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Why Axion?
Search string theory through axion

10 dim

4 dim

a a
aaa a
aa

a a a
a

Axion carries information 
about higher dimensions.

Plentitude of ultra-light and weakly interacting 
axions.

Axiverse (Arvanitaki et. al., 2010)

Fa ∼ 1016GeVμ ≲ 10−10eV

Bμν

(See for example, 2103.06812)



More on axion
•Other interests on axion 
-Solve strong CP problem 
-Candidate of the dark matter 
-Can be observed by the astrophysical phenomena

CMB 
polarization Large scale structure

Superradiance and 
Gravitational waves

Compton wavelength

Axion mass (eV)

∼ 10−10∼ 10−20∼ 10−33 ∼ 10−26

∼ 1010M⊙∼ H−1
0

∼ 1kpc ∼ M⊙ ∼ km



Supperradiance and axion

BH
1.Energy and angular 
momentum extraction

Highly spinning black holes + axion
Spontaneous formation of the 
macroscopic condensate of the axionSuperradiance

2.Gravitational wave 
emission



BH
1.Energy and angular 
momentum extraction

2.GW emission

Important effects

•Self-interaction 
•Tidal effect from the companion 
•Coupling to other fields

•To give a precise constraint on axion from observation, 
precise understanding on the evolution of cloud is necessary.

Supperradiance and axion



Main message of the talk

How does the cloud evolve under 
the self-interaction?

BH ? ?
Self-interaction

Q.

Higher multipole modes would excite. 
No Bosenova. 
Emit gravitational waves at several 
frequencies.

A.

?



Self-interaction
S = F2

a ∫ d4x −g [−
1
2

(∂μϕ)2 − μ2 (1 − cos ϕ)]

1. Dissipation of the cloud due to scattering 

2. Deformation and collapse of the cloud

As cloud grows, self-interaction starts to work

V(ϕ) = μ2(1 − cos ϕ) ∼
1
2

μ2ϕ2 −
1
4!

μ2ϕ4 + ⋯

Attractive

1.is more important, and dominates the evolution.   



Dissipation by mode coupling
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cl
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ϕ(2)
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(Baryakhtar+, 2020) 
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Deformation of the cloud
(HO+, 2022) 

Real and imaginary part of the frequency is modified.

Self-interaction accelerates 
the growth

Nonlinear
Perturbation
Linear
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※Single mode calculation



Deformation of the cloud
(HO+, 2022) 

Real and imaginary part of the frequency is also modified.

2nd order(RG)
1st order(RG)
Non-relativistic

Nonlinear
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Mcl=69.1
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Deformation of the cloud
(HO+, 2022) 
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Axions attract each other to make the configuration more 
compact.



Taking into account both effects……
Evolution with self-interaction

(HO+, 2023) 

Nonperturbative l=m=1
Perturbative l=m=1
Nonperturbative l=m=2
Perturbative l=m=2
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Dissipation wins. 
Deformation of the profile 
also assists the dissipation.



Long term evolution

BH

Time

Cloud 
mass

Time

BH　 
Spin

Slows down spin-down due to the 
suppression of growth by self-interaction.

Transfer energy to higher multipole 
by self-interaction.

For observation, long term evolution is needed 
→Higher harmonics and spin-down



Evolution equations
(HO+, 2024) 

dM3

dt
= 2ω3,IM3 + ⋯ ,

Evolution of the 
cloud

dM1

dt
= 2ω1,IM1 − 2F0M2

1 M2 + F3M1M2
2 + ⋯ ,

dM2

dt
= 2ω2,IM2 + F0M1M2

2 − 2F3M1M2
2 + ⋯ ,

dM
dt

= − F2
a (2ω1,IM1 + ⋯) ,

dJ
dt

= − F2
a (2ω1,I

m1M1

ω1,R
+ ⋯) ,

Evolution of the 
black hole

: Mass of  cloud 

: Mass and Angular momentum of the black hole

M1,2,3,4 l = m = 1,2,3,4

M, J

dM4

dt
= 2ω4,IM4 + ⋯ ,

Include up to , and evolve adiabatically.l = m = 4



l=m=1
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l=m=4
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Example of time evolution
(HO+, 2024) 

Transition by 
self-interaction
Growth by self-
interaction

Dissipation due 
to spin down
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Change decay constant
(HO+, 2024) 
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Speed up of the spin-down. 
Growth saturate before the self-
interaction works efficiently.
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Suppression of the spin-down. 
Cloud remains for long time.



Change axion mass
(HO+, 2024) 
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Speed up of the spin-down. 
 mode decays before the 

saturation.
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Gravitational waves
How about gravitational wave signals？

ϕ ∼ e−i(ω1t−m1φ)ψ1 + c . c .

Tμν ∼ ∂μϕ∂νϕ

Time dependent part of 
energy-momentum tensor

e−i(2ωit−2miφ) ,

e−i((ω2−ω1)t−(m2−m1)φ) ,
Oscillates with sum and difference of the frequencies

+e−i(ω2t−m2φ)ψ2 + c . c .

BH



Gravitational waves

BH
ωann = 2ω1

ωtrans = ω2 − ω1

(ω1,1)
(ω2,2)

Pair Annihilation
Gravitational wave

(ω1,1)
(ω2,2)

Level Transition

Co-existence of many modes 
→Rich level transition signal



Gravitational wave frequency

Pair Annihilation
|322>->|211>
|433>->|211>
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※Cloud mass 
=Black hole mass

Gravitational wave amplitude

Δm = 1

Δm = 0

Δm = 2
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Suppression of the Pair annihilation signal

BH

λgw ∼ 1/μλcloud ∼ 1/μ/(GμMBH) ≫

Difference between the Level transition signal
Quadrpole transition or not

< 211 |Qij |433 > ≠ 0

< 211 |Qij |322 > = 0

Gravitational wave amplitude

:mass quadrupoleQij



Gravitational wave amplitude
Pair annihilation
|322>->|211>
|433>->|211>
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Gravitational wave amplitude
Pair annihilation
|322>->|211>
|433>->|211>
|544>->|322>
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Summary
•Investigated the evolution of the axion around the black 
hole, taking into account the relativistic correction, 
higher multipoles, and spin down. 

•Self-interaction excites higher multipole moments, 
leading to a rich gravitational wave signal. 

• Level transition gravitational wave with  can 
provide larger signal around GUT scale decay constant. 

• For stellar mass black holes, frequency is around Hz.

Δm = 2

•Ignored tidal effect from the environment, coupling to the 
photon,……. Maybe spoiled by these effects.



Back up



Lower Frequency?
Can we observe with Pulsar Timing Array? 
→Seems to be No. Higher multipole modes do not excite 
within the age of the universe． 
(Frequency , Excitation time )∝M−1
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Non-relativistic VS relativistic
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Non-relativistic VS relativistic
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Non-linear calculation scheme

Time

Growth by  
instability

ϕ(A2)

ϕ(A1)

Approximately 
stationary

Determine consistent long 
term evolution by energy 
conservation

:Energy of  

:total energy flux

E(A0) ϕ(A0)

Ftot(A0)

•Evolution is adiabatic . For short time( ), 

configuration is approximately stationary.

(ωR ≫ ωI) Δt ≪ ω−1
I

(HO et. al.,2022)

Main Idea
Find one-parameter family of stationary configuration 

 , and join them by conservation law.{ϕ(A0)}A0



Non-linear calculation scheme
ϕ(A0) = (R̃11(r; A0)Y11(θ) + R̃31(r; A0)Y31(θ) + R̃51(r; A0)Y51(θ)) e−i(ω0t−φ)

+(R̃33(r; A0)Y33(θ) + R̃53(r; A0)Y53(θ)) e−3i(ω0t−φ)

+R̃55(r; A0)Y55(θ)e−5i(ω0t−φ) + c . c .

•Helical symmetric 

• :Amplitude of  at infinityA0 R̃11



Axion from string theory

のようになる [?]．ただし，

dω3 = tr (R ∧R)− tr (F ∧ F ) (2.39)

である．ゲージ場のトレース trは，随伴表現のトレース Trを用いて，tr = Tr/30とな
るものを取っている．F2 は SO(32) × SO(32)または，E8 × E8 ゲージ場の曲率．Φは
ディラトンを表す．なお，p形式 ωp に対しては，

∫
d10x

√
−G |ωp|2 =

∫
ωp ∧ ∗ωp =

∫
d10x

√
−G

1

p!
ωpµ1...µpω

µ1...µp
p (2.40)

が成り立つ．∗は Hodge演算子を表し，特に，

(∗H3)M1...M7 =

√
−G

3!7!
ϵM1...M7

N1N2N3H̃3N1N2N3 (2.41)

である．また，H̃3 の従う運動方程式は，微分形式を用いると

d ∗ H̃3 = 0 (2.42)

のように書ける．我々の住んでいる時空は 4次元なので，(2.37)式を適当な 6次元のリー
マン多様体 Z へコンパクト化した 4次元時空M4 上の有効理論が 4次元時空の物理を記
述している．コンパクト化を実行した後に残る作用のうち，axion の議論と関係する部
分は

S4 =
M2

pl

2

∫

M4

d4x
√
−g R− 1

4g2YM

∫

M4

d4x
√
−g tr (FµνF

µν)− 1

4κ210

∫

M4×Z
H̃3 ∧ ∗H̃3

(2.43)

のようになる．gµν は M4 上の計量．Fµν も M4 上のゲージ場の強さ．また，M2
pl =

VZ/κ210, g
2
YM = g210/VZ であり，VZ はコンパクト化した 6次元リーマン多様体 Z の体積

である．H̃3 の部分はまだコンパクト化していないことに注意．この作用からは２つのタ
イプの axionが生じ，それぞれ，model independent axionとmodel dependent axionと
呼ばれる．以下では，これらの導出をみる．

model independent axion

Model independent axionはB2MN から生じる．これを見るために，Bµν として，µ, ν
がM,N = 0, . . . , 3なる四次元方向の添字のみ値を持つものを考える．また，H̃3 は Z に
依存しないとする．そうすると，(2.43)式の H̃3 の項は

− VZ

4κ210

∫

M4

H̃3 ∧ ∗H̃3

Compactify ten dimensional space-time

のようになる．ただし，H̃3 には，(2.38)式から

dH̃3 =
κ210
g210

(
tr (R ∧R)− 1

30
tr (F ∧ F )

)
(2.44)

のような拘束条件がつく．これを考慮に入れるために，aを Lagrangeの未定定数として，
作用を書き換えると

− VZ

4κ210

∫
H̃3 ∧ ∗H̃3 +

∫
a

[
dH̃3 −

κ210
g210

(tr (R ∧R)− tr (F ∧ F ))

]
(2.45)

となる．この作用から H̃3 の運動方程式を求めると

− VZ

2κ210
∗ H̃3 = da (2.46)

を得る．これを作用に代入して，aの有効作用が
∫ √

−gd4x

[
−2κ210

VZ

1

2
(∇µa)

2 +
κ210
4g210

a
(
ϵρσκλRµνρσR

µν
κλ − ϵµνρσF a

µνF
a
ρσ

)]
(2.47)

となることが分かる．運動項を canonicalな形にするために，

ã =

√
2

VZ
κ10a (2.48)

を導入する．すると，ãの有効作用は
∫ √

−g

[
−1

2
(∇µã)

2 +
1

64π2

16π2κ10
√
VZ√

2g210
ã
(
ϵρσκλRµνρσR

µν
κλ − ϵµνρσF a

µνF
a
ρσ

)]

(2.49)

になる．これを (2.17)式と比べると，

M = FA/A =
g210

8
√
2π2κ10

√
VZ

=
αYM

2
√
2π

Mpl ∼ 1.1× 1016GeV (2.50)

となることが分かる．ここでは [?]に従って，string scaleで力の大統一が起こるとして，
αYM = 1/25とした．

model dependent axion

ここでは，B2がコンパクト化した方向に依存するとする．また，コンパクト化した方向
の多様体Zが非自明なトポロジーを持ち，第 2 Betti数が，b2(Z) ≡ dimH2(Z,R) = k ̸= 0

であるとする．また，その元を βi(xM )と書く．βi の規格化は，
∫

Ci

βj = δij (2.51)

Constraint from supersymmetryのようになる．ただし，H̃3 には，(2.38)式から

dH̃3 =
κ210
g210

(
tr (R ∧R)− 1

30
tr (F ∧ F )

)
(2.44)

のような拘束条件がつく．これを考慮に入れるために，aを Lagrangeの未定定数として，
作用を書き換えると

− VZ

4κ210

∫
H̃3 ∧ ∗H̃3 +

∫
a

[
dH̃3 −

κ210
g210

(tr (R ∧R)− tr (F ∧ F ))

]
(2.45)

となる．この作用から H̃3 の運動方程式を求めると

− VZ

2κ210
∗ H̃3 = da (2.46)

を得る．これを作用に代入して，aの有効作用が
∫ √

−gd4x

[
−2κ210

VZ

1

2
(∇µa)

2 +
κ210
4g210

a
(
ϵρσκλRµνρσR

µν
κλ − ϵµνρσF a

µνF
a
ρσ

)]
(2.47)

となることが分かる．運動項を canonicalな形にするために，

ã =

√
2

VZ
κ10a (2.48)

を導入する．すると，ãの有効作用は
∫ √

−g

[
−1

2
(∇µã)

2 +
1

64π2

16π2κ10
√
VZ√

2g210
ã
(
ϵρσκλRµνρσR

µν
κλ − ϵµνρσF a

µνF
a
ρσ

)]

(2.49)

になる．これを (2.17)式と比べると，

M = FA/A =
g210

8
√
2π2κ10

√
VZ

=
αYM

2
√
2π

Mpl ∼ 1.1× 1016GeV (2.50)

となることが分かる．ここでは [?]に従って，string scaleで力の大統一が起こるとして，
αYM = 1/25とした．

model dependent axion

ここでは，B2がコンパクト化した方向に依存するとする．また，コンパクト化した方向
の多様体Zが非自明なトポロジーを持ち，第 2 Betti数が，b2(Z) ≡ dimH2(Z,R) = k ̸= 0

であるとする．また，その元を βi(xM )と書く．βi の規格化は，
∫

Ci

βj = δij (2.51)

“Lagrange multiplier”  (This becomes axion)a

のようになる．ただし，H̃3 には，(2.38)式から

dH̃3 =
κ210
g210

(
tr (R ∧R)− 1

30
tr (F ∧ F )

)
(2.44)

のような拘束条件がつく．これを考慮に入れるために，aを Lagrangeの未定定数として，
作用を書き換えると

− VZ

4κ210

∫
H̃3 ∧ ∗H̃3 +

∫
a

[
dH̃3 −

κ210
g210

(tr (R ∧R)− tr (F ∧ F ))

]
(2.45)

となる．この作用から H̃3 の運動方程式を求めると

− VZ

2κ210
∗ H̃3 = da (2.46)

を得る．これを作用に代入して，aの有効作用が
∫ √

−gd4x

[
−2κ210

VZ

1

2
(∇µa)

2 +
κ210
4g210

a
(
ϵρσκλRµνρσR

µν
κλ − ϵµνρσF a

µνF
a
ρσ

)]
(2.47)

となることが分かる．運動項を canonicalな形にするために，

ã =

√
2

VZ
κ10a (2.48)

を導入する．すると，ãの有効作用は
∫ √

−g

[
−1

2
(∇µã)

2 +
1

64π2

16π2κ10
√
VZ√

2g210
ã
(
ϵρσκλRµνρσR

µν
κλ − ϵµνρσF a

µνF
a
ρσ

)]

(2.49)

になる．これを (2.17)式と比べると，

M = FA/A =
g210

8
√
2π2κ10

√
VZ

=
αYM

2
√
2π

Mpl ∼ 1.1× 1016GeV (2.50)

となることが分かる．ここでは [?]に従って，string scaleで力の大統一が起こるとして，
αYM = 1/25とした．

model dependent axion

ここでは，B2がコンパクト化した方向に依存するとする．また，コンパクト化した方向
の多様体Zが非自明なトポロジーを持ち，第 2 Betti数が，b2(Z) ≡ dimH2(Z,R) = k ̸= 0

であるとする．また，その元を βi(xM )と書く．βi の規格化は，
∫

Ci

βj = δij (2.51)

Integrate out  and canonically normalize H3 a
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FIG. 15. The same figures as Fig. 13, but with the gravitational waves from the level transition between the l = m = 3 and
the l = m = 1 clouds.

condensate in the index of the spheroidal harmonics. The
amplitude is converted to the axion number flux per unit
area as

�a ⇠
1

4⇡r2!

dEa

dt
=

F 2

a
F I

ijk⇤Mcl,iMcl,jMcl,k

4⇡r2!
. (42)

When the l = m = 1 cloud is present, the energy
flux is dominated by the two processes, i.e., 2⇥ |322i !
|211i+(mode dissipating to inifinity) and |322i+|433i !
|211i + ( mode dissipating to inifinity). In Fig. 17, we
show the amplitude and the axion number flux for these
processes, assuming the black hole with MBH = 10M�

and � = 0.99 at 1kpc away from us. Note that if we
assume the axion to be a dominant component of the
dark matter, the amplitude (normalized by Fa) and the

number flux in the solar system are estimated as

|�DM|⇠

r
⇢DM

F 2
a
µ2

⇠ 2.6⇥ 10�15

✓
⇢DM

0.4GeV/cm3

◆1/2

⇥

✓
10�3
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◆✓
10�12eV

µ

◆
,

(43)

�DM ⇠
vDM⇢DM

µ
⇠ 1.2⇥ 1028[cm2/s]

✓
⇢DM

0.4GeV/cm3

◆

⇥

⇣ vDM

10�3

⌘✓
10�12eV

µ

◆
. (44)

Therefore, the amplitude of the axion from the black hole
that we consider here becomes smaller than that of the
ultra-light dark matter, but the number flux can be com-
parable. This is because the velocity of the emitted axion
(⇠ µMBH) is one order of magnitude larger than that of
the dark matter particle (vDM ⇠ 10�3). Since the am-
plitude is not so small as the dark matter particle, we
might have a chance to observe the axion emitted from
the black hole [49]. We leave further investigation of the
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FIG. 15. The same figures as Fig. 13, but with the gravitational waves from the level transition between the l = m = 3 and
the l = m = 1 clouds.

condensate in the index of the spheroidal harmonics. The
amplitude is converted to the axion number flux per unit
area as

�a ⇠
1

4⇡r2!

dEa

dt
=

F 2

a
F I

ijk⇤Mcl,iMcl,jMcl,k

4⇡r2!
. (42)

When the l = m = 1 cloud is present, the energy
flux is dominated by the two processes, i.e., 2⇥ |322i !
|211i+(mode dissipating to inifinity) and |322i+|433i !
|211i + ( mode dissipating to inifinity). In Fig. 17, we
show the amplitude and the axion number flux for these
processes, assuming the black hole with MBH = 10M�

and � = 0.99 at 1kpc away from us. Note that if we
assume the axion to be a dominant component of the
dark matter, the amplitude (normalized by Fa) and the

number flux in the solar system are estimated as
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Therefore, the amplitude of the axion from the black hole
that we consider here becomes smaller than that of the
ultra-light dark matter, but the number flux can be com-
parable. This is because the velocity of the emitted axion
(⇠ µMBH) is one order of magnitude larger than that of
the dark matter particle (vDM ⇠ 10�3). Since the am-
plitude is not so small as the dark matter particle, we
might have a chance to observe the axion emitted from
the black hole [49]. We leave further investigation of the
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FIG. 17. (Left) The blue solid and orange dotted curves show the amplitude of the axion wave

normalized by the decay consent Fa from the processes F I
221∗ and F I

231∗ , respectively. We set the

black hole mass to MBH = 10M⊙ and the spin to χ = 0.99. We put the black hole to be 1kpc away

from us. (Right) Same as the left panel but with number density flux.

we assume the axion to be a dark matter, then the amplitude (normalized by Fa) and the

number flux are given by

|φDM| ∼
√

ρDM

F 2
aµ

2
∼ 2.6× 10−15

(
ρDM

0.4GeV/cm3

)(
10−3

Fa

)(
10−12eV

µ

)
, (42)

ΦDM ∼ vDMρDM

µ
∼ 1.2× 1028[cm2/s]

(
ρDM

0.4GeV/cm3

)( vDM

10−3

)(
10−12eV

µ

)
. (43)

Therefore, the amplitude of the axion from the black hole becomes smaller than that of

the ultra-light dark matter, but the number flux can be comparable. This is because the

velocity of the emitted axion (∼ µMBH) is one order of magnitude larger than that of the

dark matter particle (vDM ∼ 10−3). Since the amplitude is not so small as the dark matter

particle, we might have a chance to observe the axion emitted from the black hole [45].

We leave further investigation of the detectability of the axion wave from the black hole to

future work.

VI. CONCLUSION

In this paper, we numerically investigated the evolution and the observational signals

of the self-interacting axion condensate in the relativistic regime (! 0.1µM), including the

interaction between the higher multipole mode up to l = m = 4 modes. We find that

27
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Spin evolution
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Superradiance
アクシオンのようなボゾンはブラックホールからエネルギーを引き抜ける．

Jℋ+ = − ∫r=r+

Jμnμ 2Mr+dθdφ ,

:event horizonの角速度 ΩH

:event horizonの生成子nμ ∝ (∂t)μ + ΩH(∂φ)μ

Jℋ+ = 4πMr+(ω − mΩH) |Rlmω(r+) |2

を仮定ϕ = Rlmω(r)Slmω(θ)e−i(ωt−mφ), ω > 0

Jμ = −
i
2

(ϕ*∂μϕ − ϕ∂μϕ*)

 for Jℋ+ < 0 ω − mΩH < 0

ℐ+

ℐ−

ℋ+

Superradiance!

:event horizonを横切る粒子数フラックスJℋ+

負の粒子数フラックス=ブラックホールの外で粒子数増える



Possible effects on axion cloud

1.降着によるBHスピンの上昇 

2.連星による潮汐力 

3.電磁場との相互作用 

4.重力波放射 

5.自己相互作用

アクシオン雲が進化するとき，以下のような様々な効果が効く
(Arvanitaki et. al.,2011,……)

BHのスピン対質量
プロットから制限
をつける際に重要

共鳴が起き，雲が消えてしまう．

(Brito et. al.,2014)

(Baumann et. al.,2019)

3.はstring axionを考えると小さい． 
4.は進化の初期段階では効かない．

(Arvanitaki et. al.,2011)

(Kodama&Yoshino,2014)



Coupling with EM
Sint =

1
32π2Fa

4α
3 ∫ d4x −gϕϵμνρσFμνFρσ

:アクシオン 
:電磁場

ϕ

Fμν

Bbkg

ϕ γ

1. 背景の磁場と相互作用して光子に変換 

Γϕγ ∼ 7 × 10−11yr−1 ( 1016GeV
Fa )

2

( μ
6 × 10−10eV ) (

Bbkg

4 × 108G )
2

:崩壊定数 
:微細構造定数

Fa

α

2. アクシオンが２つの光子に崩壊

Γϕγγ ∼ 8 × 10−65yr−1 ( 1016GeV
Fa )

2

( μ
6 × 10−10eV )

ϕ

γ

γ

いずれもsuperradiant instabilityに比べて十分長いので無視する

(Arvanitaki et. al.,2011)



Gravitational wave emission 

1. Axionが対消滅し，gravitonを生成

重力場との結合から単色重力波を放射する． 
背景重力波や連続重力波として観測可能(?)

ϕ

ϕ

g

2. 束縛状態間の遷移に伴う重力波放射

3. String axionなら自然に

Sint ∝ ∫ d4x −gϕϵμνρσRμναβRρσ
αβ

が入るが，相互作用が弱すぎて効かない．

(Arvanitaki et. al.,2011, 
Kodama&Yoshino, 2014)

(Arvanitaki et. al.,2011)

: の雲の粒子数N110 l = m = 1,n = 0

なので，かなり成長しないと効かないωI ∼ (μM)9



Self-interaction vs GW emission
自己相互作用と重力波によるエネルギーロスのうち
どちらが効くか？

単位時間あたりのエネルギー放射で比較

が中心BHに対して小さすぎない限り自己相互作用が効く 
が小さすぎるときはそもそも重力波放射が弱すぎて，

superradiant growthが卓越

Mcl

Mcl

重力波放射は成長に大きな影響を与えないため，無視する


