T?)

� 4
3

⇥

⇥

⇣
↵?

0.01

⌘2
S

✓
fGW

fdw
p

◆
(8)

5 The pressure from Vbias is pV ⇠ Vbias, while the wall’s tension
reads pT ⇠ �H assuming the wall of horizon size. The collapse
happens when pV > pT .

IR cutoff of GW spectrum fixed by axion mass .
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FIG. 1. SGWB from axionic strings {?, �} (NDW = 1)
and domain walls {

L
, |} (NDW > 1), corresponding to the

benchmark points in the axion parameter space in Fig. 3 (with
T? = {128MeV, 102 GeV} for {

L
, |}). The best-fitted spec-

tra to the PTA data are ? for global strings (corresponding
to {fa,ma} ' {9.9 · 1015 GeV, 4.8 · 10�15 eV}) and

L
for

domain walls (with maF
2

a = 2.6 · 1015 GeV3). The power-law
integrated sensitivity curves of GW experiments [14, 86–99]
are taken from [12, 100]. For fixed {ma, fa} values, the peak
of the DW-GW spectrum moves along the dashed line as T?

varies; see Eq. (11).

global U(1) symmetry explicitly and generates the ax-
ion mass. This occurs at the scale ⇤ '

p
maFa, where

Fa = fa/NDW, that is when the domain walls are gener-
ated, attaching to the existing cosmic strings.

For NDW > 1, the string-wall system is stable and
long-lived. Its decay may be induced by Vbias, the biased
term [83–85], which could be of QCD origin [29, 39]. This
decay is desirable to prevent DW from dominating the en-
ergy density of the universe at late times. Vbias is there-
fore an additional free parameter beyond ma and fa that
enters the GW prediction in the case where NDW > 1.

i) NDW = 1 – If only one domain wall is attached to a
string, i.e., NDW = 1, the string-wall system quickly an-
nihilates due to DW tension when4 H(Tdec) ' ma [40].
The cosmic string SGWB features an IR cut-o↵ corre-
sponding to the temperature

Tdec ' 1.6 MeV


10.75

g⇤(Tdec)

� 1
4 ⇣ ma

10�15 eV

⌘ 1
2
, (3)

associated with the frequency,

f
cs
GW(ma) ' 9.4 nHz

⇣
↵

0.1

⌘⇣
ma

10�15eV

⌘ 1
2
. (4)

The cut-o↵ position (peak frequency) and amplitude can
be estimated with Eqs. (2)–(4). At f < f

cs
GW(Tdec), the

4 The string tension loses against the DW surface tension at time
tdec defined by [101] Fstr ⇠ µ/Rdec ' � ) Rdec ⇠ H

�1(tdec) ⇠
µ/� ⇠ m

�1
a where R is the string curvature, assumed to be of

Hubble size.

spectrum scales as ⌦GW / f
3 due to causality. Note

that for ma ⌧ 10�16 eV, the cut-o↵ sits at low frequen-
cies, and within the PTA window we recover the same
GW spectrum as the one in the limit ma ! 0. Our
analysis applies the numerical templates of the global-
string SGWB – covering the ranges of fa and Tdec priors.
We calculated these templates numerically by solving
the string-network evolution via the velocity-dependent

one-scale (VOS) model [62, 102–105] and calculating the
SGWB following Ref. [12].
ii) NDW > 1 – Attached to a string, NDW walls bal-

ance among themselves and prevent the system from col-
lapsing at H ' ma [40, 106]. The domain-wall network
later evolves to the scaling regime where there is a con-
stant number of DW per comoving volume V ' H

�3.
The energy density of DW is ⇢DW ' �H

�2
/V ' �H and

it acts as a long-lasting source of SGWB [83, 107–112];
cf. [113] for a compact review. The network red-shifts
slower than the Standard Model (SM) radiation energy
density and could dominate the universe. The biased
term Vbias – describing the potential di↵erence between
two consecutive vacua – explicitly breaks the U(1) sym-
metry and induces the pressure on one side of the wall
[8, 83]. Once this pressure overcomes the tension of the
wall5, the string-wall system collapses at temperature,

T? ' 53MeV
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g⇤(T⇤)
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(5)

The fraction of energy density in DW is maximized at
this time and reads,

↵? ⌘ ⇢DW/⇢tot(T?) ' �H/(3M2
PlH

2(T?)),

' 4 · 10�4
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The energy density emitted in GW is [79]

⇢GW/⇢tot ⇠
3

32⇡
✏↵

2
? (7)

where we fix ✏ ' 0.7 from numerical simulations [111]. It
reaches its maximum at T?. The spectrum exhibits the
broken-power law shape and reads,

h
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GW(fGW) '7.35 · 10�11
h
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5 The pressure from Vbias is pV ⇠ Vbias, while the wall’s tension
reads pT ⇠ �H assuming the wall of horizon size. The collapse
happens when pV > pT .
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FIG. 3. PTA limits (in green) on post-inflationary axions, compared to existing experimental constraints as compiled from
AxionLimits [120] and to theoretical bounds: dark radiation overabundance �Ne↵ bound (13) as dashed horizontal line and
ALP overabundance (14) in the shaded grey region. Fa = fa/NDW. The orange dotted lines in the ma & 1 GeV region are
the projections of future collider experiments, LHC (h ! Za) and FCC (e+e� ! ha), obtained from [121, 122] with the
maximally allowed ALP-SM coupling. The red region denoted ma > Fa is where the axion e↵ective field theory is not valid.
The comparison with experimental bounds uses g✓�� = 1.02↵EM/(2⇡Fa) ⇡ 2.23⇥ 10�3/Fa for the relation between the photon
coupling and Fa, as motivated by KSVZ models [123, 124]. The recent PTA data [1] excludes the green small-ma region due
to cosmic-string SGWB (NDW = 1). It also potentially excludes the high-ma region due to domain-wall SGWB for NDW > 1,
depending on the value of T?. The other green band at large ma is the region that PTA can constrain if T? varies in the
range MeV < T? < 302 MeV, as illustrated in Fig. 4. The two benchmark points {?, �} correspond to cosmic-string SGWB,
and the two black benchmark lines {
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, |} correspond to the domain-wall SGWB, whose spectra are shown in Fig. 1. The

green dot-dashed line is explained in App.B.
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10�17 eV), the cut-o↵ sits at a frequency higher than
the PTA window, and the SGWB signal is dominated by
the IR tail signal, which scales as ⌦GW / f

3
GW. From

Eqs. (1) and (2), we obtain the asymptotic behavior of

Tdec / f
4/3
a (or ma / f

8/3
a ), up to the log correction

in Eq. (2), toward large fa limit. We show this bound
(green-region) in the usual axion parameter space in the
bottom-left corner of Fig. 3. The NG15 constraint on
fa values for NDW = 1 corresponds to fa > Hinf/(2⇡).
Therefore, it does not apply to cosmic strings linked to
quantum fluctuations during inflation.

Note that Eqs. (1) and (2) assume a standard cosmo-
logical history, i.e., a transition between the radiation
era and the matter era occurring at Teq ⇠ 1 eV. In the
region of parameter space where the axion abundance
from the string network exceeds the dark matter abun-
dance [see Eq. (14)], the matter era starts earlier, and the
cosmological evolution is not viable. The non-standard
cosmological history will modify the PTA data (e.g., the
calibration of pulsar timing data and the dispersion mea-
sure) and also the SMBHB modeling [129]. Ignoring its
impact on PTA data, we can still estimate how the axion
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FIG. 1. SGWB from axionic strings {?, �} (NDW = 1)
and domain walls {

L
, |} (NDW > 1), corresponding to the

benchmark points in the axion parameter space in Fig. 3 (with
T? = {128MeV, 102 GeV} for {

L
, |}). The best-fitted spec-

tra to the PTA data are ? for global strings (corresponding
to {fa,ma} ' {9.9 · 1015 GeV, 4.8 · 10�15 eV}) and

L
for

domain walls (with maF
2

a = 2.6 · 1015 GeV3). The power-law
integrated sensitivity curves of GW experiments [14, 86–99]
are taken from [12, 100]. For fixed {ma, fa} values, the peak
of the DW-GW spectrum moves along the dashed line as T?

varies; see Eq. (11).

global U(1) symmetry explicitly and generates the ax-
ion mass. This occurs at the scale ⇤ '

p
maFa, where

Fa = fa/NDW, that is when the domain walls are gener-
ated, attaching to the existing cosmic strings.

For NDW > 1, the string-wall system is stable and
long-lived. Its decay may be induced by Vbias, the biased
term [83–85], which could be of QCD origin [29, 39]. This
decay is desirable to prevent DW from dominating the en-
ergy density of the universe at late times. Vbias is there-
fore an additional free parameter beyond ma and fa that
enters the GW prediction in the case where NDW > 1.

i) NDW = 1 – If only one domain wall is attached to a
string, i.e., NDW = 1, the string-wall system quickly an-
nihilates due to DW tension when4 H(Tdec) ' ma [40].
The cosmic string SGWB features an IR cut-o↵ corre-
sponding to the temperature

Tdec ' 1.6 MeV
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The cut-o↵ position (peak frequency) and amplitude can
be estimated with Eqs. (2)–(4). At f < f

cs
GW(Tdec), the

4 The string tension loses against the DW surface tension at time
tdec defined by [101] Fstr ⇠ µ/Rdec ' � ) Rdec ⇠ H

�1(tdec) ⇠
µ/� ⇠ m

�1
a where R is the string curvature, assumed to be of

Hubble size.

spectrum scales as ⌦GW / f
3 due to causality. Note

that for ma ⌧ 10�16 eV, the cut-o↵ sits at low frequen-
cies, and within the PTA window we recover the same
GW spectrum as the one in the limit ma ! 0. Our
analysis applies the numerical templates of the global-
string SGWB – covering the ranges of fa and Tdec priors.
We calculated these templates numerically by solving
the string-network evolution via the velocity-dependent

one-scale (VOS) model [62, 102–105] and calculating the
SGWB following Ref. [12].
ii) NDW > 1 – Attached to a string, NDW walls bal-

ance among themselves and prevent the system from col-
lapsing at H ' ma [40, 106]. The domain-wall network
later evolves to the scaling regime where there is a con-
stant number of DW per comoving volume V ' H

�3.
The energy density of DW is ⇢DW ' �H

�2
/V ' �H and

it acts as a long-lasting source of SGWB [83, 107–112];
cf. [113] for a compact review. The network red-shifts
slower than the Standard Model (SM) radiation energy
density and could dominate the universe. The biased
term Vbias – describing the potential di↵erence between
two consecutive vacua – explicitly breaks the U(1) sym-
metry and induces the pressure on one side of the wall
[8, 83]. Once this pressure overcomes the tension of the
wall5, the string-wall system collapses at temperature,

T? ' 53MeV


10.75

g⇤(T⇤)

� 1
4

"
V

1
4
bias

10MeV

#2 
GeV

ma

� 1
2

106GeV

fa/NDM

�
.

(5)

The fraction of energy density in DW is maximized at
this time and reads,

↵? ⌘ ⇢DW/⇢tot(T?) ' �H/(3M2
PlH

2(T?)),

' 4 · 10�4


10.75

g⇤(T?)

� 1
2 h ma

GeV

i 
fa/NDW

106GeV

�2 50MeV

T?

�2
.

(6)

The energy density emitted in GW is [79]

⇢GW/⇢tot ⇠
3

32⇡
✏↵

2
? (7)

where we fix ✏ ' 0.7 from numerical simulations [111]. It
reaches its maximum at T?. The spectrum exhibits the
broken-power law shape and reads,

h
2⌦dw

GW(fGW) '7.35 · 10�11
h

✏

0.7

i 
g⇤(T?)

10.75

� 
10.75

g⇤s(T?)

� 4
3

⇥

⇥

⇣
↵?

0.01

⌘2
S

✓
fGW

fdw
p

◆
(8)

5 The pressure from Vbias is pV ⇠ Vbias, while the wall’s tension
reads pT ⇠ �H assuming the wall of horizon size. The collapse
happens when pV > pT .

Benchmark spectra
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FIG. 1. Benchmark GWBs of primordial origin with large amplitude above kHz frequencies, compared to sensitivities of existing
and planned experiments below the kHz [1–5, 45, 48–53] as well as experiments sensitive at frequencies above the kHz from
[47] (in shaded gray). The green line is associated with a very strong first-order phase transition [22] (�/H = 7, ↵ = 10) at a
temperature T ⇠ 1010 GeV (compatible with a Peccei-Quinn phase transition with axion decay constant fa ⇠ 1010 GeV for
instance [54]). Interestingly, the irreducible background from inflation with inflationary scale Einf ' 1016 GeV can be amplified
if inflation is followed by kination (purple line) [55] or if a kination era is induced much later by the rotating QCD axion DM
field (blue line) [55–57]. Local cosmic strings can generate a signal (in red) as large as the BBN bound (3), that also uniquely
goes beyond 109 Hz. The gray line shows the signal from preheating [41] corresponding to an inflaton mass M ' Mpl with a
coupling g = 10�3 to the thermal bath. Similar but suppressed GW spectra can come from the fragmentation of a scalar field,
which is not the inflaton [58–60]. The lower gray shaded region is the spectrum from the Standard thermal plasma [17–19],
assuming a reheating temperature Treh ' 6⇥ 1015 GeV.

as the GW fraction of the total energy density of the
Universe today ⌦GWh

2. It can be related to the charac-
teristic strain hc of GW by [43]

hc ' 1.26⇥ 10�18(Hz/fGW)
p
⌦GWh2. (1)

Its characteristic frequency is related to the moment
when GW was emitted, and its amplitude is typically
small1 (⌦GWh

2 . ⌦rh
2
' 4 · 10�5 [61], where ⌦r is the

fraction of energy density in radiation).
The frequency range of cosmological GWB is linked to

the size of the source, which is limited to the horizon size
by causality. The frequency today of a GW produced
with wavelength �GW  H

�1(T ) when the Universe had
temperature T (assuming radiation domination for the

1 Except the signals resulting from a modified equation of state
of the Universe such as kination or sti↵ eras [55] or extremely
strong first-order phase transitions.

GW considered in this paper) is

fGW ' 1 kHz


H

�1(T )

�GW

�✓
T

1010 GeV

◆
, (2)

where H is the Hubble expansion rate, and fGW =
�
�1
GW[a(T )/a0] with a being the scale factor of cosmic

expansion. For instance, the irreducible GWs produced
during inflation that re-enter the horizon at temperature
T have �GW ⇠ H

�1. On the other hand, GWs from
first-order phase transitions have �GW that is roughly the
bubbles’ size, typically of the order O(10�3

� 10�1)H�1.
GWs produced from the thermal plasma are produced
maximally at �GW ⇠ T

�1, such that the signal gen-
erated at any T is peaked at fGW ⇠ O(10) GHz. Fi-
nally, for cosmic strings, �GW relates to the string-loop
size, which is fixed by the Hubble size; see Eq. (11) for
the precise relation. Therefore, apart from the thermal
plasma source, the highest GW frequencies are associ-
ated with the earliest moments in our Universe’s his-
tory, and the maximum reheating temperature of the
Universe Treh  T

max
reh ' 6 ⇥ 1015 GeV [62] bounds

Ultra-high frequency primordial GWs .

2312.09281
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FIG. 10. Maximal GWBs expected from cosmic strings (local in blue, global in red/orange) that can arise at ultra-high
frequencies without leading to any observable signal in the frequency range of existing or planned interferometers. The spectra
from global axionic strings can be large and detectable at lower frequencies for light axions [30, 152, 153, 164, 185, 204, 209, 210].
However, when requiring a signal that arises only beyond the kHz, this fixes the axion mass to be above the GeV scale to avoid
constraints from late decays after BBN. Such heavy axions induce an early temporary matter-domination era that suppresses
the GWB.

at ultra high-frequencies.
This paper found that the GWB from global axionic

strings is limited by the early-matter era induced by
heavy axions. Local cosmic strings on the other hand
appear to be the most promising targets. From the GW
amplitude, one can infer the scale of symmetry breaking,
while the measurement of the UV cuto↵ of the GWB
could provide microscopic information on the scalar-field
couplings. Lastly, for such cosmic strings formed at high
energy scales, the GWB from string-monopole segments
(see appendix C) could provide an additional contribu-
tion to that of metastable local-string loops, discussed in
the main text. Although segments’ GWB gives rise to
additional smoking-gun signatures that can be searched
for in the future, the GWB calculations are subjected to
some theoretical uncertainties that would require further
investigation.
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Appendix A: E↵ect of higher-mode summation

A string loop of length l oscillates with frequency [27]
!k = 4⇡k/l with a mode number k and allows emission
of energy Ek = !k. The emission of energy from a loop
should not change the string’s state by emitting energy
larger than the mass of the scalar field, i.e., Ek < ⌘

or l > 4⇡k/⌘. That is, only a loop larger than 4⇡k/⌘
supports the oscillation of mode k. Using that the loop
length at formation is l ' ↵t, we obtain that a mode k

oscillation is allowed on a loop below the temperature

Tk ' 8.3⇥ 1014 GeV

✓
Gµ

10�11

◆ 1
4
✓
1

k

◆ 1
2

. (A1)

Fig. 11 compares the GWB spectra including the Ek <

⌘ condition, i.e., we consider only loop produced after
ti > t[min(Tk, Tform)], to the simple formation cuto↵,
i.e., ti > t(Tform). Fig. 11-top shows the GWB spectra

Ultra-high frequency GWs 
from local versus global cosmic strings .

2312.09281



Effect of non-standard cosmology 
on primordial GW spectra.
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Particle physics realization of 
Kination era inside the radiation era 

(decoupled from inflaton dynamics)

[Gouttenoire, Servant, PS, 2108.10328 & 2111.01150] 
[Co, Harigaya, Hall, et. al., 2108.09299]  

For the first time! 

by the rotating axion.
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Impact of the cosmological history on 
Gravitational Waves:

125
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Requirements for the successful intermediate kination era

2. Large initial scalar VEV ⟨ϕ⟩ ≫ fa

1. -symmetric (quadratic) potential 
with spontaneous symmetry-breaking minimum 

U(1)

⟨ϕ⟩ = fa

3. Explicit -breaking term 
(wiggle for angular velocity)

U(1)

4. Radial damping mechanism

case II: ϕini = fa Angular potential 
U(θ)

for T ≥ Tc

case I: ϕini ≫ fa

ϕ = fa

V(Φ) I

II
for T < Tc

δ

θ0

·θ

0 2ππ 3π 4π
angular direction: θ

[Gouttenoire, Servant, PS, 2108.10328 & 2111.01150] 

Amplification of inflationary GW from 
axion-induced kination era.

[Gouttenoire et al  2108.10328 & 2111.01150]
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Amplification of GW from local cosmic strings due 
to an axion-induced kination era.

formation and, thus, the position of the biggest peak. It takes a few e-folds for the network to adapt to
the change of cosmology which moves the first biggest peak to lower frequency than naively expected,
same as the factor O (0.1) in Eq. (3.32). On the other hand, the position of the smallest peak depends
only on the loops’ emission time and is not affected by the time that the network adapts to a change
of cosmological era.

Before moving to the global strings, let us emphasize that the second peak will not be seen in the
global string spectrum. This peak is linked to GW emission occurring for local strings at a time t̃M

much later than the loop-formation time ti , while global loops decay almost instantaneously after
their formation.

Gravitational waves from local cosmic strings

Figure 9: The GW background from local strings with tension Gµ is enhanced by a period of matter-kination
lasting for (2NKD + NKD) efolds, cf. Eq. (2.16). The kination era starts at energy scale EKD and ends when the
temperature of the universe is T¢ (dashed lines). Left panel: In the coloured regions, the peak is observable. BBN
constrains late kination eras (gray) and long kination eras (red-hatched) (see Sec. 2.2). The black dashed lines
show the detectability prospects of hypothetical HF experiments operating at 10 kHz, 1 MHz, 1 GHz frequencies
with sensitivity h2≠sens = 10°10. The QCD axion that allows a kination era could be DM along the solid-gray
lines for the conventional and ZN QCD-axion models, assuming kinetic misalignment (see Sec. 4). Right panel:
The GW spectra correspond to benchmark points in the left panel. Note the second peak at high-frequency for
the green line, that comes from loops produced during the radiation era and decaying at the start of kination, cf.
Eq. (3.45).
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Amplification of GW from global cosmic strings 
due to an axion-induced kination era.

Gravitational waves from global cosmic strings

Figure 11: The GW spectrum from global strings with tension ¥ is enhanced by a period of matter-kination
lasting for (2NKD + NKD) efolds, cf. Eq. (2.16). The kination era starts at energy scale EKD and ends when the
temperature of the universe is T¢ (dashed lines). Left panel: In the coloured regions, the peak is observable. BBN
constrains late kination eras (gray) and long kination eras (red-hatched). The peak is described by Eq. (3.48)
and (3.50). The black dashed lines show the detectability prospects of hypothetical HF experiments operating
at 10 kHz, 1 MHz, 1 GHz frequencies with sensitivity h2≠sens = 10°10. The QCD axion that allows a kination
era could be DM along the solid-gray lines for the conventional and ZN QCD-axion models, assuming kinetic
misalignment (see Sec. 4). Right panel: The GW spectra correspond to benchmark points in the left panel. The
effect of metastable strings cut the spectrum at a low-frequency, as shown by the black-dashed line for a network
decay at T ª 100 MeV.

Figure 12: The longer kination era enhances the peak, allowing strings with smaller string scale ¥ to be probed.
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Gravitational Waves from inflation & local cosmic strings
in non-standard cosmology induced by rotating axions.

[2111.01150]

3.3 Multiple-peak signature

3.3.1 Inflation + local cosmic strings

Three types of peaks. The physics explaining the presence of the cosmic strings is generally unre-
lated to the inflationary sector. In the presence of multiple SGWB, the intermediate matter-kination
era can lead to a multiple-peak GW signal which could be probed by the synergy of future detectors.

1. Peak signature of matter-kination era in inflationary GW, cf. Eq. (3.12).

2. Peak signature of matter-kination era in SGWB from local CS, cf. Eq. (3.41).

3. Peak in SGWB from local CS due to the transition between radiation and later matter era around
the temperature 0.75 eV, and whose frequency reads [36]

f cs
low ' 1.48£10°7 Hz

µ
50£10°11

°Gµ

∂
. (3.51)

The inflationary peak (1) can be easily distinguished from the CS peaks (2 and 3) which are broader
because the CS network takes time to react to the change of cosmology [36]. In this section, we point-
out the possibility of a two-peak spectrum (two matter-kination peaks) and a three-peak spectrum
(two matter-kination peaks + one radiation-matter peak at lower frequency, Eq. (3.51)).

Gravitational waves from inflation and local cosmic strings

Figure 13: Two-peak (left) and three-peak (right) GW spectra from inflation and local CS network. We assume
the maximum inflationary scale allowed by CMB data Einf = 1.6£1016 GeV [1, 2].

Peaks separation. We could observe either two (left panel) or three peaks (right panel) depending
on the separation between each peak, which are estimated from Eqs. (3.12), (3.41), and (3.51)
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50£10°11

∂
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where we have assumed for simplicity that loops from kination era decay in the radiation era, NKD <
log(Æ/2°Gµ)/3. For observable multiple peaks, the separations should be small but not overlapping.
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Gravitational waves from inflation and global cosmic strings

Figure 14: Left: In the presence of GW from both inflation and global strings, as well as a matter-kination
era, the signal can have either one or two peaks. Right: Two-peak GW spectra from inflation at the maximum
inflation scale allowed by CMB data Einf = 1.6£ 1016 GeV [1, 2] and from global strings with energy scale ¥ =
2£1014 GeV.

3.4 GW from first-order phase transitions

In the previous subsections, we have shown that the presence of a matter-kination era leads to a peak
shape in the GW spectrum produced by primordial inflation or cosmic strings. More generally, any
GW signal whose production period lasts longer than the duration of the matter-kination era itself,
will receive a triangular shaped spectral distortion. In Sec. 3.4.1, we show that this is also the case
for super-horizon Fourier modes of GW from short-lasting sources such as a cosmological first-order
phase transition (1stOPT). Moreover, Sec. 3.4.2 shows that whenever the 1stOPT is produced during
the non-standard era, the amplitude of the GW peak is reduced and its frequency is blue-shifted.

3.4.1 Spectral distortion

GW from 1stOPT. We consider a 1stOPT driven by a scalar field initially at thermal equilibrium with
the radiation component. Depending on the amount of supercooling, GW are either sourced by the
collision of bubble walls of by fluids motions, e.g. [90, 91, 136]. The peak amplitude of the GW can be
formulated as

h2≠GW(k)
ØØ

t0
' h2

µ
ap

a0

∂4 µ
Ωtot,p

Ωtot,0

∂µ
Hp

Ø

∂m µ
∑Æ

1+Æ+∞

∂2

¢(k,Ø), (3.59)

where Ωtot,i is the total energy density of the universe at time i , Tp and Hp are the temperature and
Hubble scale at the time of GW production, Ø°1 is the duration of the transition, Æ is the ratio of
the vacuum energy difference over the radiation energy density, ∑ is the conversion coefficient and
¢(k,Ø) is the spectral shape. We expect m = 1 for GW from long-lived fluid motion and m = 2 for
GW from short-lived fluid motion or bubble wall collisions. Since our focus in on the effects from the
matter-kination era, we have neglected factors involving the wall velocity vw. The factor ∞ is the ratio
of the energy density of the new sector, the spinning axion in our case, to that of radiation

∞¥ ΩNS/Ωrad. (3.60)

The case ∞ = 0 corresponds to the 1stOPT occuring during the standard radiation era. Additionally,
the peak frequency is shifted with respect to the standard scenario by

fNS = fST

µ
a0

ap Hp

∂

ST

µ
ap Hp

a0

∂

NS
. (3.61)
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The transfer of energy in the early universe from the homogeneous axion field into axion quantum
fluctuations, e.g. axion fragmentation, inevitably produces a stochastic background of gravitational
waves of primordial origin with a peak frequency controlled by the axion mass. However, the signal is
generally suppressed and unobservable by future experiments when imposing the upper bounds from
either the axion dark matter abundance or the axion dark radiation. We quantify this e↵ect using
lattice calculations and examine the amplitude of the signal in the whole axion parameter space,
ranging over more than 30 decades in frequencies. We present typical models of axion fragmentation
and characterise the conditions leading to an observable signals in planned observatories, from the
CMB, PTA, LISA to ET.

I. INTRODUCTION

The production of a gravitational-wave background by
early-universe axion dynamics has been studied mainly in
the case where the axion couples to a dark photon [1–3].
We consider the more minimal situation where the ALP
does not have any significant coupling to such dark pho-
ton. Still, the energy of the axion from the misalignment
mechanism can be transferred to axion particles, leading
to a stochastic GW background []. In both cases, it was
found [] that the GW signal can be observed only if a
mechanism enables to get rid of the associated overabun-
dant axion energy density. The aim of this article is to
look at this problem in more detail (using lattice calcu-
lations), examine the di↵erent situations leading to such
a suppression naturally, and quantify the observability
prospects.....

to-do:
Merge figures 1,4,5 together; Add the other plot by Cem
in the (⌦h

2
, f) plane; Add paragraph about friction and

comparison with the gauge case; Merge figures 6 and 8?

II. ROUGH ESTIMATE OF THE ALP
PARAMETERS AND �Ne↵

The NANOGrav collaboration possibly observed a sig-
nal at a frequency of ⌫ = 1 yr�1 with a strain hc of
1.92 ⇥ 10�15 [4]. The frequency density parameter in
gravitational waves, ⌦GW(⌫) is defined via [5]

⇢GW

⇢c
=

Z
d(ln ⌫)⌦GW(⌫). (1)

It is related to the strain via [6]:

⌦GW =
⌫SE(⌫)
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4GN
⌫h

2
c . (2)

Plugging the values this gives very roughly

⌦GW(yr�1) ⇡ 10�8
, (3)

which we will use as a benchmark value that the field has
to produce.

What now follows is a very rough estimate if our axion
model with the non-periodic potential can produce this
signal by fragmentation and, if afterwards it would imme-
diately decay to radiation/ultra-relativistic much lighter
ALPs that behave as radiation until today, the decay
products can fulfill the uncertainty bounds on Ne↵ .

We assume that the frequency of the signal will be
given by the modes that are amplified most strongly dur-
ing fragmentation, which are roughly the size of the ax-
ion mass during fragmentation, i.e. k̃/aosc ⇡ ma. Af-
terwards, the frequency will redshift, which gives as an
rough estimate for relation between the ALP and the GW
frequency:
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To find the strain, one starts with the eom for the lin-
earized Einstein equations:

ḧij + 3Hḣij � �hij
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where for a scalar field
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(6)
Since the sourcing will happen mostly/only at fragmen-
tation, which happens directly following oscillation of the
field, we can write

���hij,k̃

��� ⇠ 16⇡

M
2
pl(k̃/aosc)2

���⇧TT
ij,osc,k̃

��� . (7)

For ⇧TT
ij we take ↵⇢�, where ↵ is smaller than unity and

quantifies the fraction of energy stored in the fluctua-
tions.
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given by the modes that are amplified most strongly dur-
ing fragmentation, which are roughly the size of the ax-
ion mass during fragmentation, i.e. k̃/aosc ⇡ ma. Af-
terwards, the frequency will redshift, which gives as an
rough estimate for relation between the ALP and the GW
frequency:

⌫ ⇡ 1

2⇡
ma

✓
T0

Tosc

◆✓
g⇤S(T0)

g⇤S(Tosc)

◆1/3

. (4)

To find the strain, one starts with the eom for the lin-
earized Einstein equations:
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The transfer of energy in the early universe from the 
homogeneous axion field into axion quantum 
fluctuations, inevitably produces a stochastic 
background of gravitational waves of primordial origin 
with a peak frequency controlled by the axion mass. 
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FIG. 2. Black lines give benchmark gravitational wave spectra at the present time for various values of the model
parameters (shown in Table I). The black dots show the prediction of the peak location using the scaling relation in
Eq. 23. Colored curves are projected power law sensitivities for various gravitational wave detectors. Green (dotted):
IPTA (SKA), Red: LISA 4-yr, Blue: LIGO 2022, Brown: DECIGO, Magenta: BBO, Dark Blue: Einstein Telescope.

detectors. The low mass region 10�19 eV . m .
10�13 eV will be probed indirectly by the black hole
superradiance with data from LISA [10], showing
some unexpected complementarity of GW measure-
ments by LISA and PTAs.

GW Spectrum m (eV) f (GeV) ✓ ↵ ⇢0�/⇢
0
DM �Ne↵

ALP 1 5.6⇥ 10�14 2.0⇥ 1017 1.0 75 0.011 0.24

QCD Axion 1 3.0⇥ 10�11 2.0⇥ 1017 1.0 73 1.1 0.18

QCD Axion 2 6.1⇥ 10�11 1.0⇥ 1017 1.3 55 1.9 0.075

ALP 2 1.0⇥ 10�2 1.0⇥ 1017 1.2 55 1.7 0.030

ALP 3 5.0⇥ 10�1 2.0⇥ 1017 1.0 75 0.85 0.069

ALP 4 1.0⇥ 102 1.0⇥ 1017 1.1 65 0.020 0.018

ALP 5 1.0⇥ 106 1.0⇥ 1017 1.3 60 0.29 0.020

ALP 6 1.0⇥ 1010 2.0⇥ 1017 1.2 50 ⇤ ⇤

TABLE I. Parameter values for the gravitational wave
spectra shown in Figure 2. The present time ratio of
the axion and DM energy densities is given by ⇢0�/⇢

0
DM,

except for the last benchmark point where the axion is
not cosmologically stable.

B. Chirality of the Gravitational Wave
Spectrum

As we discussed in Section III B, the dark photon
population is completely dominated by a single he-
licity and has a relatively narrow range of momenta
corresponding to the modes that experienced signif-
icant tachyonic growth. Since gravitational waves
are sourced by exponentially amplified dark photon
quantum fluctuations, they inherit the parity viola-
tion in the dark photon population. The peak of

FIG. 3. Emission time gravitational wave spectrum for
the ALP 2 model parameters. The solid black line gives
the total spectrum while the dashed lines show the con-
tributions from the “+” (red) and “�” (blue) helicities
of the spectrum.

the gravitational wave spectrum comes from the ad-
dition of two approximately parallel “+” polarized
dark photons of similar momenta k, such that a “+”
circularly polarized gravitational wave is produced
with momentum ⇡ 2k. In contrast, the low-k tail
of the gravitational wave spectrum comes from two
approximately anti-parallel “+” polarized dark pho-
tons of similar momenta k. This results in an ap-
proximate cancellation of the polarizations and mo-
menta, leading to the production of unpolarized, low
momentum gravitational waves. These features can
be seen in Figure 3, where the peak of the gravita-
tional wave spectrum is dominated by “+” polarized
gravitational waves while the tail has equal compo-
nents of both helicities such that the net spectrum
is unpolarized.
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Figure 10: Gravitational wave spectra in models with an extended relativistic phase. The spectra
are shown for several values of the mass with di↵erent colors corresponding to di↵erent mass ratios
r = mfinal/ma. The golden color corresponds to the nonmodified potential (2.2) with � = 0 and attractive
self-interactions, also shown in Fig. 4. The dashed slopes indicate the envelopes of the signal strength
as in Fig. 4. The inset shows analytical estimates for the signal envelopes at smaller values of r, as
explained in section 6.5. The sensitivities of relevant GW experiments are indicated with solid black
lines according to [56] and the estimated typical velocities at matter-radiation equality are stated. We
employ �1/f = 200, = 3 and HI/f = 10�10.

simulations are shown. At these times the ALP field has already fragmented and most of the
GWs have been produced much earlier. The chosen parameters are  = 3, HI/f = 10�10 and
�1/f = 200 as benchmark parameters for the figure.

The gold curves correspond to the simple potential (2.2), such thatmfinal = ma, and di↵erent
types of lines correspond to di↵erent values of the mass. The corresponding parameter space for
the gravitational signal is indicated by the envelope line of the same color. The remaining curves
in Fig. 10 correspond to the late-time spectra of GWs in the case when mfinal ⌧ ma. Each color
corresponds to a particular ratio mfinal/ma. One indeed observes the increasing range of the
signal in the parameter space as this ratio is being decreased, consistent with the expectation
from (3.17). Remarkably, already for mfinal = 10�3

ma the range of the signal overlaps with the
planned sensitivity of pulsar timing arrays, i.e. the Square Kilometre Array (SKA) [55, 56]. In
particular, the solid red curve corresponds to

mfinal = 10�16eV, r = 10�3 (SKA).

It is possible to extend the signal range even further, up to the future sensitivities of space-
based interferometers, although this requires an even stronger tuning of the mass near the
bottom. In particular, the Big Bang Observer (BBO) [57] and the Laser Interferometer Space
Antenna (LISA) [58]) are most sensitive to signals peaked at around ⌫ ⇠ 10�1Hz and ⌫ ⇠

22
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Geller et al, 2307.03724

The signal is generally suppressed when imposing the upper bounds 
from either the axion dark matter abundance or the axion dark radiation. 

Schwaller et al, 2012.11584 
Eroncel et al, 2206.14259

—>Dilution of ALP energy density needed, not easy

(from coupling to dark photon)

134

However.



Figure 5. Suppression of the axion relic abundance for di↵erent values of ↵ and fixed ✓ = 1
compared to the standard misalignment case where ↵ = 0 and there is no dark photon production.
We see that ✓↵ & 30 is required for e�cient dark photon production. For values of ✓↵ & 200,
friction from particle production causes the axion to slow-roll and behave as vacuum energy, thus
it will quickly come to dominate the energy density of the universe. As we ignore the e↵ect of the
axion-dark photon system on the gravitational background, this regime is beyond the scope of our
simulation, and we simply sketch the expected sharp loss of suppression in this region with the
dashed line.

source. This can lead to a washout of polarization in the final spectrum, although as we

will see some parts of the GW spectrum can remain strongly polarized.

In Ref. [14], we presented some basic scaling relations which allow for the estimation

of the peak amplitude and frequency of the GW spectrum via naive dimensional analysis

(NDA)

kpeak ⇠ 2k⇤ ⇡ ✓↵m

r
aosc
a⇤

aosc

⌦GW(kpeak) = ce↵ (⌦⇤
�)

2

✓
a⇤H⇤
k⇤

◆2

=
ce↵
9

✓
f

MP

◆4✓ ✓

↵

◆2 a⇤
aosc

, (4.1)

where ce↵ is a factor quantifying the e�ciency of GW emission and stars denote the cor-

responding quantity at the time of the initial backreaction t⇤ where the GW spectrum is

dominantly produced. Up to this time, the linear analysis roughly holds and t⇤ can be

calculated from the analytic approximations found in Ref. [36], see Appendix A for details.

In Figs. 6 and 7, we show the GW spectrum computed on the lattice for several values

of ✓ and ↵, where the NDA prediction from the scaling relation Eq. (4.1) with ce↵ = 1 is

indicated by a green cross. We report a final GW spectrum at a/aosc = 40 at which point

the GW signal has fully converged for all choices of the model parameters. Also shown is

the spectrum at the end of the perturbative phase t = t⇤ when ⇢X = ⇢�/2 for the first

time. We see that the NDA scaling relation predicts the peak of the spectrum at t = t⇤
to within a factor of 2, but in general fails to predict the peak of the final spectrum 7.

We suspect that 2 ! 1 scattering processes in the phase t > t⇤ are prolonged for large

7For large ✓ ⇠ 3, the scaling relation also di↵ers from the early spectrum because the approximation of

the cosine potential as quadratic fails, invalidating the analytic solution found in Ref. [36].
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Achieved dilution factor of ALP energy density
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Figure 13. Peak amplitude and frequency of gravitational waves induced by axion fragmentation
occurring in kinetic misalignment mechanism (KMM) versus large misalignment mechanism (LMM)
according to (eq. (6.11)). The lines assume constant axion mass and should not be understood as GW
spectra. The predictions are compared to the sensitivity of future experiments. The expression of ‹peak
in terms of the axion mass and decay constant is given by eq. (6.4), see contours in figure 14 and 15.

both of them to unity for our estimates. Again we assume that the GW emission takes place
at trapping. Then, the energy density of the ALP field at emission is

fl◊,emit ¥ 2m
2
úf

2
. (6.8)

Also, the peak momentum becomes kpeak = Ÿúaúmú ≥ aúmú. Then (6.7) is simplified to

�peak
GW,ú ≥ 256fi

2

3

3
mú
Hú

42A
f

Mpl

B4
. (6.9)

Evolving this amplitude until today by using (6.6) and (6.3) we obtain

�peak
GW,0 ≥ 1.5 ◊ 10≠15

3
mú
m0

42/33
m0

10≠16 eV

4≠2/33
f

1014 GeV

44/3
Z≠4/3

. (6.10)

By combining this result with (6.4) we can obtain a simple relation between the peak frequency
and the peak amplitude:

�peak
GW,0 ≥ 10≠35

A
mú/m0

(‹peak/Hz)Z

B2
. (6.11)

From this, we learn that ALP models with a constant mass have better prospects for an
observable gravitational-wave signal. Secondly, the models with a lower peak frequency predict
a larger GW amplitude. Finally, if there is an additional dilution in the energy density due to
the fragmentation, the gravitational-wave amplitude is also enhanced. We show the contours
of the peak GW frequency calculated via (6.4), and the peak GW amplitude calculated
via (6.11) in the upper plots of figure 14.

– 30 –

Gravitational waves from ALP DM fragmentation.

2206.14259

Z = needed dilution factor of ALP energy density
136

position of the peak of the GW spectrum

(Can arise from non-linear effects after the fragmentation.)



Conclusion.

Gravitational waves: complementary probes of
- Cosmological phase transitions
- Early equation of state of the universe
- Scalar field dynamics. (before/during/after inflation)
- Scalar Dark Matter production mechanism (from misalignment or 
from decay of defects)
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A.2.1 Landscape of primordial GW backgrounds in the characteristic strain hc unit

Figure A.2: This figure displays how the GW frequency spectra discussed in this thesis and shown in
⌦GWh2 unit would look like when presented in terms of the characteristic strain hc defined in Eq. (2.11).

178

2

FIG. 1. Benchmark GWBs of primordial origin with large amplitude above kHz frequencies, compared to sensitivities of existing
and planned experiments below the kHz [1–5, 45, 48–53] as well as experiments sensitive at frequencies above the kHz from
[47] (in shaded gray). The green line is associated with a very strong first-order phase transition [22] (�/H = 7, ↵ = 10) at a
temperature T ⇠ 1010 GeV (compatible with a Peccei-Quinn phase transition with axion decay constant fa ⇠ 1010 GeV for
instance [54]). Interestingly, the irreducible background from inflation with inflationary scale Einf ' 1016 GeV can be amplified
if inflation is followed by kination (purple line) [55] or if a kination era is induced much later by the rotating QCD axion DM
field (blue line) [55–57]. Local cosmic strings can generate a signal (in red) as large as the BBN bound (3), that also uniquely
goes beyond 109 Hz. The gray line shows the signal from preheating [41] corresponding to an inflaton mass M ' Mpl with a
coupling g = 10�3 to the thermal bath. Similar but suppressed GW spectra can come from the fragmentation of a scalar field,
which is not the inflaton [58–60]. The lower gray shaded region is the spectrum from the Standard thermal plasma [17–19],
assuming a reheating temperature Treh ' 6⇥ 1015 GeV.

as the GW fraction of the total energy density of the
Universe today ⌦GWh

2. It can be related to the charac-
teristic strain hc of GW by [43]

hc ' 1.26⇥ 10�18(Hz/fGW)
p
⌦GWh2. (1)

Its characteristic frequency is related to the moment
when GW was emitted, and its amplitude is typically
small1 (⌦GWh

2 . ⌦rh
2
' 4 · 10�5 [61], where ⌦r is the

fraction of energy density in radiation).
The frequency range of cosmological GWB is linked to

the size of the source, which is limited to the horizon size
by causality. The frequency today of a GW produced
with wavelength �GW  H

�1(T ) when the Universe had
temperature T (assuming radiation domination for the

1 Except the signals resulting from a modified equation of state
of the Universe such as kination or sti↵ eras [55] or extremely
strong first-order phase transitions.

GW considered in this paper) is

fGW ' 1 kHz


H

�1(T )

�GW

�✓
T

1010 GeV

◆
, (2)

where H is the Hubble expansion rate, and fGW =
�
�1
GW[a(T )/a0] with a being the scale factor of cosmic

expansion. For instance, the irreducible GWs produced
during inflation that re-enter the horizon at temperature
T have �GW ⇠ H

�1. On the other hand, GWs from
first-order phase transitions have �GW that is roughly the
bubbles’ size, typically of the order O(10�3

� 10�1)H�1.
GWs produced from the thermal plasma are produced
maximally at �GW ⇠ T

�1, such that the signal gen-
erated at any T is peaked at fGW ⇠ O(10) GHz. Fi-
nally, for cosmic strings, �GW relates to the string-loop
size, which is fixed by the Hubble size; see Eq. (11) for
the precise relation. Therefore, apart from the thermal
plasma source, the highest GW frequencies are associ-
ated with the earliest moments in our Universe’s his-
tory, and the maximum reheating temperature of the
Universe Treh  T

max
reh ' 6 ⇥ 1015 GeV [62] bounds
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Equation of motion of complex scalar field in the expanding Universe

For homogeneous field, these are Kepler problem: 
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� = �ei✓with

conservation of charge (angular momentum):

coriolis force
centrifugal force
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d

dt
(a3�2✓̇) = 0

Equation of motion of complex scalar field 
in expanding universe .

= 0



Figure 4. Overview of possible scenarios in models with nearly-quadratic potentials. The energy densities of

the axion (orange) and radial modes (green) are comparable until either damping takes place (Tdamp) or the

radial modes reaches its minimum at fa, (Tkin). The top examples feature entropy injection (late damping)

while the bottom examples do not (early damping). The left examples feature kination, while the right examples

do not. Regardless of whether a period of kination is triggered or not, the temperature at which the radial

mode is relaxed to fa is labeled Tkin. The end of kination is labeled by Tkin,end if it does take place. Physically,

damping may not be nearly-instantaneous, and the energy density of the plasma could reheat smoothly, as

indicated by the blue dashed lines. However, as only the initial and final states matter for the yield dilution,

this question does not impact the damping-mechanism-agnostic solution presented in this section. The physical

evolution of T does impact the more realistic damping considered in later sections of this work, since the

damping rates themselves depend on T . The evolutions displayed here are sketches intended to highlight the

characteristic di↵erences between scenarios and do not represent actual solutions. These visualizations are to

be compared with the full numerical solutions shown at the end of appendix E.
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Ingredient 4 for kination: Damping of radial mode energy



JCAP10(2022)053

Figure 7. Overview of the fragmentation regions for temperature-dependent axion mass with “ = 8
(left plot), and for constant axion mass (right plot). The solid contours denote the zero-temperature
barrier heights, while the dashed ones are the mú/3Hú contours, where Tú is given in eq. (2.30).

Figure 8. Same as figure 7, but the dashed contours now show the trapping temperature Tú in GeV,
as given in eq. (2.30).

The boundaries between these regions depend strongly on the hierarchy between the axion
mass and Hubble at trapping, and have a very mild dependence on the other model parameters.
In the rest of this section, we will calculate these boundaries while giving details on the
properties of the fragmentation in each region.

An overview of these regions on the m0–f plane along with various model parameters
can be seen in figures 7 and 8.

– 18 –

 Solid lines: contours of zero-temperature barrier heights, 

Dashed lines:  (m/3H)_* contours 
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Contours of trapping temperature in GeV.
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Kination right 
after inflation

My few pages on GW from cosmic stringsGravitational Waves from cosmic strings 
in non-standard cosmology (kination after inflation).
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Intermediate Kination 
e.g., rotating axion

My few pages on GW from cosmic stringsGravitational Waves from cosmic strings
in non-standard cosmology induced by rotating axions.
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Step feature from 
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